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We investigate the numerical approximation of integrals over R4 equipped with the standard Gaussian
measure y for integrands belonging to the Gaussian-weighted Sobolev spaces W,‘;‘ (R4, ) of mixed
smoothness « € N for 1 < p < o0o. We prove the asymptotic order of the convergence of optimal
quadratures based on n integration nodes and propose a novel method for constructing asymptotically
optimal quadratures. As for related problems, we establish by a similar technique the asymptotic order of
the linear, Kolmogorov and sampling n-widths in the Gaussian-weighted space Ly (R4, y) of the unit ball
ofW;‘(Rd,y)forl <g<p<oocandg=p=2.
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1. Introduction

We investigate numerical approximation of integrals
1) = / F®) y(dx) = / F®)g(x) dx (1.1)
RY R4

for functions f belonging to the Gaussian-weighted Sobolev spaces WI‘," (R4, y) of mixed smoothness
a € Nfor 1 < p < oo (see Section 2 for the definition), where y (dx) = g(x) dx is the d-dimensional
standard Gaussian measure on R with the density

¢(x) = 27) "2 exp (—|x|2/2) ., xeRY.
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OPTIMAL NUMERICAL INTEGRATION AND APPROXIMATION OF FUNCTIONS 1243

To approximate this integral we use a (linear) quadrature defined by

L) = D hf(x) (1.2)

i=1

with the convention I (f) = 0, where {x;,...,x,} C RY are given integration nodes and (A, ..., A,) the
integration weights. For convenience, we assume that some of the integration nodes may coincide. Let
W;‘ (R, y) be the unit ball of W[‘j‘ (R4, y). The optimality of quadratures for WZ‘ (R?, ) is measured by
the quantity

Intn(W;',‘(Rd, y)):=inf sup |I(f) —I,()|. (1.3)
In fews ®ey)

We are interested in the asymptotic order of this quantity when n — oo, as well as in constructing
asymptotically optimal quadratures. We do not investigate the dependence on the dimension and the
problem of tractability. The problem of multivariate numerical integration (1.1)—(1.2) has been studied
in Irrgeher & Leobacher (2015); Irrgeher er al. (2015); Dick et al. (2018) for functions in certain Hermite
spaces, in particular, the space H, , in Dick ef al. (2018), which coincides with W3 (R4, y) in terms of
norm equivalence. So far the best result on this problem is

dQa+3) 1

n~%(log n)d%] < Int, (WERY, y)) < n™%(logn)~ # 2,

which has been proven in Dick er al. (2018). Moreover, the upper bound is achieved by a translated
and scaled quasi-Monte Carlo (QMC) quadrature based on Dick’s higher order digital nets. We note
the related work (Kritzer et al., 2020), which studied weighted integration via a change of variables for
functions on R? from non-weighted spaces of mixed smoothness.

The aim of this paper is to prove the asymptotic order of Int, (ij R, y)). Let us briefly describe
the main results.

For @ € Nand 1 < p < 0o, we construct an asymptotically optimal quadrature 7}, of the form (1.2)
which gives the asymptotic order of the convergence

sup
FEWS R, y)

/R FO0y (0 = 7 ()] = Int, (WS (R, y)) = n~* (log . (1.4)

In constructing I, , we propose a novel method assembling an asymptotically optimal quadrature for
the related Sobolev spaces on the unit d-cube to the integer-shifted d-cubes which cover R, The
asymptotically optimal quadrature I, is based on very sparse integration nodes contained in a d-ball
of radius /logn.

As for related problems with a similar approach, we establish the asymptotic orders of linear n-widths
A,,» Kolmogorov n-widths d, , and sampling n-widths o, of the set Wf,‘ (R4, y) in the Gaussian-weighted

space Lq (R4, y) (see Section 3 for definitions). For« € Nand 1 < g < p < oo we prove that

A, =< d = n"%logn) @D, (1.5)

n n
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1244 D. DUNG AND V. K. NGUYEN

and with the additional condition g = 2,
0, < n *(log n)@=De (1.6)

For @ € N and g = p = 2, we prove that

(d—Da

A, =d, =n" 3(ogn) 2 , (1.7)

n n

and with the additional condition « > 2,

(d=Da

0, =<n"2(ogn) = . (1.8)

The asymptotic orders (1.5)—(1.8) show very different approximation results between the cases g < p
and g = p = 2. We conjecture that the asymptotic orders (1.7) and (1.8) still hold true for p, g with the
restrictionsp = g # 2and 1 < p < 0o. Thecase 1 < p < g < oo of these n-widths is excluded from the
consideration caused by the natural reason that in this case we do not have a continuous embedding of
W[‘," (R4, y) into L, (R4, y). For example, the function f(x) = Hf-lzl (1 + xlz) ™ exp (|X|2/(2p)) belongs
to Wy (R4, y) if m > 1/2 + a. However, this function does not belong to L, (R?,y) when ¢ > p.

The paper is organized as follows. In Section 2, we prove the asymptotic order of Int, (W;’,‘ (R4, y))
and construct asymptotically optimal quadratures. Section 3 is devoted to the proof of the asymptotic
order of linear n-widths A, and Kolmogorov n-widths d,, for the cases ¢ < p and ¢ = p = 2 and the
construction of asymptotically optimal linear approximations. In this section we also give asymptotic
order of sampling n-widths for the cases ¢ = 2 < p and ¢ = p = 2. In Section 4, we illustrate our
integration nodes in comparison with those used in Dick ef al. (2018) and give a numerical test for the
results obtained in Section 2.

Notation. We write R; := {x € R : x > 1}. For a Banach space E, denote by the bold symbol E the
unit ball in E. The letter d is always reserved for the underlying dimension of R?, N¢, etc. Vectors in
R4 are denoted by boldface letters. For x € R, x; denotes the ith coordinate, i.e., X 1= (xy,...,x,). If
1 < p < o0, we write |x|, := (Zflzl |xi|”)l/p with the usual modification when p = co. Whenp = 2 we
simply write |x|. For the quantities A, and B,, depending on n in an index set J we write A, < B, if there
exists some constant C > 0 independent of n such that A, < CB, foralln € J,and A, < B, ifA, < B,
and B, <« A,. General positive constants or positive constants depending on parameters o, d, . .. are
denoted by C or C,, ; , respectively. Values of constants C and C,, , in general, are not specified except
in the cases when they are precisely given, and may be different in various places. Denote by |G| the
cardinality of the finite set G.

2. Numerical integration

In this section, based on a quadrature on the d-cube ¥ .= [— % %]d for numerical integration of functions
from classical Sobolev spaces of mixed smoothness on I, by assembling we construct a quadrature on
R¢ for numerical integration of functions from y-weighted Sobolev spaces wy (R4, y) which preserves

: d
the convergence rate. As a consequence, we prove the asymptotic order of Int,, (W;’,‘ (R4, )/)).
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2.1 Assembling quadratures

We first introduce y-weighted Sobolev spaces of mixed smoothness. Let 1 < p < oo and £2 be a
Lebesgue measurable set on R?. We define the y-weighted space L,(£2,y) to be the set of all functions
f on £2 such that the norm

1/p 1/p
Iz, @) = (/ﬂ lf(X)Ip)/(dX)) = (/.(2 [Fx) 1 g(x) dX) < 0.

For « € N, we define the y-weighted space W (£2,y) to be the normed space of all functions
f € L[,(.Q, y) such that the weak (generalized) partial derivative D'f of order r belongs to Lp(.Q, y)

forallr € N‘é satisfying |r|,, < . The norm of a function f in this space is defined by

1/p
I llws 2. :=( > ||D‘f||ip(g,y)) : @.1)

[r|oo<a

The space W[‘f (£2) is defined as the classical Sobolev space by replacing Lp(.Q, y) with L, (£2) in (2.1),
where as usual, L, (£2) denotes the Lebesgue space of functions on 2 equipped with the usual p-integral
norm. For technical convenience we use the conventions Int,, := Int|,,; and I, := I, forn € R,.

For numerical approximation of integrals I°(f) := f o f(X)dx over the set §2, we need natural
modifications If (f) for functions f on §2, and Intfl2 (F) for a set F of functions on 2, of the definitions
(1.2) and (1.3). For simplicity we will drop §2 from these notations if there is no misunderstanding.

Leta e N, 1 <p <ocanda > 0, b > 0. Assume that for the quadrature

L,(f) =D hfx), {Xp,....x,} C 1, (2.2)

i=1

holds the convergence rate

’ /]I J®dx—1,(] < Cm_a(logm)beHW;lx(Hd), fewsad. (2.3)

Then based on /,,, we will construct a quadrature on R¢, which approximates the integral /(f) with the
same convergence rate for f € WY R4, y).

Our strategy is as follows. The integral I(f) can be represented as the sum of component integrals
over the integer-shifted d-cubes Hﬁ by

IfH=>. /d fi®)gy (x) dx, (2.4)
kezd Tk

where for k € Z¢, Hﬁ := k + I and for a function f on R¢, Ji denotes the restriction of f to Hﬁ. For
a given n € Ry, we take ‘shifted’ quadratures /, of the form (2.2) for approximating the component

integrals in the sum in (2.4). The integration nodes in [, , k € 7, are taken so that they become sparser
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1246 D. DUNG AND V. K. NGUYEN

as |Kk| gets larger and

Z ] <n.

kezd

In the next step, we ‘assemble’ these shifted integration nodes to form a quadrature I}, for approximating
I(f). Let us describe this construction in detail.
It is clear that if f € W% (RY, y), then f; (- + k) € W2 (I9), and

1/p
I +k)||wg(11d) — ( Z 1D, (- +k)||ip(ﬂd))

[r|oo<a

1/p
= > ID%I"
- A

[r|oo <ot
1/p
Ix2
= ( > @ny? / e T ID () g(x) dx) : (2.5)
I
[r|oo<a k
d x2 Ik-+(signk) /2| . . . . .
When x € T} we havee 2™ < e 2 , where signk := (s1gnk1, .. ,51gnkd) and signx := 1 if
x > 0, and sign x := —1 otherwise for x € R. Therefore,
4 |k+Gignk)/212
fic (- + k)”wg(ud) < Qm)%e & Hf”Wg(]Rd,y)- (2.6)
We have

1/p
— r, P
||gk<.+k>||md>—( > Ip g”w@) :

Ir|oo<a

A direct computation shows that forr € Ng we have D"g(x) = P, (x)g(x) where P,.(x) is a polynomial of
order [r|; of x. Moreover, we have —x]? < % — |k — (signk)/2|* for x € [—%, %] + k, k € Z. Therefore,
forx € ]Ii we get

r —dp _ 2 _? _ lk—signk 2% _ k2
[D'g(x)| = |(2m) P.(x)e 2| <Ce 27 <Ce 2 <Ce

for some 7/ and 7 such that I < t/ < T < p < oo. This implies that

K2

_ k=
gk + K llye ey = Ce 2.7)
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OPTIMAL NUMERICAL INTEGRATION AND APPROXIMATION OF FUNCTIONS 1247

with C independent of k € Z?. Since Wy (I?) is a multiplication algebra (see Nguyen & Sickel, 2017,
Theorem 3.16), from (2.6) and (2.7) we have that

A+ B0g( + k) € Wy @, (2.8)

and

ka( + k)gk(- + k)”wg(ﬂd) =< C”fk(' + k)”wg(ﬂd) : ||gk(' + k)”Wg(]Id)

Ik+(signk)/21% _ ki (2.9)
<Ce » 2I “f”wlgx(]Rd,yy
For 1 < 7 < p < 00, we choose § > 0 so that
max [e_lW(l_;),eWW_g’z] < Ce0IK? (2.10)
for k € Z4, and therefore,
il + 002+ Rllye o) < C M Wy gy, k€27 @.11)

We define forn € R,

£, = /8 12a(logn), (2.12)

and fork € 74,

—5lk
n = {ome T k<, 2.13)
0 if k| > §,,
s\d
where o :=27¢ (1 - e‘ﬂ) . We have
> mo<n (2.14)

k| <&,
Indeed,

_ 3 kP2 d L5n) s+d—1\ _sp
an=29ne 2a §2an d—1 e 2

k| <&, k| <&, s=0

oo
d—1
<2ony (5w <
0

Ss=|
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1248 D. DUNG AND V. K. NGUYEN

where in the last estimate we used the well-known formula

fo(jj;k) =1 -x0""" keNy xe (1. (2.15)
j=0
‘We define
Lk ]
LK) == D L, \C+Rg(+K) = D > Afix; + Kgy(x; + k), (2.16)
IK| <&y k| <&, j=1

or equivalently,

Lk ]

L) = DD hf®x)) (2.17)

k| <&, j=1

as a quadrature for the approximate integration of y-weighted functions f on R?, where X =Xtk
and Ay ; = A;8y (X; + K) (here for simplicity, with an abuse of notation the dependence of integration
nodes and weights on the quadratures I, is omitted). The integration nodes of the quadrature /,, are

Xkl <&.j=1...InJ} CRY (2.18)
and the integration weights

(At Ikl <&, j=1,...,Im].

Due to (2.14), the number of integration nodes is not greater than n. From the definition we can see that
the integration nodes are contained in the ball of radius & := \/3/2 + &, ie., {xg jt k| < &,,j=
L...,Im ]} C BE)) = {X eR?: |x| < 5:} The density of the integration nodes is exponentially
decreasing in |K| to zero from the origin of R to the boundary of the ball B(£), and the set of integration
nodes is very sparse because of the choice of n; as in (2.13).

THEOREM 2.1 Leta € N, 1 < p < ocoand a > 0, b > 0. Assume that for any m € R, there is a
quadrature /,, of the form (2.2) satisfying (2.3). Then for the quadrature /, defined as in (2.17) we have

‘ /]R S0y (@) — In(f)’ < n™ogm" Il e f € Wy (R, ), (2.19)

Proof. Letf € WI‘," (R4, y) and m € R, . For the quadrature /,, for functions on I4 in the assumption,
from (2.3) and (2.11) we have

’ /H AR (6 K) X — L (- + K)gi (- k))’ < m™(log m)Pe*IK? llws@ayy  (220)
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From (2.4) and (2.16) it follows that

' /R PO AGIERY ‘ /Hﬁfux)gk(x) dx — I, (i + g (- + k)

k| <&,

+ > ‘ /Hﬁfkoogk(x) dx

[k|=&,

For each term in the first sum by (2.20) we derive the estimates

‘ /dek(X)gk(x) dx — I, (i, +K)gg (- + k))‘
3

= ‘ /dek(x +K)gx+k)dx — 1, (fii(- +K)g (- +Kk))

— _ 2
< nk“(lognk)be 81kl |V||W3(Rd’y)

— kP — —5|k|?
&« (ne~2*¥7)=(1og )b eIk |lf||wg(Rd,y)

= n9( b —@
= n"“(logn)’e Hf”wg(Rd,yy

Hence,

2
> ’ /dek(x>gk<x)dx—lnk(fk<~+k>gk<~+k>>' <> n‘”(logn)”e—'k'T‘suanﬁ(Rd,y)
k

k| <&, k| <&,

- b
<n a(lOg n) ”f”Wp"‘(Rd,J/)‘
For each term in the second sum we get by Holder’s inequality and (2.10),

;
< ([ reorama)’( [ acn)
]Ik Hk

k—Gignk)/2% 1
(=5

‘/fk(x)gk(x) dx
I

)
Le Hf”Wpa(]Rd,y)

2
< e IV llwg ey
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1250 D. DUNG AND V. K. NGUYEN

which implies

SIKk2
> /dfk(x)gk(x)dx < 20 e W llwg ey
ki=g, Ik Ik|=£,
o
d —528 s+ d —1
=202 e (d_l P llwg e
s=[&x]
o0
dﬁs}%a(li) 728 s+d_1
<2% € Z e ( d—1 |lf||wpoc(Rd,y)
s=[&]
o
_533(1_) —se8 s+d—1
<e DD e ( P L e (2.21)
s=0
with ¢ € (0, 1/2). Using (2.15) we get
> ’ / e @i ) dx| < e BN oy <™ Aogm)” I g ey (222)
Ik|=, Tk
Summing up, we have proven (2.19). O

Some important quadratures such as the Frolov quadrature and the QMC quadrature based on
Fibonacci lattice rules (d = 2) are constructively designed for functions on R with support contained in
the unit d-cube or for 1-periodic functions. To employ them for constructing a quadrature for functions
on R? we need to modify those constructions.

Assume that there is a quadrature I, of the form (2.2) with the integration nodes {x,...,x,,} C

d
(—%, %) and weights (A, ..., 4,,) such that the convergence rate

< Cm™(Qogm)” |l g aa)» S € Wy (1) (2.23)

' /de(X) dx —1,,(f)

holds, where W;j‘ (I) denotes the space of functions in W;j‘ (RY) with support contained in I¢. Then
based on the quadrature [, we propose two constructions of quadratures which approximate the integral
f]Rd f(X)y (dx) with the same convergence rate for f € Wp"‘ (R, ).

The first method is a preliminary change of variables to transform the quadrature /,, into a quadrature
for functions in Wy (I4), which gives the same convergence rate, and then apply the construction as in
(2.17). Let us describe it. Let k € N and 1, be the function defined by

V(1) = 5 t> 4, (2.24)
1
j»

202 udy €0 U0 1s9n6 Aq 6ZEYEZL/LGOPEIP/WNUBWIYEEO L 0 L/10P/Sl0IE/RUlELI/WOS" dNO*OlWSPEsE//:SRY WOl POPEOjUMOQ



OPTIMAL NUMERICAL INTEGRATION AND APPROXIMATION OF FUNCTIONS 1251

where C;, = (fi{?z(% — Ez)k dS)_l. Observe that v, is a one-to-one mapping on [—%, %] and w,/c has

compact support on [—%, %]. Iffew, (I%), a change of variable yields that

/11 ) fx)dx = /11 ) (wa) (x) dx,

where
(kaf)(x) =Yg - W}i(xd)f(l/fk(xl), ey wk(xd)), x el

Observe that the function 7'y, f has support contained in 1. 1f T, f belongs to W[‘;‘ (I?), then a quadrature

with the integration nodes {X;,...,X,,} C 14 and weights (5\ Ireee ,Xm) for the function f can be defined
as
m
L) = 1,(Ty, ) = 2 3f &),
j=1
where X; = (Y (x; ), ..., ¥ (x; »)) and )NLJ- = )‘jwli(xj,l) Ca wlé(xj’d). Hence, our task is finding a

condition on k so that the mapping

[ wa

is a bounded operator from Wp"‘ I to W[‘f (I%). A first result was proved by Bykovskii (1985) where he
showed that 7', is bounded in WY (I4) if k > 2« + 1. This result has been extended by Temlyakov

(see Temlyakov, 1993, Theorem IV.4.1) to Wl‘j‘ (I?) under the condition k > LI%J + 1. A recent
improvement k > o + 1 was obtained in Nguyen ez al. (2017).

The second method is to decompose functions in Wy (R4, y) into a sum of functions on R? having
support contained in integer translations of the d-cube ]Ig = | - %, %] for a fixed & > 1. Then the
quadrature for Wy (R4, y) is the sum of integer-translated dilations of I,,,. Details of this construction are

presented below.
First observe that

d __ d
RY = U I .
kezd

where Hg’k = ]Ig + k. It is well-known that one can constructively define a partition of unity {gok}k ezd
such that

(i) ¢ € CPRY) and 0 < ¢ (x) < 1,x € RY k € Z¢;
(ii) supp ¢y are contained in the interior of ]Ig,k, k e Z4;
(i) ez X = 1,x € RY

(iv) ”‘pk ”ngc(]lg’k) <Cyup K€ z4
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1252 D. DUNG AND V. K. NGUYEN

(see, e.g., Stein, 1970, Chapter VI, 1.3). By the items (ii) and (iii) the integral fRd f(x)y(dx) can be
represented as

/R Sy =3 /H dkfg,k<x)g9,k<x)<ok<x> dx, (2.25)

kezd "0

where fp \ and g, denote the restrictions of f and g on ]Ig > Tespectively. The quadrature (2.2) induces
the quadrature

Iy () =D kg if (X4, (2.26)
i=1

for functions f on ]Ig, where X, ; := 0x; and Ay ; := OA;.

Denote by WI‘," (I[g) the subspace of functions in WI‘;‘ (]Rd) with support contained in ]Ig. From (2.23)
the error bound

' /H ) dx - Ig,m(f>' < m ™ (10g m)” I s
6
holds for every f € W;‘ (]Ig). Letf e W) (R, y). It is clear that fy (- + k) € Wy (]Ig) and similar to (2.5)

and (2.6) we get

[k+(0sign k) /2|2

Vor +Bllysqty e * Wfllgeaay f € Wa®:y), kel
Similarly to (2.8) and (2.9), by additionally using the items (ii) and (iv) we have that

foxC + K02 x( + K@y (- + k) € W (Ig),

and

[k+(Osignk)/212 [k

Wox( + K8k + Ko+ K)llyogsy e » 2 W llwe e )

where 7 is a fixed number satisfying the inequalities 1 < t < p < 00. We choose § > 0 so that

[k—(@sign k) /22 1 k+(@signk) /212 k2
(=) T

2
max [e 2 2T ] < Ce0lKl , ke 78,

Forn € Ry, let §, and n; be given as in (2.12) and (2.13), respectively. Noting (2.25) and (2.26), we
define

Iy = D I (forC + K085 (- + Ky (- +K)),
k| <&,
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OPTIMAL NUMERICAL INTEGRATION AND APPROXIMATION OF FUNCTIONS 1253

or equivalently,

Lk
Iy, (f) == Z Z ke,ka(Xe,kJ) (2.27)

k| <&, j=1

as a linear quadrature for the approximate integration of y-weighted functions f on RY where
Xk = Xg; Hkand hgy ;1= Xy 8 (X i )P (Xg i j)- The integration nodes of the quadrature I, ,
are

g, 0 Kl <&,.j=1,....[m]} C R (2.28)
and the weights

Moy, Kl <& j=1,....1Inl).

Due to (2.14), the number of integration nodes is not greater than n. Moreover, from the definition we
can see that the integration nodes are contained in the ball of radius S;n = 0/d /2+E,, 1e.,

Bouy Ikl < &5 j= 1o Im} C BES,) = {x eR?: x| < g;,n} .
Notice that the set of integration nodes (2.28) possesses similar sparsity properties as the set (2.18).
In a way similar to the proof of Theorem 2.1 we derive
THEOREM 2.2 Leta e N,1 <p <ooanda > 0,b > 0,6 > 1. Assume that for any m € R, there is a

d
quadrature /,, of the form (2.2) with {x,...,x,,} C (—% %) satisfying (2.23). Then for the quadrature
Iy, defined as in (2.27) we have

‘ /R JXydx) - Ie,n(f)‘ < (og )’ lys e ) [ € Wy R p). (2.29)

As noticed in Introduction, we do not study the dimension dependence for error estimates of
integration. Hence, the hidden constant in the bound (2.29) may depend on the dimension d and may
increase exponentially in d. Therefore, for very large d, the resulting algorithm may not be practical.

2.2 Asymptotic order of optimal numerical integration

In this subsection, we prove the asymptotic order of optimal numerical integration as formulated in (1.4)
based on Theorem 2.2 and known results on numerical integration for functions from W[‘," (I4).

THEOREM 2.3 Leta € Nand 1 < p < oco. Then one can construct an asymptotically optimal family of

quadratures of the form (2.27) (13,/ )ne]Rl such that
sup / FXydx) — IV ()| =< Int, (W;‘ (R4, y)) = n" *(log n)%. (2.30)
feEWS (R y) | JRY
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Proof. Let Iy, be the Frolov quadrature for functions in Wg (I4) (see, e.g., Diing et al., 2018, Chapter

d
8, for the definition) in the form (2.2) with {x,...,x,,} C (— % %) . It was proven in Frolov (1976) for
p = 2, and in Skriganov (1994) for 1 < p < oo that

- d=1 :
‘ / FOOAX = I, ()| < Cm~(ogm) T I 0 > | € Wer (LY. 2.31)
g 3
For a fixed & > 1, we define I, := Iy, as the quadrature described in Theorem 2.2 for @ = « and

b= d%l, based on /,,, = I ,,. By Theorem 2.2 and (2.31) we prove the upper bound in (2.30).
Since for f € VV;‘ (I4)

_4d
Hf”Wg(Rd,y) = (27[) » ”f”Vng(Hd)’
we get

Int, (W% (R?, )) > Int, (W2 (I)).

Hence, the lower bound in (2.30) follows from the lower bound Intn(Wz ) > n~*(log n) ot proven
in Temlyakov (1990). O

Besides Frolov quadratures, there are many quadratures for efficient numerical integration for
functions on I¢ to list. We refer the reader to Chapter 8 in Diing ez al. (2018) for bibliography and
historical comments as well as related results, in particular, the asymptotic order

Int,, (WS (%) = m™*(logm)‘T"

for 1 < p < 0o. We recall only some of them, especially those which give asymptotic order of optimal
integration.

A quasi-Monte Carlo (QMC) quadrature based on a set of integration nodes {xy,...,x,,} C 14 is of
the form

1 m
L) = — > fx).
i=1

In Dick (2007, 2008) for a prime number g the author introduced higher order digital nets over the
finite field F, := {0, 1,...,¢ — 1} equipped with the arithmetic operations modulo g. Such digital nets
can achieve the convergence rate m~%(logm)® with m = ¢* for functions from ws (I4); see Dick
& Pillichshammer (2014). In the recent paper (Goda et al., 2018), the authors have shown that the
asymptotic order of Int,, (Wg (Hd)) can be achieved by Dick’s digital nets {x, ..., xj;s} of order 2« +1).
Namely, they proved that

1<,y
‘ /de(x) dx — %Z‘f(x,-)

—a d-1 o md S
< Cm~“Qogm) T Iflyg oy £ WEAD, m=g'.  (232)

202 udy €0 U0 1s9n6 Aq 6ZEYEZL/LGOPEIP/WNUBWIYEEO L 0 L/10P/Sl0IE/RUlELI/WOS" dNO*OlWSPEsE//:SRY WOl POPEOjUMOQ



OPTIMAL NUMERICAL INTEGRATION AND APPROXIMATION OF FUNCTIONS 1255

In the case d = 2 the QMC quadrature I, = I ,, based on Fibonacci lattice rules (d = 2) is also
asymptotically optimal for numerical integration of periodic functions in W;‘ (I?), that is,

‘ /]1 J® dx— 1, ()| < Cm~*(log m)? W llws e f € W (%), (2.33)

where W,‘j‘ (I?) denotes the subspace of W,‘j‘ (I?) of all functions which can be extended to the whole R?
as 1-periodic functions in each variable. The estimate (2.33) was proven in Bakhvalov (1963) for p = 2
and in Temlyakov (1991) for 1 < p < oo. The QMC quadrature /,, = I ,, based on Fibonacci lattice
rules (d = 2) is defined by

bm .
=g (5] 31520-3)

m

where by = by =1,b,, :=b,,_| + b,,_, are the Fibonacci numbers and {x} denotes the fractional part
of the number x.

Therefore, from Theorems 2.1-2.3 and (2.32), (2.33) it follows that the QMC quadratures based on
Dick’s digital nets of order (2o + 1) and Fibonacci lattice rules (d = 2) can be used for assembling
asymptotically optimal quadratures I}, and I Y ,, of the forms (2.17) and (2.27) for Int (W"‘ (RY, y)) in
the particular casesp =2,d > 2,and 1 < p < 00, d = 2, respectively.

The sparse Smolyak grid SG(£) in I¢ is defined as the set of points:

SG(&) = {xk,s =25 ez K|, <& |5 <287 i= 1,...,d}, £ eR,.

For a given m € Ry, let §,, be the maximal number satisfying |SG(£,,)] < m. Then we can constructively
define a quadrature /,, = I ,, based on the integration nodes in SG(§,,) so that

a5,

< Cm™* (Aogm) VD f e o). f € WA, (2.34)

To understand this quadrature, let us recall a detailed construction from Diing & Ullrich (2015), page
760. Indeed, from the well-known embedding of W“ (I¢) into the Besov space of mixed smoothness

B*  max(p2) (I4) (see, e.g., Diing ef al. (2018), Lemma 3.4.1(iv)), and the result on B-spline sampling
recovery of functions from the last space it follows that one can constructively define a sampling recovery
algorithm of the form

R, = D [y dds

Xk, €SG(Em)

with certain B-splines ¢y ¢, such that

If = R, oy < €™ Qogm) =D CH D]y, f € WA,
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Then the quadrature [g ,, can be defined as

Il = 2 el O s = [ b0an

Xk,s ESG(Em)

and (2.34) is implied by the obvious inequality | [; f(x) dx — Ig,,(N)| < |f — R,.()| 1,4+ Therefore,
from Theorem 2.1 and (2.34) we can see that the Smolyak quadrature [g ,, can be used for assembling
a quadrature /g ,, of the form (2.17) with ‘double’ sparse integration nodes which gives the convergence
rate

‘ /R J®yEx) — g, ()| < n~*Qogm) VT2, f e WiR, ).

3. Approximation

In this section we study the linear approximation and sampling recovery in Lq(Rd ,v) of functions from

W[‘j‘ (R?, y), and the asymptotic optimality in terms of Kolmogorov n-widths and the linear n-widths and
sampling n-widths for | <g<p <ocoandp =g = 2.

Let n € N and let X be a Banach space and F a central symmetric compact set in X. Then the
Kolmogorov n-width of F is defined by

d,(F,X) :=infsup inf ||f — glly,
L, feF g€Ly,

where the left-most infimum is taken over all subspaces L, of dimension < n in X. The linear n-width
of the set F is defined by

}"n(F»X) = lnf Sup Hf - An(f)||X7
An feF

where the infimum is taken over all linear operators A, in X withrank A, < n. Notice that if X is a Hilbert
space, then A, (F,X) = d,(F,X).

Let £2 be a domain in R?. Let n € N and let X be a Banach space of functions on §2 and F a compact
setin X. Given {x;}!_, C §2, to approximately recover f € F from the sampled values {f (xi)};.; | Weuse
a (linear) sampling algorithm defined by

R,(f) =D f(x)e;. 3.1)

i=1

where {(pi}:.’: I is a collection of n functions in X. For convenience, we assume that some points from
{x;}'_; C £2 and some functions from {‘/’i}7=1 may coincide. For n € N we define the sampling n-width

of the set F in X as

0,(F,X) = inf §UP|V—Rn(f)||x,

X] . Xn €82,
¢1smy(ﬂn5X
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where R,,(f) is given by (3.1). Obviously, we have the inequalities
d,(F,X) < A,(F,X) < 0,(F,X). (3.2)

There are other popular n-widths in approximation theory like the entropy n-widths, Gel’fand n-
widths and Bernstein n-widths, etc. In particular, for optimality of numerical algorithms, the Gel fand
n-widths are very important, since optimal algorithms could be non-linear (for detail, see, e.g., Dling et
al., 2018, Section 6 and Section 9.6). However, these n-widths are not in the scope of consideration of
the present paper.

For technical convenience we use the conventions A, := A, R, := R|,,|, d,(F.X) := d|,,| (F, X),
Ay (F,X) := A, (F,X) and 0, (F,X) := ¢, (F,X) forn € R,.

For given « and p, g, we make use of the abbreviations:

h =2, (WER?, ), L, (R, ), d, :=d,(Ws(R?, y), L, (R, y)),

0n = 0,(Wi (R, ), LR, y)).

We prove the asymptotic orders of A, d,, and g,, as well as constructively define asymptotically optimal

linear approximation methods which are very different for the cases 1 < g <p <ocoandg =p = 2.

3.1 Thecasel <qg<p < o0

Leta e N,1 <g<p<ooanda > 0,b > 0. Denote by I:q(]ld) and Wg(ﬂd) the subspaces oqu(]Id) and
w5 (I4), respectively, of all functions f which can be extended to the whole R? as 1-periodic functions

in each variable (denoted again by f). Let A, be a linear operator in I:q (I9) of rank < m. Assume it holds
that

If = AnOllz, qay < Cm™*Aogm)® If g qay. £ € Wy A, (3.3)

Then based on A,
Wl‘f (R?,y) with the same convergence rate. Our strategy is similar to the problem of numerical
integration considered in Subsection 2.1. _ _

Fix a number 6 with & > 1. Denote by Lq(]Ig) and W[‘," (]Ig) the subspaces of Lq(]lg) and Wl‘j‘ (Hg),
respectively, of all functions f which can be extended to the whole RY as 6-periodic functions in each
variable (denoted again by f). A linear operator A,, induces the linear operator A, ,, in L, (]Ig), defined
forf € L, (I9) by A, (f) := A,,(f(-/60)).

From (3.3) it follows that

we will construct a linear operator A}, in Lq(Rd, y) which approximates f €

If = A9z, ity < Cm ™ Qogm) Il cg) f € W/ T5).

Since g < p, we can choose a fixed § > 0 such that

[k+(0signk) /212 |k—(Osignk) /2%
2p - 2q

e < Cce ke 7l (3.4)
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Forn € Ry, let£, and ) be given as in (2.12) and (2.13). Recall that we write Hg’k =k+ ]Ig fork e 74,

and fj \ the restriction of f on Hg « for a function f on RY. Let {(pk}k <z« be the partition of unity satisfying
items (i)—(iv), introduced in Subsection 2.1. Similarly to (2.8) and (2.9), by additionally using the items

(ii) and (iv) we have that if f € W% (R, y), then

foxC+R@ (- +k) € W (I)),

and it holds that

[k+(@signk) /22

”fe,k(' + K (- + k)”Wg(Hg) Le > ”f”W,c;(Rd,y)-

We define the linear operator Ag’n in Lq (Rd, y) of rank < n by

(47.1) @ = 3 (Apdox) =10,

k| <&y

where fe,k (X) = fox X+ K¢, (x + K). Indeed, by (2.14),

rankAgn < z rank Ag e = Z n < n.
k| <&, k| <&,

(3.5)

(3.6)

THEOREM 3.1 Leta e N,1 <g<p <ooanda > 0,b > 0,0 > 1. Assume that for any m € R, there
is a linear operator A,, in i,q (1) of rank < m such that the convergence rate (3.3) holds. Then for any

n € Ry, based on this linear operator one can construct the linear operator Ag ainL, R4, y) of rank < n

as in (3.6) so that

I = AL Py wayy < Cn=*Qog )’ If e gy | € Wy (R p).

3.7

Proof. The proof of this theorem is analogous to that of Theorem 2.2 with certain modifications. We

give a short description of it. From the items (ii) and (iii) in Subsection 2.1 it is implied that

f= Z Jo ki

keZzd

Hence, we have

g _Ag,n(f)”Lq(Rd,y) = Z er,kﬁDk - (Ae,n.fe,k) (—k)

Ly1d .,
Ik|<&, «Qoac?)

1<

+ Z ||f0’k(pk||Lq(Hg,k,)/)' (38)
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From (2.13), (3.3) and (3.5) we derive the estimates

er,kfﬂk - (Ae,n.fe,k) (- —k)

_ |k—(Osignk)/22
Le 2

Ly (Hg,k’y)

fe,k(' + k)(pk(' + k) - AG,nka,k H = d
L, @)

_ |k—(6signk)/22

Le 2 i (log nk)be(‘ +K)gy (- + k) ”VV;}(Hg)

[k+(6signk) /212 |k—(@signk)/22 A b
<e 5 (e B ) dog m) Wl e

Using (3.4) we get

_SK? -
< e 2k, ‘1(1ogn)b|lf||wg(R",V)’

er,kﬁﬂk - (Ae,n.fe,k) (—k)

Lq (Hg,k’V)

which implies

Z er,k‘ﬂk - (AG,nkf@,k) (-—k)

o
., < E e 2K, “(logn)bllfﬂwg(Rd,w
IK|<E, .

L,
R K| <&

<~ og ) If s re ).

Similar to (2.21) and (2.22), we have for a fixed ¢ € (0, 1/2),

k—(@signk)/212 | [k+(Osignk)/2|?
- +
Z ”fe,k‘/’kHLq(Hg_k,y) < Z ¢ * : Wl we ey )
|k|>&p |k|>&,
—5|k|? —8(1—g)g?
< > e Il ey < € (1=8)%; Il et
|k|>&,

= ¢ 2B f)| oy < 0 Qog )" Il -
From the last two estimates and (3.8) we obtain (3.7). U
LEMMA 3.2 Lete € Nand 1 < g < p < oo. Then we have
d, (We @), L, (%) =< m™*(log m)“=D*,

Moreover, truncations on certain hyperbolic crosses of the Fourier series form an asymptotically optimal
linear operator A,, in Lq (]Id) of rank < m such that

I = Al qay < m ™ Aogm) =D f g 1oy f € Wy (A9, (3.9)
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For details on this lemma, see, e.g., Theorems 4.2.5, 4.3.1 and 4.3.7 in Diing et al. (2018) and related
comments on the asymptotic optimality of the hyperbolic cross approximation.
We are now in the position to prove the main result in this section.

THEOREM 3.3 Letw € Nand 1 < g < p < oo. Then for any n € R, based on the linear operator A, in
Lemma 3.2 one can construct the linear operator Al in Lq(Rd ,v) of rank < n as in (3.6) so that

sup |If —A) (f)”Lq(Rd’y) < A, x<d, < n “(og n)@=De, (3.10)
feEWS(RYy)

Moreover, with the additional condition g = 2,
0, = n~%(logn)@-be, (3.11)

Proof. For a fixed 6 > 1, we define Al = Ag’n as the linear operator described in Theorem 3.1. The
upper bounds in (3.10) follow from (3.9) and Theorem 3.1 witha = &, b = (d — Da.
If f is a 1-periodic function on R¢ and f € wy (I9), then

2 l/p
W”Wg(Rd’y) N ((2”)_‘1/2 Z /]Rd |Drf(x)|pe_% dx)

[rfoo <o

1/p
—en i (35 [ wrecore ™ a)
I

Ir|oo<a keZd
) 1/p
 [k—(signk)/22
<<( S [ reorex 3 e )
Ir|oo <ar 1 kezd

< ”f”ﬁ/ﬁt(]ld),
and

x|
2

d 14 d d
”f”zq(]ld) = ((277)z /]Id fFx)|%e 2 g(x) dX) = @m)ed|fli,ray)-

Hence, we get
Ay = dy > d (W19, L,(1%).

Now Lemma 3.2 implies the lower bounds in (3.10).
We now prove (3.11). Assume g = 2. The lower bound of (3.11) follows from (3.2) and (3.10). Let
us verify the upper one. By (3.10) we have that

d, < n~%(logn)¥=De, (3.12)
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Notice that the separable normed space Wl‘j‘ (R, y) is continuously embedded into L, (R?, y), and the
evaluation functional f +— f(x) is continuous on the space W]‘j‘ (R?, y) for each x € R¥. This means that

Wg (R?, y) satisfies Assumption A in Dolbeault ef al. (2023). By Corollary 4 in Dolbeault ez al. (2023)
and (3.12) we prove the upper bound:

0, < d, <n%(log n)(d_l)"‘.

32 Thecaseq=p=2

Our approach to this case, which is completely different from the one in the case 1 < ¢ < p < oo,
is similar to the hyperbolic cross trigonometric approximation in the Hilbert space Zz(Hd) of periodic
functions from the Sobolev space Wz"‘ Iy (see, e.g., Ding et al. 2018, for details). Here, in the
approximation, the trigonometric polynomials are replaced by the Hermite polynomials.

For k € Ny, the normalized probabilistic Hermite polynomial H, of degree k on R is defined by

(_l)k x2 dk x2
Hk(x) = W exp (?) @ exp (—3) .

For every multi-degree k € Ng, the d-variate Hermite polynomial H,, is defined by
d
. d
H(x) = [ [H, (), xR’
j=1

It is well-known that the Hermite polynomials {Hk}k <y constitute an orthonormal basis of the Hilbert
0

space Lz(Rd,y) (see, e.g., Szego, 1939, Section 5.5). In particular, every f € Lz(Rd,y) can be
represented by the Hermite series

f =D J®H, with f(k) := / f() H(x)y (dx) (3.13)
R4

keNg

converging in the norm of Lz(Rd, y), and in addition, there holds Parseval’s identity

W17, e,y = 2 VI (3.14)

d
keNj

Fora € Ny andk € Ng, we define

d

pas=[1 (l5+1)"

J=1
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LEMMA 3.4 Let o € Nj. Then we have that

s gy = 2 PaxFEIE, f € WER? p). (3.15)
keNd

Proof. This lemma in an implicit form has been proven in Dick er al. (2018), pages 687-688. Let us
prove it for completeness. From the formula for the rth derivative of the Hermite polynomial H,,

H(,) _ (k r)‘ Hk o ifk>r,
kK = .
0, otherwise,

we deduce that for f € W‘2" R,y)and r < «,

f(r) Z

k R
-y JOH,_,,

and hence,

W W ) = Z > T _r), Z > (kd [f(kl,...,kd)|2. (3.16)

r1=0k;>r; rq=0ky>rq

From the last equality and the relation # X Py k € Ny, itis easy to derive (3.15) for the case d = 1.
In the case d > 2, (3.15) can be proven by induction on d with the help of the equality (3.16). g

We extend the space W5 (R4, y) to any o > 0. Denote by H® the space of all functions f € L, (R4, )
represented by the Hermite series (3.13) for which the norm

1/2

Fllaga = | D paxlF®F (3.17)

d
keNj

is finite. With this definition, we identify Wg (Rd, y) with H* for @ € N.

For functions f € H%, we construct a hyperbolic cross approximation based on truncations of the
Hermite series (3.13). For the hyperbolic cross G(§) := {k € Ng Pk =§ }, & € Ry, the truncation
Sé (f) of the Hermite series (3.13) on this set is defined by

Se(f) == D fUOH,.

keG(§)

Notice that S; is a linear projection from L, (R4, y) onto the linear subspace L(&) spanned by the Hermite
polynomials Hy, k € G(§) and dim L(§) = |G(&)|.
Recall that according to the section on notation in the introduction H* denotes the unit ball in H*.
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THEOREM 3.5 Let o > 0. Then we can construct a sequence {gn}:iz with |G(€,)| < n so that

= A, (HY Ly (R, p)) = d, (M L,(R%, 1)) =< n~% (logm) “T°*. (3.18)

f -5,

sup

Fem® Ly(R4,y

Moreover, with the additional condition o > 1,

Da

0, (K Ly(RY, ) =< n™ % (logm) 7™, (3.19)

Proof. Since L,(R?, y) is a Hilbert space, we have the equality A,,(H*, L,(RY, y)) = d,(H*, L,(R?, y))
in (3.18). To prove the upper bounds in (3.18) it is sufficient to construct a sequence {Sn}:iz so that
|G(§,)| < nand

d—Da

a (
-9 H —2(1 2
& Dy gy, < 7 osm

sup (3.20)

feH”

From Parseval’s identity (3.14) and Lemma 3.4 we have that for every f € W9 R, y)and & > 1,

=0 . = 3 j002 <& X puf 07 <& g,y <67 G2D

Ly(Rdy)
k¢G(&) k¢G(&)

Let {S } be the sequence of £, defined as the largest number satisfying the condition |G(§,)| < n.
From the relatlon G, =< &,(log é—‘n)d I (see, e.g., Temlyakov, 1993, p. 130) we derive that £, % <
n~%(log n)“=D* which together with (3.21) yields (3.20).

To show the lower bounds of (3.18) we need Tikhomirov’s theorem (Tikhomirov, 1960, Theorem 1)
which states that if X is a Banach space and U, | (1) the ball of radius A > 0 in a linear n+1-dimensional
subspace of X, then &, (U, , (1), X) = A. Further, if

UE) =1 € L®) : Il yqaay) < 1

and f € U(§), then by Parseval’s identity (3.14) and the definition of H*, similarly to (3.21), we deduce
that |||l < £%/2_ This means that CE%/>U(¢) C H* for some C > 0. Let {5 } be the sequence of
&, defined as the smallest number satisfying the condition |G(&,)| > n+ 1. Then d1rn L&) =1GE)| =
n + 1, and similarly as in the upper estimation, (£,)™% < n~%(logn)@~D% By Tikhomirov’s theorem
for the smallest quantity d,, in (3.18) we have that

d,(H*, Ly(R%, y)) > d,(CE**UE,, ), LR, y)) > (£) ™ = =% (log n)%

Let us prove (3.19). The lower bound of (3.19) follows from (3.18) and the inequality
0,(H*, L,(R4, y)) > &, (H*, L,(R?, y)). We verify the upper one. By (3.18),

d,(H, Ly(R, y)) < n~% (logn) “ 7. (3.22)
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Notice that for o« > 1, H* is a separable reproducing kernel Hilbert space with the reproducing kernel

Ky) = D porHi(OH(y). (323)
keNg

From the orthonormality of the system {Hk}k one it is easily seen that K(x, y) satisfies the finite trace
0
assumption

/ KX, x)y(dx) < oo. (3.24)
R4

Hence, by Corollary 2 in Dolbeault ez al. (2023) we obtain o,(H", L, R, y)) « d,(H*, LZ(Rd, v)).
This and (3.22) prove the upper bound of (3.19). U

In the case when @ € N, Theorem 3.5 yields the following result on sampling n-widths of the Sobolev
class W¢ (R%, y) of mixed smoothness .

o0

COROLLARY 3.6 Let & € N. Then we can construct a sequence {&,} ", with |G(&,)| < n so that

a (d—Da
sup Hf —5, () H =, =d, =n"%logm) 2", (3.25)
fEWg(Rd,V) n L2(Rdv7/>
Moreover, with the additional condition o > 2,
a (d—Da
0, =<n 2(logn) 72 . (3.26)

We stress that the assumption o« > 1 for (3.19) is vital since it is a necessary and sufficient
condition for H® to be a separable reproducing kernel Hilbert space with the finite trace condition (3.24)
and, therefore, the result (Dolbeault et al.,, 2023, Corollary 2) can be applied. We conjecture that the
consequent asymptotic order (3.26) still holds true for « = 1. Here it may require a different technique.

4. Numerical comparison with other quadratures

We illustrate the integration nodes of the quadratures constructed in the present paper, in comparison with
the integration nodes used in Dick et al. (2018). Assume that {xy, ..., X, } are the integration nodes for an
optimal quadrature /, for functions in W, (I?). Then the integration nodes in Dick ez al. (2018) are just a

dilation of these nodes to the cube [—C+/log 1, C+/log n]*. Hence, these nodes are distributed similarly
on this cube. Differently, the integration nodes in our construction are formed from certain integer-shifted
dilations of {x;,...,X,,} and contained in the ball of radius C+/log n. These nodes are dense when they
are near the origin and getting sparser as they are farther from the origin. The illustration is given in
Figure 1.

The following is a numerical test of our result for the cases d = 1 and @ = 1,2, 3. We consider the
algorithm for the space W3 (IR). For numerical integration of functions in W‘z" (I) we use the Smolyak point
set. Observe that these nodes give the optimal convergence rate since d = 1, see Section 2.2. In this test
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6 in (2.10) is chosen as § = %. We apply the method of change of variable by /5 to get asymptotically
optimal integration nodes and weights for functions in W3 (I) where the function 5 is defined as in

(2.24). From these nodes and weights we get the optimal quadrature {x,, ..

X, and {A,..

., A, for
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W3 (R, y) as described in Section 2.1. The error of this quadrature is given by

1/2

n 2 o] n 2
err = ((1 - Z/\i) —I—Zpa,k(Z)»in(xi)) ) ;
i=1 k=1 i=1

see, e.g., Section 4 in Dick et al. (2018).
For the numerical computation this error is replaced by the truncated version

1/2

n 2 m n 2
ery = ((1-20) + 2 s Zrmn) )
i=1 k=1 i=1

In our test we choose m = 10°. Our result is given in Figure 2 which shows that the worst-case errors of
the assembled quadratures for o € {1, 2, 3} have convergence rate O(n~%). It has been observed in Dick
et al. (2018) that the interlaced Sobol’ sequence also gives the optimal convergence rates for numerical
integration of W3 (R, y). The numerical result reaffirms the theory in this paper.
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