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This paper investigates fixed-time interval state estimation (F-ISE) methods for perturbed continuous-
and discrete-time linear systems. A novel delay injection-based non-smooth F-ISE structure is pro-
posed, using computed bounds on the piecewise observation error. The existence conditions of this
F-ISE structure are formulated as constrained matrix equations (MEs) that impose no additional
requirements on the system matrix, fixed-time constant, or measurement noise. By solving these
MEs, a parametric feasible solution for the F-ISE is obtained under a common observability condition,
providing explicit design degrees of freedom for further component-wise optimization. Additionally,
we present a detailed discussion on the relationship between the proposed method and the extensions
of this non-smooth structure in comparison with other existing ISE methods. Finally, two comparative
simulations demonstrate the advantages of the proposed approach over existing methods.
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1. Introduction

State estimation is a crucial technique for many control tasks
(Kalman, 1960; Luenberger, 1971), especially when measuring all
states is impractical due to cost constraints, limited sensor avail-
ability, or environmental challenges. System uncertainties impose
significant demands on state estimation across various applica-
tions. Interval state estimation (ISE), which seeks to determine
guaranteed state intervals at each time instant, is an alternative
approach that reduces estimation complexity for a broad class of
perturbed systems. This method has gained substantial attention
as a research topic over recent decades.

In early research (Alamo et al.,, 2005; Chisci et al., 1996;
Schweppe, 1968), ISE was achieved through an intersection-based
correction between the state prediction set and the measurement
update set, relying on uncertainty propagation in the system'’s
state equations. However, this approach incurs high computa-
tional costs, and the set representations are not always closed
under correction (Althoff & Rath, 2021). To address these issues,
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a Luenberger-like observer was introduced as the new propa-
gation carrier of system uncertainties, enhancing computational
efficiency and allowing more design flexibility. This framework
has become widely used in set-propagation-based ISEs (SP-ISEs)
(Huang et al., 2021; Tang et al., 2019; Wang et al., 2024; Wang,
Zhang et al., 2022c; Zhou et al., 2025), although it primarily ap-
plies to discrete-time (DT) systems. Gouzé et al. (2000) proposed
an ISE approach for continuous-time (CT) and DT systems using
a monotone system-based interval observer (I0). This approach
constructs state intervals via a pair of auxiliary dynamic systems
in a Luenberger-like structure, possessing higher computational
efficiency than SP-ISEs (Xu, 2021) and proving valuable in ISE
applications (Efimov & Raissi, 2016; Ethabet et al., 2018; Zhu
& Li, 2024). Despite this, 10-based ISEs face greater design and
estimation conservatism compared to SP-ISEs due to monotonic-
ity constraints and simple bounding structures (Efimov & Raissi,
2016; Tang et al., 2019). Xu, Yang, and Liang (2020b) introduced
a hybrid approach that balances computational efficiency and
estimation conservatism by combining 10 and SP-ISE methods.
In many applications, fast convergence of state estimation is
essential for timely fault detection and accurate control, par-
ticularly during early equipment operation. Many studies have
incorporated finite- or fixed-time stability into observer design to
address these needs (Engel & Kreisselmeier, 2002; Lopez-Ramirez
et al,, 2018; Mazenc et al,, 2022; Zhang et al., 2025). However,
relatively little research has been devoted to ISE (Dinh et al., 2019,
2020; Huang et al., 2018; Khan et al., 2021, 2020; Liu et al., 2020;
Ma et al., 2019; Meslem & Ramdani, 2020; Sun et al., 2020; Wang,
Dinh et al.,, 2022a), and only two works (Liu et al.,, 2020; Ma
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etal., 2019) focus on CT systems. These approaches can be divided
into three categories: (1) Gain and switching signal design via
multiple linear copositive Lyapunov functions and average dwell
time, which applies only to switched systems and is constrained
by the switching signal (Huang et al., 2018; Ma et al., 2019;
Sun et al., 2020); (2) Non-smooth I0 dynamics leveraging delay
properties (Dinh et al.,, 2019, 2020; Liu et al., 2020); however, the
works of Dinh et al. require an invertible system matrix, while Liu
et al.’s approach increases conservatism due to noise derivatives
(Liu et al., 2020); and (3) A backward propagation approach using
output sequences over a time window, limited to DT systems with
convergence constraints based on system dimensions (IKhan et al.,
2021, 2020; Meslem & Ramdani, 2020; Wang, Dinh et al., 2022a).

To address these gaps, we propose a unified fixed-time ISE (F-
ISE) for CT and DT linear time-invariant (LTI) systems, combining
a non-smooth observer structure and bounded error computa-
tion. The main contributions are as follows:

e A less conservative delay-injection-based non-smooth F-ISE
structure to address existing limitations.

e A parametric design method for the F-ISE with an optimiza-
tion index, showcasing available design flexibility.

e A theoretical comparison of estimation conservatism be-
tween the proposed method and other I0-ISE and SP-ISE-
based approaches.

The paper is structured as follows: Section 2 covers prelim-
inaries and the problem statement. Main results and compara-
tive analyses are presented in Sections 3 and 4. Section 5 pro-
vides simulation comparisons to illustrate the advantages of the
proposed method.

2. Preliminaries and problem statement

The notations are defined as follows: R™™ and C"™™ respec-
tively denote the sets of real and complex matrices with n x m
dimensions. I, and 0 represent the identity matrix of dimension
n and the zero matrix of appropriate dimensions. Relations for
vectors or matrices, such as p; < p, or M; > Mj, as well as their
absolute values |p| or |M]|, are understood element-wise, which
implies |py + p2| < |p1| + |p2| and |Mp| < M| |p|. The notation
exp[Mt] denotes the exponential function of Mt with the natural
constant e as the base. max[A, B] returns the element-wise max-
imum values between matrices A and B, and A" = max[A, 0],
AY = A" — A. Given a column vector d € R", diag[d] denotes
the diagonal matrix whose diagonal entries are dy, d3, ..., d;. ©®
represents a linear mapping, @ is the Minkowski sum, and P
denote the Minkowski sum of a series of sets.

Definition 1 (Huang et al, 2021). An m-order zonotope in the n-
dimensional space is defined as Z = (p,H) ={ p+Hz : z € B" },
where p € R" is the center of Z, H € R™™ is the shape matrix of
Z, and B™ = [—1, 1]™ is a hypercube.

Given the matrices py, p» € R, Hy, H, € R™™ and L € R*",
there are (pl, H1>@(p2, H2> = <p1 + D2, H; +H2> and L@(pl, H1> =
(Lp1, LHy).

Definition 2. Any square matrix is called: (a) Metzler if all
its non-diagonal elements are non-negative; (b) Hurwitz if the
real parts of all its eigenvalues are negative; (c) Schur if all its
eigenvalues lie within the unit circle; (d) Nonnegative if all its
elements are non-negative.

In this paper, the term stable matrix refers to a Hurwitz
matrix in the CT case and a Schur matrix in the DT case. Likewise,
the term monotone matrix refers to a Metzler matrix in the CT
case and a nonnegative matrix in the DT case.
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Definition 3. A fixed-time observer for the uncertain system x(t)
at a pre-defined step t; is a reconstructed state x(t) such that
the error e(t) = X(t) — x(t) is bounded for all times and exactly
converges to zero when uncertainties are ignored and t > t;.

Definition 4 (Duan, 2015). Given A € R™", B € R™™, a pair
of polynomial matrices X(s) and Y(s) is called a pair of right
coprime polynomial matrices associated with the pair (A, B), if
(sla—A)X(s)—BY(s) = 0 and X(s), Y(s) satisfy the Bézout identity.

As pointed out in Duan (2015), if the pair (A, B) is controllable,
then a pair of right coprime polynomial matrices X(s) and Y(s)
exists.

Lemma 5 (Huang et al, 2021). For an m-order zonotope Z =
<p, H> in the n-dimensional space, the operation [z,z] = Hull[Z]
is denoted as

m
zi=pi— Y |Hyl.i=12.....n,
j=1

m
Zi=pi+ Yy |Hyli=12...n
j=1

Lemma 6. Consider an integral function  vector
F(t, to) = ftg exp[&(t — )| u(r)dr, where tq is a scalar constant,
@ e R W € R™™M and |u(t)] < U € R™ Then, a componentwise
bound for F(t, to) is |F(t, to)| < y(t), where y(t) satisfies y(t) =
lexp[®(t — to)]W¥ | U with y(to) = 0. Moreover, if & is nonsingular
and Metzler, there exists yy(t) = & (exp[®(t —to)] —1,) [¥| U such
that y(t) < ym(t).

Proof. For F(t, ty), we have |F(t, tp)| =

Ji exp[@(t — T)]wu(z)

dr‘ < ft; lexp[®(t — 7)]¥|drU = y(t), based on (Meslem
et al., 2020), implying |F(t, to)] < y(t). Next, choose a scalar
M > MaXi<i<p [—Pii, 0], and given the Metzler matrix @, we
can always obtain a Nonnegative matrix @y = @ + ul,. Let
s = t—1,and when t < 1™ < t, there is exp[cb(t —
7)] = exp|[®s] = exp[(Py — wly)s] = exp[—us]exp[®ys]| =
exp[—us| > ey 5 Pry > 0. Then, according to the above deduced
condition and nonsingular matrix &, we have

y(t) = ft lexp[@(t — 7)]¥|dTrU

t
< / lexp[@(t — 7)]| [¥|dzU

to

t
= / exp[d(t — 7)]dr [¥|U

to

t—tp
/ exp[Ps|ds |¥|U
0

%(exp[q)(t )] - 1,,) 91U = ()

The proof is complete.
In this paper, we consider the following LTI system with
unknown but bounded uncertainties
xT(t) = Ax(t) + Bu(t) + d(t),
y(t) = Cx(t) + n(t),
where x*(t) represents X(t) in continuous time (CT) systems and

x(t + 1) in discrete time (DT) systems. x(t) € R™ is the state
variable with initial condition x(0) € [xy,Xo]. The measured

(1)
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output y(t) € R™ and control input u(t) € R™ are governed by
known constant coefficient matrices A € R™*™ B € R™*™ and
C € RY*™_ System disturbances d(t) € R™ and measurement
noises n(t) € R™ are assumed to be within known bounds d(t)
[d(t), d(t)] and n(t) e [n(t),n(t)], with d(t) — d(t) < D and
n(t) —n(t) < N.

The uncertainties d(t) and n(t) can be reformulated as d(t) =

M +d(t) and n(t) = MO 4 fi(e), where d(t) and fi(t)

are alternative uncertainties satisfying ‘a(t)‘ < % and !ﬁ(t)| <
Y. Similarly, ‘x(o)— @ < ’7"%&0 = X, so that (1) can be

equivalently transformed into

x*(t) = Ax(t) + T(t) + d(t),

. - (2)
y(t) = Cx(t) + n(t),

where ii(t) = Bu(t) + L2240 j(¢) = y(r) — X0,

Our objective is to develop a fixed-time convergence-based
ISE design technique to determine approximations of the upper
and lower state bounds for the perturbed LTI system (1) at a

pre-defined time.

3. Main results

With the coefficient matrices R € R¥*2% [ ¢ Ry K ¢
R™*2% and T € R?*™ ™, a scalar time delay t; > 0, and along
with a matrix function

o {exp [Re] (CT),
Rt (DT),

a delay injection-based non-smooth auxiliary system for the vari-
able z(t) is constructed as follows:

Z7(t) = Re(t) — Ly(t) + Ti(t), (3)
X(t) =K [z(t) — T(tg)z(t — ta)], (4)

where the operator z*(t) is analogous to x*(t), and the initial
state is defined as:

X0 + Ko
72 s

Define the estimation error as e(t) = x(t) — x(t). If the interval
estimation [e(t), &(t)] for e(t) can be computed with fixed-time
convergence, the Fixed-Time Interval State Estimation (F-ISE) for
the system (1) is obtained as: x(t) = x(t) + e(t) and x(t) =
X(t) + e(t). Based on the componentwise bound computation
of the error e(t), the F-ISE observer structure and its existence
conditions for the system (1) are stated as follows.

zZ(t)=T —t; <t=<O0. (5)

D
2

N

Theorem 7. Let [T = |:
2

], A = [T L] and define the operator
y*(t) as the solution to:

y(t) = |Kexp[Rt]A| 1T (CT),
t

KZRQ\

i=0

y(t+1)= 17 (DT),

and the piecewise function E(t) as

|KT| Xo, t=0,
E(t)= {IKY(t)T|Xo +yT(t), 0<t <ty (6)
y(ta), t>tg.
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Then, the dynamic system defined by Egs. (3)-(5) and
X(t) = X(t) + E(t), x(t) = X(t) — E(t), (7)

can achieve a stable F-ISE for the linear time-invariant (LTI) system
(1) within the time tq4, provided the coefficients R, L, K, T, and t; > 0
satisfy the following conditions:

TA + LC = RT, (8)
K[T T(t)T]=[l, 0], (9)

and R is a stable matrix.

Proof. Denote é(t) = Tx(t) — z(t). From (2)-(5), we obtain:

Xo+Xo
-

B =T (x0)-232), t=o0,

—tg <t <0,

&(t) = (10)

For t > 0, using (8), ¢(t) = [gig] and A = [T L], we have:

&1 (t) = TAx(t) + Tii(t) + Td(t) — Rz(t)
+ Ly(t) — Ti(t) = Re(t) — (RT — LC — TA)X(t) (11)
+ Lii(t) + Td(t) = Re(t) + Ap(t),

and in the CT system, the solution to (11) is

&(t) = exp[Rt]eo + fot exp[R(t — 1)]Ag(r)dr, t > 0. (12)
Next, the estimated state x(t) can be expressed as:

A(t) = K[Tx(t) —B(6) + T(ta)E(t — ta)

— T E)TX(E — rd)] — KTx(t) + KT (t2)8(t — t2)

— Ke(t) — KT (t)Tx(t — tg) = KY (tg)e(t — ty) (13)

X0) } — K¥(D).

+ K[T T(ta)T] [_X(t Ct)

Then, from (9), the above Eq. (13) can be rewritten as X(t) =
X(t) + K7 (tg)e(t — tq) — Ke(t), that is

e(t) = Ke(t) — KT (tg)e(t — ty). (14)

Substituting (9), (10) and (12) into (14), we derive e(t) for the CT
system as follows:

e Fort =0:
e(0) = K&(0) — KT (ta)&(—ta)
— K&(0) + KT(td)T% = K&y

e For0 <t < ty:

e(t) = Kexp[Rt]é, + K / exp[R(t — 1)]Ag(r)dr
0

X0+ X

+ K7 (tg)T = Kexp[Rt |eo

+ 1</ exp[R(t — 7)] Ag(1)dT;
0
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e Fort > ty:

t
e(t) = Kexp[Rt]é, + K / exp[R(t — 1)]Ag(r)dr
0

— K7 (tqg)exp[R(t — ta)]o

- 1<T(td)/0“d exp[R(t — tq — 7)]Ap(7)dr

= Kexp[Rt]eo + K /0 t exp[R(t — 1)]Ag(r)dr

— Kexp[Rt]éo — K /0 o exp[R(t — 7)] Ag(r)dT
=K /0[ exp[R(t — 1) Ag(r)dr

—K /OHd exp[R(t — 1)]Ap(r)dr

= I(/ exp[R(t — 1) Ag(r)dr.

For the DT system, the error e(t) can be similarly derived:

K&(0), t=0,

e(t) = { KR'¢(0) + K Zf;(} RAp(t —1—1i), 0<t <ty (15)
K T RA(E—1— i), t > tq.
2
Using |¢(t)] < T = 1%1 and Lemma 6, the componentwise

bound of e(t) is computeé as in (6). This implies: x(t) < x(t) <
x(t), Vt = 0. From the stable matrix R and the fixed-time
convergence property of e(t), the ISE for x(t) is guaranteed to
converge within t; > 0. Thus, the dynamic system (3)-(5) and (7)
achieves a stable ISE for the system (1). The proof is complete.

Remark 8. When the time-delay property is not introduced,
ie, ty = 400, we have 7(t;) = 0 and KT = I, In this
case, the error dynamics in the CT system simplifies to: e(t) =
Kexp[Rt]é(0)+K fot exp[R(t—1)] Agp(r)dr, and in the DT system:
e(t) = KR'&(0) + K Y.y RA¢(t — 1 — i). Using the integral
inequality for nonnegative vectors and Lemma 6, we can obtain
lim,_, ;o le(t)] — y*(4+00), and for any t; < +o00, yT(tg) <
y*(400). This demonstrates that under the conditions of (8) and
(9), the F-ISE given by (3)-(5) and (7) provides a more accurate
estimation compared to its exponentially convergent counter-
part. In other words, among the same exponentially convergent
observer structure, the delay-injection mechanism reduces the
estimation conservatism.

From Theorem 7, the bound computation-based F-ISE (BC-
FISE) implementation is equivalent to solving the matrix equa-
tions (MEs) (8) and (9) with the constraint on R. By solving this
MEs, we propose a feasibility parametric design method for the
system defined by (3)-(5) and (7), as described below.

Theorem 9. Given the right coprime polynomial matrices X(s) =
> 2o XS and Y(s) = Y 7 Y;s on the coefficient s of the matrix pair
(A", CT), where @ is the maximum degree between Y(s) and X(s),
and denoting R’ as the jth matrix power of R with R® = L, a set of
feasible solutions to the BC-FISE (3)-(5) and (7) for the observable
system (1) is obtained as:

w w

T=Y RZ'X.L=) RZ'Y, (16a)
j=0 Jj=0

K=[l O[T YT]", (16b)
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if there exists a stable R, a parameter Z € R™>*?" and a time-delay
ty satisfying:

rank [T Y(ta)T] = 2n,. (17)

Proof. Since the dual system of an observable pair (C, A) is
controllable, there must be a pair of right coprime polynomial
matrices X(s) and Y(s) satisfying (sl,, — AT)X(s) — C'Y(s) = 0.
According to the works in Duan (2015), Liu et al. (2023a), the
parametric solutions to the matrix Eq. (8) exist in the form (16a),
subject to the free parameters R and Z € R»>*?™, With a stable
R, the parameter Z, and the time-delay t; satisfying (17), the
solution K to (9) can be computed as (16b). The proof is complete.

The following lemma is introduced to supports that the BC-
FISE parametric design in Theorem 9 is always feasible for an
observable pair (C, A) and for almost all t; > 0 (in CT systems)
or tg > 1 (in DT systems).

Lemma 10. For almost all t; > 0 in the CT systems or ty > 1 in the
DT systems, a solution to the matrix Egs. (8) and (9) with a stable R
always exists for an observable pair (C, A).

Proof. The matrices T, L, R, and K from Theorem 7 can be chosen
as required, as it will be shown below. Suppose that T is column-
full rank. Then there exists a nonsingular matrix V e R2%*2%

1 L -
such that VT = [I""]. Denoting L = V! |, where I;

ny LZ
R™*M i = 1, 2, and left-multiplying (8) by V, the equation can
be rewritten as:

A L,C [y

VIA+VIC=| |+ |. | =WV . (18)
A L2C Inx

It is straightforward to show that a set of solutions to (18) exists
A+ LC 0 ~

as: R = v th V, where L;,i = 1,2 are free

0 A+L,C
parameters. Since (C, A) is an observable pair, the eigenvalues of
R can be assigned arbitrarily by designing L;. Thus, the matrix Eq.
(8) always has a solution for V, L, and a stable R.

Further, let Ti(ty) = exp[(A + LiC)tq] in the CT systems or
Tilty) = (A + LiC)e in the DT systems. The operator Y(tg) can
Ti(tq) 0 -
. ] V.Denote K = [K; K]V,
y 0 T>(tq) y ;
where K; € R®™*™ i =1, 2. From (9), we have Ky = I, — K, and
K> (T1(ta)—T>(ta)) = Ti(ta), and following (Engel & Kreisselmeier,
2002; Zhang et al., 2019) and given two scalars o1 > 0,0 < 03 <
1, easy to deduced that when we choose L;,i = 1,2 such that

Re [xj(AJriZC)] <oy <Re [Aj(A—i—i]C)] <0,j=12....n

be rewritten as V! |:

holds in the CT systems or |A;(A + LO)| <o, < Aj(A + L0)
1,j = 1,2,...,ny holds in the DT systems, the rank condition
rank(73(tq) — 7>(ta)) = ny holds for almost all t; > 0 in the CT
systems or tg > 1 in the DT systems, which implies that Eq. (9)
always has a solution for K;, i = 1, 2. Therefore, the solution to
the matrix Eqs. (8) and (9) with the constraint on R always exists
for an observable pair (C, A). The proof is complete.

<

Then, the BC-FISE for the system (1) can be implemented using
Algorithm 1.

Remark 11. From (6) and (7), the componentwise bound of
the F-ISE total error interval is given as y(K,R,T,L) = X(t) —
x(t) = 2y T(ty). In the CT systems, using the trapezoidal approx-
imation for the integral operation, y*(t;) can be approximated
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Algorithm 1 BC-FISE Design Procedure.
Input: A, B, C,D, N, u.y, [d. d]. [n. 7], [x5, %], tu;
Output: x(t), x(t);
1: Compute the observability matrix:

0« [cT ATCT (A1’

2: If rank © = n, then

3: Calculate the right coprim polynomial matrices
X(s), Y(s) for the pair (AT, CT);

4:  Select stable R and parameter Z as in (17);

5:  Compute:
w w
j7TyT ji7TyT.
T<—ZRJZXJ-,L<—ZRJZYj,
j=0 Jj=0

K <[l OJ[T Tt)T];

6: Define:

zt(t) =

Rz(t) — Ly(t) + Tu(t), t > 0,
Z(t) Tx0+50
2 bl

—tg <t=<0

7:  Compute:
X(t) < K [z(t) —

8:  Evaluate:

TH(ta)z(t — tg)] ;

|KT| Xo, t=0,
E(t) < {1 IKY(O)T|Xg + yT(t), 0 <t <ty,
y (), t > t;

9:  Compute interval bounds:
X(t) < X(t) + E(t), x(t) < X(t) — E(t);

10: Else
11:  Output: No Solution;
12: EndIf

as: yt(ty) ~ L(|Kexp[RtaA| + 23,

|Kexp [Rk] A)

Under (16), this can be reformulated into the parametric form
(R, Z) = [%(R, Z)] € R™, revealing available degrees of freedom
and the numerical correlation between observer performance and
design parameters. By minimizing the index | = Z?; ;Yi(R, Z),
where «; are componentwise weights (Z}Z] a; = 1), the F-ISE
performance can be improved, emphasizing a purposeful design
objective and providing greater flexibility for designers.

4. Extension and comparison analysis

Inspired by the delay injection-based non-smooth framework
(3)-(5), a monotone system-based fixed-time interval observer
(MS-FIO) can be formulated as follows:

ZT(t) = Rz(t) — Ly(t) + TBu(t) + &(t), (19)
z*(t) = Rz(t) — Ly(t) + TBu(t) + ¢(t),

X(t) =z(t) — T (tg)z(t — tq),

f(t) ;(t); T(tg ;d(t = ta)s 20)
() = KU&(t) — KIx(¢t),

M(t) = KUR(t) — K9%(t),
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Here, the operators z'(t) and z*(t) are the same as z*(t). The

terms ¢(t) and ¢(t) are defined as: ¢(t) = T'd(t) — T9d(t) +
LU(t) — LOn(t), ¢(t) = TUd(t) — T9d(t) + L*n(t) — L*A(t).
The initial states are chosen for any vector z; as:
Ttxy —
_ Yo—T"% ) t =0,
Z(t) T*tx, — T Xp
= (21)
z(t) Tz f<t<0
TZO ’ d = £ = 5

Next, a parametric design method for the interval observer
(19)-(21), along with its performance comparison to the F-ISE
(3)-(5), (7), is presented below.

Theorem 12. A stable MS-FIO (19)-(21) within a predefined time
delay t; > O for the LTI system (1) can be designed by (16), if the
following conditions are satisfied: R is both stable and monotone and
the parameters R and Z satisfy (17). Besides, the above MS-FIO and
the BC-FISE satisfy the inequalities X(t) < X™(t) and x(t) > xM(t)
under the same R and Z.

Proof. Utilizing the solutions for the statesj(t) = z(t) — Tx(t),
e(t) = Tx(t) — z(t), and the inputs &(t) = ¢(t) — Td(t) — Ln(t),
&(t) = Td(t) + Ln(t) — ¢(t), and referring to the proof process
in Theorem 7, we derive the piecewise representations of e(t) =
() — x(t) and e(t) = x(t) — xM(t). Using monotone system
theory, we deduce that the inequality xM(t) < x(t) < XM (t) holds
for all t > 0, with fixed-time convergence at t4, provided that the
matrix Egs. (8) and (9) have solutions for a stable and monotone
R.

Applying a similar deduction process as in Theorem 9 confirms
the first part of this theorem. To save space, the detailed proof is
omitted.

Next, let zg =
and (19), we obtain:
e(t)=0, —tg=<t<0, €(0)=IT|Xo,

e, () = Rz(t) — Ly(t) + TBu(t) + ¢(t) — Re(t) + Lj(t)
_ n(t) + At d(t) +d(t
— TiH(e) = Rey(t) + () — L% )er O _ 4 );L ®

= Re,(t) + |A| I,

Xo+Xo

, and define e,(t) = z(t) — z(t). From (3)

_ N D
=Rez(t)+|L|§+|T|5 t>0.

The solutions in the CT and DT systems are given as:

1
. exp[Rt]e;(0) + R (‘exp[Re] )

ez(t) = Iznx ) |A| .
R'e(0)+ Y i, R'|A| T, (D).
Following a similar derivation for e, (t) = z(t) —
e,(t) =g, (t) forall t > —tq.

(22)

z(t), we find

From (20), define ey(t) = X (t) — A(t). Then:
em(t) = KUX(t) — KI%(t) — R(t) = K“e,(t) + K%, (t)
— K'Y (tg)e(t — ta) — KT (ta)e,(t — ta),
= |K|&,(t) — [K| Y(tg)e,(t — ty). (23)
Substituting (22) into (23) above yields:
IKIIT| Xo, t=0,
em(t) = { IKITT(E)ITIXo + vy (t), 0 <t <tq,
Var (ta), t > tqg,

where y,/(t) denotes |K| 3 (exp[Rt] —1I,) |A| IT and |K| St
(i)|A| IT in the CT and DT systems, respectively. Using the same
solutions (16) for both the bound computation-based F-ISE (3)-(5),
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(7) and the MS-FIO (19)-(21), and based on Lemma 6, we have
eu(t) > E(t) for all t > 0, implying x"(t) — X(t) > 0, i.e., X(t) <
x"(t). Similarly, we can show x(t) > xM(t). Both parts of this
theorem are complete.

In view of the work (Huang et al., 2021; Tang et al., 2019), the
set propagation-based F-ISE (SP-FISE), which leverages reachabil-
ity analysis and zonotopes using the non-smooth observer (3)-(5)
as a propagation carrier, is introduced and compared in terms of
performance below.

Theorem 13. For the DT LTI system (1), the state x(t) can be
bounded as X°(t) = X(t)+ E(t) and x5(t) = X(t) + E(t) with (3)-(5),

E(t), E(t)| = Hull| ES(t) |, with
[Ece). E)] = w0

KTOXg, t=0,

t—1
KR'TOXo® (DKRAOU, 0<t<ty,
ES(t) = i=0 (24)
tg—1
Prracu, t=>,
i=0
where I1, A, T, L, R, and K are as defined and computed in Theo-
rems 7 and 9, and U = (0, diag[IT]), Xo = (0, diag[X,]). Besides,
the above SP- and BC-FISEs satisfy the equations x(t) = Xs(t) and
x(t) = X(t) under the same R and Z.

Proof. GivenNthe equivalent LTI system (2), it holds that n(t)
(0. diag[%]). d(t) € (0, diag[ 2]), and x(0) — 272 € (0, diag[X,]).
Using the reachable set of e(t) as given in (15), we compute the

reachable set E5(t) in (24), and the interval range is obtained as
[g(t), E(t)] - Huu[ES(r)]. Thus, since e(t) € ES(t) C Hun[ES(t)],

it follows that E(t) < e(t) < E(t) for all t, which implies x°(t) <
x(t) < ®(t) for all t. When uncertainties are not considered,
e(t) = 0 for t > t4. Furthermore, under the Hull operator and
the same R and Z, we have E(t) = —E(t) = E(t), which gives
X(t) = X°(t) and x(t) = ¥°(t). The proof is complete.

Theorem 12 demonstrates that, within the same delay
injection-based framework, the BC-FISE (3)-(5), (7) outperforms
the MS-FIO both in performance and design constraints. Accord-
ing to Lemma 10, the additional design constraints for MS-FIO can
lead to feasibility issues under an observable pair (C , A). Although
coordinate transformations may resolve these issues, they intro-
duce additional complexities, conservatism, and computational
errors.

Theorem 13 also indicates that the BC- and SP-FISEs exhibit
the same estimation performance, with the latter limited to DT
systems. Inspired by Xu, Yang, and Liang (2020a, 2020b) and the
extensions in this paper (Theorems 12 and 13), a fixed-time set-
theoretic interval observer design can be achieved using the delay
injection-based framework, extendable to CT systems via Euler
discretization. This tradeoff solution, however, has higher design
and estimation conservatism than Theorem 7.

Finally, for interval state estimation objectives (e.g., L = Iy,
as in Liu et al. (2020)), the delay injection-based framework
imposes no constraints on the derivative (or differential) term of
the measurement noise n(t), the system matrix A, the fixed-time
convergence rate, or the observer system matrix R. This flexibil-
ity ensures broader applicability and richer design parameters
compared to existing methods (Dinh et al., 2019, 2020; Khan
et al., 2021, 2020; Liu et al.,, 2020; Meslem & Ramdani, 2020;
Wang, Dinh et al., 2022a). Moreover, Theorem 7 provides interval
estimates for x(t) before the fixed-time constant, offering a wider
range of fault monitoring than the methods in Dinh et al. (2019,
2020), Wang, Dinh et al. (2022a).
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5. Simulation examples

Two examples, one CT system and one DT system, are pro-
vided to illustrate the validity and superiority of the proposed
results.

5.1. Example 1

Consider a CT system (1) with u(t) = 3sin(t) — 2 sin(3t),
dit) = 0.1[re) w(t) 2r()] . n(e) = 0.1[1 1] sin’(t) and

A= _01 _13 53 B = _15 C—[_] —2 1] Here

=S - —_— ) —_— .l . )

0 2 =2 -1 0 0

—1 < r(t) < 1 is a random number dependent on t, and the
uncertainties d(t), n(t), n(t), and the initial states x(0) are bounded
by d(t) = [0.1 0.1 0.2],dt) = —dt), ii(t) = [0.1 0.1]",
n(t) = —ae), % = [0 1 2] x=[-2 -1 0], 7() =
[0.3 O.B]T, ny(t) = —7g(t). Since the system is observable, the

F-ISE (3)-(5) and (7) can be designed by Theorem 9 with t; = 0.5
and

R = diag[—1, -2, -3, -6, -7, -8],
,_[05 05 05 05 —05 05 (25)
~[05 —05 05 05 05 05]°

Because the second state x,(t) can be directly obtained from the
measured output, we focus on the states x;(t) and x3(t) as the
main observation targets. Simulation results are shown in Fig. 1.
The MS-FIO from Liu et al. (2020), Theorem 9 with t; = +o0,
Theorem 12 with the same R and Z as in (25), and the optimal
MS-I0s from Liu et al. (2023b), Wang, Yin et al. (2022b) are
included for comparison. All ISEs achieve stable upper and lower
bound estimations for x(t) and x3(t). The F-ISEs proposed in Liu
et al. (2020) and Theorems 9 and 12 achieve steady-state esti-
mations within the fixed-time delay t;. Additionally, Theorem 9
demonstrates superior accuracy compared to optimized ISEs (Liu
et al., 2023b; Wang, Yin et al.,, 2022b). These results confirm that
Theorem 9 delivers the best performance among these methods.

5.2. Example 2

Cons(i)dero a 0 D’(g nonlinelag5 system (1)  with:
1 0 0 O 0 1000
A , B = ,C=10 0 1 0f,
0 05 0 O 1 00 0 1
0O 0 -1 0 0
d(xz, t) - [01 01 —01 —02]

sin(2t) + [0.1sin(xx(t)) 0 0 0], u(t) = 3sin(2t), n(t) =
[0.1 0.1 0.1]T r(t), where r(t) represents a random sequence.
It is easy to verify that the above uncertain system is observable,
but rank(A) # n,. Consequently, this system is outside the
application scope of the methods presented in Dinh et al. (2019),
Meslem and Ramdani (2020), Wang, Dinh et al. (2022a). Using
Theorems 9, we compute the solutions T, L, K to (8) and (9) with
ty =2 < ny — 1 = 3, using a stable and monotone matrix:

‘0 0 02 O
R '0 0 0 o0.1
R= o 0 01 O ,
‘0 0 0 O
o R, T

where R; = diag[0.1,0.1,0.2,0.1] and R, = diag[0.9,0.7,
0.9, 0.7]. This matrix is applied for Theorems 9, 12, and 13. Note
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Fig. 1. ISEs for x(t) and x3(t) and their dynamic performance (Wang, Yin et al,,
2022b): black lines represent system states; yellow, green, red, pink, and blue
(solid/dotted) lines represent results from Liu et al. (2020, 2023b), Wang, Yin
et al. (2022b), Theorem 12, and Theorem 9, respectively.

that the matrix R is not in block diagonal form, as seen in Liu et al.
(2020).

To effectively distinguish Theorems 12 and 13, we assign dif-
ferent initial states for them. The simulation results are presented
in Fig. 2. As shown, Theorem 9 outperforms Theorem 12 and ex-
hibits equivalent performance to Theorem 13, which is consistent
with the analysis in Section 4.

6. Conclusion

In this paper, a unified F-ISE design framework for both CT
and DT systems is presented, leveraging a novel delay injection-
based non-smooth observer structure. The existence conditions
and parametric expressions are systematically derived under
the common observability condition. This F-ISE design method
significantly relaxes many of the design and estimation con-
straints found in existing approaches and provides a clear ex-
planation of the numerical correlation between observer per-
formance and design parameters. Furthermore, compared to its
extensions based on IO-ISE and SP-ISE, the proposed method
demonstrates a broader application scope and achieves more
accurate estimation performance under identical parameter set-
tings. Finally, two simulations are provided to validate and sup-
port these findings effectively. Future work will explore the
address sensitivity in algebraic approach and its further extension
to more complex systems.
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Fig. 2. ISEs for x,(t) and their dynamic performance (Wang, Yin et al., 2022b):
black lines represent the system states, red lines are provided by Theorem 13,
green lines are provided by Theorem 12, and blue lines are provided by Theorem
9.
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