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ARTICLE INFO ABSTRACT

Keywords: An analytical approach based on fractional calculus and singular value theory to finite-time
Fractional calculus stability and stabilization of fractional-order singular interconnected delay systems is proposed.
Stability

Particularly, we study fractional singular equations with interval time-varying delays. We first
give new sufficient conditions for finite-time stability of such equations. Then, the feedback
stabilizing controllers are designed via solving a tractable linear matrix inequality (LMI) and
Mittag-Leffler function. Finally, numerical examples with simulations are given to illustrate the
feasibility and effectiveness of the proposed results.
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1. Introduction

Consider the following fractional-order singular interconnected systems (FSISs) with time-varying delays

K
ED%x,(f) = Ax,(t)+ Z Ayxj(t = By (0) + By (1), 120,
J#ij=1
xi(t) = éi(t)s te [_ﬁs 0],
where i = 1,2,..., K, D%x is the Caputo derivative of x, a; € (0,1), x; € R" is the state, u;(t) € R™ is the control, E; is singular: rank
E; =r; <n;, A, Ay, B; are constant matrices, &,(.) € C([-f,0], R"), §;;(.) is continuous satisfying

(€3]

ij>
0<p <py<p 120

Over the past decades, fractional dynamical equations (FDEs), which offer more advantages than integer-order ones, have gained
considerable importance due to their various applications in widespread fields of applied sciences and engineering [1-4]. At the same
time, many practical systems are of large-scale interconnected equations, which are characterized by a large number of variables
representing the system, a strong interaction between the system variables and a complex structure [5]. So far numerous results on
control and stability have been reported for interconnected time-delay equations (see [6-8] and the references therein). It is worth
noting that most of the existing results have concerned with asymptotic stability defined over an infinite-time interval. Nevertheless,
in the framework of practical applications, system trajectories are required to lie within a prescribed time interval and this concept
is known as finite-time stability (FTS) [9,10]. Some early results on FTS were obtained for interconnected equations [11-13] as well
as for fractional-order equations [14,15].

On the other side, singular equations (or descriptor, implicit, differential-algebraic equations) have come to play an important
role in many practical fields, such as power systems, chemical processes, internet systems, etc. [16-18]. During the last two decades,

* Corresponding author.
E-mail addresses: thanh.nguyentruong@hust.edu.vn (N.T. Thanh), vophat@math.ac.vn (V.N. Phat).

https://doi.org/10.1016/j.cnsns.2024.108230

Received 23 December 2023; Received in revised form 14 March 2024; Accepted 16 July 2024

Available online 20 July 2024

1007-5704/© 2024 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/cnsns
https://www.elsevier.com/locate/cnsns
mailto:thanh.nguyentruong@hust.edu.vn
mailto:vnphat@math.ac.vn
https://doi.org/10.1016/j.cnsns.2024.108230
https://doi.org/10.1016/j.cnsns.2024.108230

N.T. Thanh and V.N. Phat Communications in Nonlinear Science and Numerical Simulation 138 (2024) 108230

the stability and control problem for singular equations with delay has become more and more complicated, since singular equations
have complex structures of modes as finite dynamic, nondynamic modes and impulse modes, we cannot directly use algebraic tools
for the equations due to lack of characteristic polynomial with a rational power-multivalued function. One way to study stability
problem of FDEs is to Lyapunov function method. It is noted that most of the existing results used Lyapunov function method,
where the key issue is to find positive definite Lyapunov functionals to apply the fractional Lyapunov stability theorem [19,20].
However, the main difficulty is how to find Lyapunov functionals for satisfying the fractional stability theorem [21]. In some existing
papers, the authors attempted to find appropriate Lyapunov functionals, but there was a gap in the proof due to incorrect use of the
fractional stability theorem. This paper aims at studying the FSISs (1), which are more general class of FDEs having just caused a
little research up to now. The complexity introduced by both the singularity and the large-scale dimension makes it difficult to study
the stability and control of the singular FDEs. Comparing with the existing research on the topic, we are facing some difficulties:
(i) The system (1) under consideration consists of interconnected subequations, where the delays are interacted between the recipient
fractional singular subequations. Such systems contain heterogeneous time delays and hence the result is a complicated fractional
singular delay equation.
(ii) Because it requires to deal with not only stability, but also regularity and absence of impulses at the same time, and the latter
two need not be considered not only in the regular models, but also in the fractional models.
(iii) Due to the coupling between the differential and algebraic subequations with interacted delays in the decomposed singular
model, the solution estimation of such equations is still hard to find and estimate. In addition, since the interacted delays are of
high dimension and it needs extensive computations.
(iv) One more difficulty is how to find a suitable Lyapunov—Krasovskii functional in order to apply the fractional stability theorem.

In [17,18] the authors studied stability and control for integer-order singular interconnected equations without delays. Stability
analysis for fractional interconnected equations with or without constant delays was studied in [13,15], however the singularity
was not considered therein, i.e. E; = I. For singular FDEs with constant delays, the problem is considered in [3,22-24], however
the large-scale structure was not considered therein, i.e. K = 1. As far as we know, the problem of stability and control for the FSISs
(1) with time-variable delays has not been fully studied, which is very challenging and of great importance. This motivates us to
carry out this study.

In this paper, based on the fractional technique as calculating Caputo derivative, using the Laplace transform, Mittag-Leffler
function and singular value theory, we study FTS and stabilization of Eq. (1) with time-varying delay. The present paper contributes
to the available literature through the following.

« The delay function interacted in all subequations is interval time-varying, continuous and bounded.
« New delay-dependent sufficient conditions for the finite-time stability and designing stabilizing controllers are proposed.

« The proposed conditions are presented via solving a tractable LMI and Mittag-Leffler functions, which can be solved by LMI Tool
Box [25].

« The effectiveness and applicability of theoretical results are verified by two numerical examples and simulations.

The layout of this article is as follows. Section 2 presents some basic of fractional calculus, stability and control problem and
auxiliary technical results. The results on FTS and design of stabilizing controllers are presented in Section 3. Section 4 includes
numerical examples and simulations.

Notations. By C we denote the complex spaces, R” and R"™" stands for the n-dimensional space and real (n x m) matrices,
respectively. I, stands for identity matrix of order r. For any matrix S € R™", .S > 0 (S < 0) denotes the positive-definite (negative-
definite) matrix. By 4,,,,(S) and A,,;,(S) we denote the maximal and the minimal eigenvalue of S € R™". L![0, h] denotes the space
of integrable functions on [0, 2], C([—h, 0]) denotes the space of continuous functions on [0, 4]. By [d] we denote the integer part of
a number d and we use \/V () for the gradient of V(.). The symmetric term in a matrix is denoted by =.

2. Problem formulation and preliminaries

We first recall from [1,2] some backgrounds of fractional calculus and related basic properties used in the text. Let a € (0, 1), g(¢) €
L'[0,b]. The Riemann fractional integral of order « of g() is defined as

t
I%g(t) = / (t—5)"lg()ds, b>1>0,
0

1
I'(a)
where I'(¢) is Gamma function defined by I'(a) = f0°° e 't*~1dt. The Riemann fractional derivative and the Caputo fractional
derivative of g(¢) respectively are defined by

a d —a
D%g(t) = Z“l g1,
D%g(t) = Dylg(®) — g(0)].

The Mittag-Leffler function is given by

o

k
z
E,j2)= ) ———, z€C, a>0, f>0.
B
* l;)l"(ka+ﬂ)

The Laplace transform of g(¢) is defined by L[g(1)](s) = /O°° e Sg(t)dt.
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Lemma 1. [2]. Given integrable functions u(.),(.) and a € (0, 1), > 0, h > 0, the following relations hold.
(@) LID*u(n))(s) = s* L{u(t)](s) — s*"Lu(0).
(b) n € N, Re(s) > h'/e,

nls®*"

an+n—1 (n) a —
Lpr Ea,ﬂ(m )](s)—m-

(c) Llu * v(0)](s) = Lu()](s)L[v(t)]1(s), where u x v(t) = for u(t — v)u(r)dr.

Consider the following unforced system of (1) (u;(r) =0.)

K
ED%x,(t)= Ax;(1)+ Ayx;(t— ;1) 120,
H0 ! #;:1 e @
x;(t) = &0, te[-4.01

Definition 1. System (2) is
(i) regular if the polynomial det(s% E; — A;).i = 1,2, ..., K, s € C, is not identically zero,
(ii) impulse-free if deg det(s% E; — A;) =rank E;, i=1,2,...,K,seC.

Proposition 1. If the system (2) is impulse-free and regular, then it has a unique solution on [0, +c0).

Proof. Setting

a= (@, .. ), x =Gy, xg) T, X(E = By (1) = Gyt = By (D), ... xg(t = B (ON T,
Dx = (D" x|, Dxy, ..., DK xg)T, &) = (&), ..., &g ()T,

A =diag{A,,...,Ax}, E = diag{E|, ..., Eg },

0o o0 .. O 0
A,-j =: . . A . where 4;; in the ith row, jth column,
o o0 .. O 0
nxn
system (2) is reduced to a singular fractional differential equation with delays:
K
EDs(t) = Ax(+ Y, Ayx(t—p;0),
i#jg=1 ®
x(1) =&, re[-p,0]

Since E and A are the diagonal matrix of E; and A, if the system (2) is regular and impulse-free then Eq. (3) is also regular and
impulse-free. Hence, using a result of [21,26] on the existence of solutions of the singular fractional differential system with delays,
Eq. (2) has an unique solution on [0, +c0). []

Note that rank E; < n;, we can find two invertible matrices H;, Q; satisfying

I, 0
H,EQ, = [0 0]'

In the sequel, we denote for simplification f;; := f;;(t) and

_ A0 A3012)) _ |4, A;(12)
Hi4,0; = [A,.(zl) A,-(22)] P HiAyQ; = [A,.j(zl) A;22)]
Under the state transformation y; = Q7 'x; := (31, y;2)", system (2) takes the following form
K
DUy = Ay O+ A5+ Y, [A,0 050 = 5+ 4,025,0¢ = )]
Jj=Lj#i
< ©)
0= A; 2Dy (0 + A;22)yp () + Z [A,-j(2l)y,-1(t = Bij) + A;;(22)yj(t - ﬂl-,-)],
J#ij=1

yi(0) = o7'g(m, 1e[-p,0l.

Lemma 2 ([16,26]). System (4) is regular and impulse-free if matrix A;(22) is invertible, i.e., det A;(22) # 0.

3
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Lemma 3 ([27]). Assume that f(t) € C([0,+o0],R") and V(.) : R" —» R* is a convex and differentiable function, V (0) = 0. We have
DV(f(®) <(VV(f(®),D*f(1)), 1=0.

Definition 2. Let ¢;,¢,,T be given positive numbers. Eq. (2) is said to be FTS w.r.t. (¢;,¢,,T) if

IEN* < e = IXOI < ey, V2 E[O,T],

where & = (&1.....&0) 7. x = Gy x0T, €l = /2K &2, and [Ix@)]l = /T, 1,012

Definition 3. Let ¢|,c,,T be given positive numbers. System (1) is finite-time stabilizable w.r.t. (¢, ¢,,T) if there are controllers
u;(t) = K;x;(t) such that the closed-loop equation
K
ED%x,(t) = [A; + BKIx,()+ Y, Ayx;(t—p,), t>0, (5)
J#ij=1

is regular, impulse-free and FTS w.r.t. (¢;,¢,,T).

Proposition 2. Assume that S(1) : [-f, b] —» R* is increasing and satisfies
St <£a;S0)+a,St-p), te€]0,b],

where b> 0,4 >0, a; > 1, a, >0. Then

[o/p1+1
S < S©Oa, Y, dy, t€0, bl
i=0

Proof. We first note that for ¢ € [0, b], we can find n € N such that nf <t < (n+ 1)p. Using mathematical induction we get
" .
S(1) < S0) Y, aya, + a3t S(t - (n+ 1)p),
j=0
for n > 1, and S() < a;.5(0) + a, S — (n+ 1)p), for n = 0. Since S(¢) is increasing on —f <t —(n+1)f <0, St — (n+ 1)f) < S(0) and
a; > 1, we get

St < [al+a2a1+“'+a;al+“;+lal S©), for n>1,
- (ay +aya))S0), for n=0,
n+l

=a, Z al S(0).

Jj=0
Moreover, since t < b, we get n < [b/f], then

(B/p1+1
S<a Yy @s0. O

Jj=0

3. Main results

In this section, on the basis of singular value decomposition approach combining fractional calculus and LMI technique, we first
provide delay-dependent criteria for finite time stability, then propose a design of stabilizing controllers for the stabilization problem
of FSISs with time-varying delay. The following notations will be used in the sequel.

P(11 0 0
By =By, [Q,»]TP,-E:'Q::[L(O) g]’N':[o I ]H

ay = n;gx{ 14,2217 4,221, 114,217 4,21, |[4,22)]17" 4;;21)] };

[T/p]+1
E,(z) := E, ((2),a; = mlaxE,ll(ﬂT“i), a,=(K-1)a;-1),g=a; Z alz‘;
k=0

Apax(PE) = max Amax(PiE}), Apin(P(11)) = miin Apmin(P:(11));
Amax(PE)

q = (IM,% =4q +m’f¢lX}~max([Q,~_l]TQ,-_l), a3 = aoK\/q_,

k
4= %(% Y lag(K = DY + [ag(K = DI /g, ),/? = max 4, (10,17Q)).
keOT/p1+1" 50 !
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Theorem 4. Given ¢; > 0,¢, > 0,T > 0, the system (2) is finite-time stable w.r.t (c,,c,,T) if there are invertible matrices P; satisfying

PE; =

where

[P.E;]]" >0, matrices Z;;, L;,R;,i,j =1,2,..., K such that

ij?
W(i)<0, i=12,...K,

Bla + NgDe, < ey,

M@y, M@, .. MOk
W) = * M), ... M(i)y g1 ’
* * o M(Dki1k41

M(i); = PA; +[PA;]]" — BPE; + R, L;A; + [R,L;A;1T,
M(i);; =-BP,E; + Z;;A;; + [ZiinjJTs
M) = PA; +[Z;A]" + R;M;A

ije M(i)j,- = [M(i)ij]Ts

M(i)K+l,K+l =-L; - L,T, M(i)K+1,i =L;A;, M(i)i,K+l = [LiAi]Ts

Mgy =LiA; —[Z;1T, M()j gy =M@y )T. j#i j=12 ..

the other terms of the W (i) are zero.

Proof. Let us set

From

o7 = [Qi(ll) 0,(12)

Tpy-t = [BUD P,-(lz)]'
0,21 Q,-(22)]’Q' it [

PQ1) P(22)

1 0 P.(11 0
@ﬁastfam”mE@=QﬁVﬁ1Pf ]=[K) ]ZQ

0 0 P(21) O

PUDT  REDT
TETpTo. —
oefrro, =[GV Ao
and the condition P.E; = [P.E;]" > 0 it follows that
P@D=0, B = RADT 20, Q] REQ, = [P"(g” 8] :

. L. . _ P(11) P(12)
Since P, is invertible, we have Q] P,H ' = [ ! 0 P: )
leads to

M(i);; = PA; +[PA]" - PE <0, i=12,...K,

and hence

Q] [PA; +[PA;]" - BPE;]Q; <O.

Moreover, we have

QiTPiAiQi=Q;I'PiHi—lHiAiQi=[P[(Oll) P(12) [A,»(n) A,-(lz)]

P |AQ) 42

_ [P,-<11>A,-<11> +RUDAQD  PADAI) + P(12)4,22)

P,(22)A,(21) P,(22)A;(22)
T _|pah 0
o, PiEiQi_[ 0 0]’

and using (9) we get

which derives det(4;(22)) # 0. Using Lemma 2, the equation is impulse-free and regular.
Next, we show the FTS of system (2). For this, we take the non-negative convex and differentiable function

P.(22)4;(22) + 4;22)T P.(22)T < 0,

Vi, () = x0T PEx,(), i=12..,K.

. K,

5

©)
@

®

. From (8) it follows that det (P;(11)) # 0, P,(11) > 0. Besides, LMI (6)

9)
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Taking the Caputo derivative of V;(x;(t)) with respect to ¢, using Lemma 3 and the following equalities
K
0 = 2E, D% xl.(t)Li[ EDx,()+ A0+ Y, Ayt — ﬂ,j)],
J=Lj#i

K
0=2x] (= hZ,[~ED"x 0+ Ax 0+ Y, Ayx,t= 5],
J=Lj#i

.
0=2x] (t)R,-N[ X0 + Z A ﬂ,}]
J=Lj#i
we obtain that

K
D Vi(x,(1)) < 2x,(t)T P.E; D x,(t) = 2x,(t) " P, [Ax(t)+ > Ay - ﬁ,,)]
J#ij=1
K
=2x,-(t)TP,-[A,-x,-(t)+ 3 Ayxi- ﬂ,j)]
Aiget

K
—ﬂxi(t)TP,-E,-x,-(t)— 2 ﬂxj(l—ﬂij)TPjEij(l—ﬂij)

=L

N
+RV )+ Y, BV = B)

J#ij=1
K
= 0,() WD) + VG (0) + Y, BV (x,t = ),
J#ij=1
where v;(t) = [v;,(®), ..., Vg4 (O], and
Ui () = x;(1), v(1) = x;(t = Bj), vyey® = ED%xi(0), j=1,....K,j#i.
applying the condition (6) gives
K
D%V (x;(1)) < pV;(x;(1) + Z BY;(x;(t = B;;))- (10)
Jj=Lj#i
Let us set U;(t) = D% V;(x;(1)) — fV;(x;(1)). Applying the Laplace transform and using Lemma 1, we have
sVi(8) = Vix(O)s*™! = pVi(s) + Uy(s),
with Vi(s) = LIV;(x(0)](s), U;(s) = LIU;()](s), we get
Vi(s) = (s* = B~ Vi (x(0)s"" + T(s)),
and then

(11)

sup Uy(s) < sup Z BV, (x5 — B,) < B Z (sup V,(x,-(n))).

s€[0,1] €041 ;27 j#ij=1 NEl=A1=p1]
Therefore,

t
V(i) =Vi(x;(0) E,, (B1%) +/ Ui(s)(t = )57 Ey o, (B = 5)%)d s

Vi(x(O)E,, (p1) + sup Ui(s) (I—S)"‘ 'E,, 4, (B = 5)")ds
sel0.1]

=V (ODE, (B1*) + sup. U;(s)[Ea, (B1) — 11/p
se[0,t

K
Vi OE, P+ Y sup ]V,-(X,-(rl))>[Ea,.(ﬂt"")—l]-

j=1j#i NE=P1=H

Moreover, note that the functions E, (pt%) is increasing, we have for all + € [0, T']:

wp VoS s VimE, T+ Y (3, V5@ )BT =1
nel-p.1l n€l-4.0] j#iy=1 NEl=p1=hi]

< swp Vo + sup  V;x;(n) )@y - .
el 1 /12;‘#,( pimpt )



N.T. Thanh and V.N. Phat Communications in Nonlinear Science and Numerical Simulation 138 (2024) 108230
where a; > 1. Setting S(1) = Z,-lil Sup,ei—pq Vi(x;(n)), we have

S(t) < SO)a, + a,S(t — p;), Vi €[0,T].
Since S(¢) is non-decreasing, by Proposition 2 we have

S@) < S0)g. (12)

Let us denote

Y= @) =

K K
Dy o1, Dy @l
Jj=1 Jj=1

Using the following inequalities

K K

S©O)= sup V,-<x,-<n>)-2 sup x] (n) P, E;x; ()

P 1rl€l—ﬂ =1 nel-p.0]

Z Inax(PE)_sup T (yx,(n)
i=1 nel[-p.0]

< max<PE>2 wp €| <n>é,<n)—Amax<PE>2||5,||2—Amax<PE>||s||2

i=1 "1€l=p.0 i=1
K K

S =7, sup Vixom) =) S X} (m P E;x;(n)

i=1 nEl=p.1] ‘1’1—

x] (WPE;x] (1) = 2 x] (O107'1T10] PE;0,107'x] (1)

i=1

\%
Ma

Ain PN (0331 (1) 2 Ay (PADP (0,

v
Ma

and the condition (12), we have
AminPADY()? < S(1) < ¢S(0) = A (PE)IIEN?, YVt € [0,T].
Consequently, if ||£]|> < ¢,, then for all ¢ € [0,T7],

Yi(1)? _q%lléllz <gjcp, V1 €[0,TI. 13

Besides, we see that for § € [-f,0], the following derivations hold

K K K
Y107 = Y llya @I < Yy @1 = Y x,0)107170; ' x,(0)

i=1 i=1 i=1

x,(0)Tx,(0)

M>\-

< max( 4,010 '170)) .

el

< max(An (1071707 3 &1 = max (401071707 )12

< max (210711707 )
Therefore, we have
YVi®? < qyep, tE[-B,TI 14

To estimate Y,(r), we consider two cases:

e Caset e [-p,0] :

K K
V7 = Y yp@IF < Y 1y OIF < max A, (1071707 ey < ey (15)
Jj=1

=

7
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e Caset €[0,T]: Fori=1,2,..., K, from the second equation of (4) it follows that

1yl <ILAR O] Ay D11y ()]
K

+ Z [|[A22(i)]_1A21(ij)”)’/](t -Bpl+ |[A22(i)]_lA22(ij)||yj2(t = Bl
J#ig=1
K K
Sao(ly,-l(t)|+ Z |yj1(t_ﬁij)|)+a0 z [yj2(t = B
=1 oL
K K
Sao<y1(f)+ 2 yl(l—ﬁij))+ao Z [yj2(t = il
J#ij=1 Jj=Lj#i
K
Saser+ag Y lypl=B)l,
J#ig=1

hence for 1 € [0, §,], we get

K
ra®l < asy/er+ay Y, D= < (a3 +ao(K = Dy/a; ) Ve,

Jj=1j#i
Similarly, for ¢ € [§,,25,], we get

K
172l < gsv/ei+ag Y, 1yjalt =Bl

J#i,j=1
<ag3v/e + (K - l)a0<q3 +ay(K — 1)\/72)\/3

= (a5 + (K = Dagas + lag(K = DP/a5 ) .
By induction, for 7 € [kf,, kB, + B;1, kB, < T, we have

k
1@ < (a5 YlaoK = DY +lag(K = D113/ ) /&1 < au /. (16)
j=1
Taking the estimation (15), (16) into account, we have

Yyt < Kgie), t€[0,TL. a7

Consequently, using (13) and (17) for all ¢ € [0, T], gives
K K K

IxOI = X IO = 3 3071017 Qyi(1) < max Ao (10,170 Y 30 v

i=1 i=1 i=1
K

K
=f Z Y@y + 5 Z Yo yin0)
i=1

= i=1
= V(0 + fV (1) < Blg + KgDey <oy [
In the sequel, we present sufficient conditions for designing stabilizing controllers u;(f) = K;x;(¢) for the stabilization problem.
For this, the following notations are used:
A,(11) Ai(lz)]

A=A+ BY, P HAQ, = [A.(zl) A,22)
1 1

_ PO 0] . 0 0
[Q1"P'EQ; = [ " 0], i=12,....K, N, = [0 / H,

ni—r;

7=n;a}x{m,-(zz)r‘A,,-(zz)l, A1 A, 114,217 4,;DI};

-1
(P Ey,

Amax(P_l E) = m;‘iX )'max
Apin(P(11)) = miin Amin(P(11);

Amax(P~LE)
Amin(P(11))

Q=4 Sy = @y +max 4, (10711707 D). 43 = K\

k
G= max (g YK =DV +17(K = DIVG, ), § = max 2,,(10.170)).
keOT/p1+1" 50 !
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Theorem 5. Given numbers ¢, > 0,c, > 0,T > 0, the system (1) is finite-time stabilizable w.r.t (¢,, c,, T), if there exist invertible matrices
P, satisfying E; P, = [E;P"]" > 0 and matrices Y; such that

23i)<0, i=12,..,K, (18)
§@ +KaDe, <. (19)
Moreover, the stabilizing controllers are defined as

u() = Kx; () =Y, P 'x,(0, i=12,...K,

where
Qi L3120k
() = * Q@)y .. Qi) k41
* * Q(i)K;rl,kﬂ

Qi) = AP +[APTT + BY, +[BY,]]" - pE.PT + L,A,PT +[L,APT]" + L,BY, +[L,BY]",

Qi) = —PE;PT —[A;1T A PT = PIA;1T Ay,
Qi) = Ay Pl = PIANT A — [BY1T Ay + LA Pl QG = [20),17,
Qgsrxer = =P = BT Qksrs = AP+ BiYy, Qg = [0

Qg1 = APl +PAy, j#i j=12,..K,

ij
the other terms of the X(i) are zero.
Proof. Let A; = A, + B;K;. Taking V;(x;) = x] P/' E;x; and

Li=F" K =Y,P, Z;=-P'[A4;]", Ry=P", i=12,...K
by the similar way of the proof of Theorem 4, the closed-loop equation

K
EDUx(t)= Ax,t)+ Y. Ayx;(t =), 120,
J=Lj#i
is FTS w.r.t (¢, ¢, T) if there exist invertible matrices P, such that
W(i)<0, i=12..,K, (20)
B@G + Kg)e, < ey, (21)
where

W (i), =P A +[P7'A1T - BPTVE; + R.L,A, + [R, LA,
wW;,; = —ﬂPj_]Ej +Z;A; + [Ziinj]T7 W), = P,-_]Aij + [Ziin]T + R, LA,
W(gike1 = —Li = LT, Wiy = Lk, Wi)ixq = LA,

W(i)K+1,j = LiAij - [Zij]Tv Jj#i, j=12,...,K,

the other elements of the matrix W (i) are zero.
Indeed, the LMI condition (20) leads to

W), =P A+ [PT'A]T - pP7'E <0, i=1.2,...K.

and the regularity and impulse-free are derived by the same augments of the proof in Theorem 4. Besides, the condition P,flEl- =
[P7'E;]" leads to

R =B(PE)PT =B (17 EYT) BT = BE].
Moreover, from the relations

(i) = diag{ P, P, ..., Pg, P,YW (i) diag{ P, P,', ..., P{, P},
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T -1 T
ERT = p(PE)PT,

and from the invertibility of P, it follows that the condition (20) and (21) are equivalent to the condition (18) and (19),
respectively. [

Remark 1. Theorem 4 and Theorem 5 provide FTS criteria and stabilization conditions via solving tractable LMIs (18), (20), which
are solved by using LMI Control Toolbox [25]. Note that the condition P,E; = [P,E;]" > 0 is not an LMI, but it can be reduced into a
single strict LMI. Moreover, since the parameters ¢, ¢,, do not involve in the LMI (6) (or (18)), we first determine matrix solutions
P,Z, L;, R; from the LMI and then we can easily check the conditions (7), (19).

Remark 2. Note that the derived condition (18), (19) for designing the stabilizing controllers involve some parameters ¢, c,, K,T.
In addition, for given K,T if ¢; > 0, the parameter ¢, > 0 can be defined as an optimization parameter problem for finding the
minimal value of c,.

Remark 3. Compared with previous works, the problem is studied in [13,15] for fractional interconnected systems, however the
singularity was not considered therein. For singular fractional systems, the problem is considered in [3,22-24], however, the large-
scale structure was not involved therein. To the author’s best knowledge, it is for the first time that the sufficient conditions are
proposed for the FTS and stabilization of the FSISs with interval time-variable delays.

Remark 4. It is notable that in this paper, we have considered the system (1) with the fractional derivative 0 < a; < 1. For the
large-scale classical systems (a; = 1), our results are still valid since the technical lemmas (Lemma 1, Lemma 3) used in the proofs are
applicable. The problem was studied in [12,18,28,29] for the singular large-scale classical systems, however, the system considered
therein subjected to no delays.

4. Examples and simulations

Example 1. Consider unforced FSISs (2) (K = 3) described by the following equations

{ E\ DM x (1) = Apx(0) + Apxy(t — frp) + Az xz(t — Br3),

x1(0) =§®, t€[-0],

{ E,D2xy(1) = Apxp(1) + Agyx1(t = fa1) + Apsx3(1 = fa3),
x,(2) =&, te[-4,0]

{ EsD%x3(1) = A3xz(0) + Az x1 (1 = f31) + Azpxa(t — B3p),
x3(1) =&, te[-4,0],

where a; =0.1,a, =0.15, 3 = 0.2, and

10 10 10
S O R R e

-1 1 -2 1 -15 05
S P R P R
0.015 0,01] " _[0.01 0.015] A _[0.02 0.01]
> 413 = 2421 — ’

A“:[o.m 0.015 0.015 0.1 0.01  0.02

A= 001 002 _[o.015 0015 _[oor o001
27 lo02 001|737 (001 001 7327 Joo15 0.015]°

&1 =1[04;03]T, &) =[04;,0.3]T, &(r) =[0.4;0.3]7,

1 5sin?(@) 1 cos(r) 1 2sin’@)
D= —+ "=, B3 = — + —2, 5 () = — ,
Pia(0) 10 + 100 B13() 10 + 100 B (1) 0 + 00
1 3cosi(r) 1 3sin?(@) 1 2cos(f)
= — s = — s )= — s
B3 () o1 00 P31 (1) o1 100 B3 (1) 6+ 100

p =01, p=0.15.

In the case we have

1 0
H1=H2=H3=Q1=Q2=Q3=[O 1],

By using LMI Toolbox [25], the LMIs (6) have the following solutions:

P = 3.6400 0 2.2297 0 2.8608 0
e 0 3.0323 0 3.0323 0 3.0323|°

, I =

, I3 =

10
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x@)l?
cl=1
c2=7.5

Time(sec)

Fig. 1. The behaviour of ||x(r)||> in Example 1.

4 _ 00484 0.0120 _ [-0.0781  0.0210
127 1-0.1263 -0.0010|"> <13~ |-0.2432 0.0059]|"
Zy = [:

0.1024  0.0102 —0.0607  0.0217
5 223 = s

0.2642  0.0068 -0.4226  —-0.0200

—0.3315  —0.0025|" “3 7 |-0.1196 —0.0051

_ [16481 02413 _ [1.4735  0.2030 _ [1.6443 0.1115
17102413 1.7949]° 727 102030  1.7053[° 73 T |o.1115  1.7598|°

R [0 20413 [0 07131 o 08703
17 lo —o07712]" ™27 |0 -08478|" 727 [0 -1.0104"

_ [—0.0599 0.0230 ] _ [—0.0275 0.0210 ]
31 = >

Moreover, we check the condition (7) as follows.

PE, = ETPT = [3.6(4)&00 g] >0, P,E, = E] P] = [2.2597 g] So.
PEy=E] P = [2’88’08 8] 20,

and

y =002, a; = 1.3421, a, = 0.6841, f=1,

q =4.2485, g, = 6.9356, g, =7.9356, g3 = 0.1690, g, = 0.2817.
For ¢; =1; ¢, =7.5, T = 10, the condition (7) holds:

Bla + Kghe, =7.1737 < e, =175,

Applying Theorem 4, the finite-time stability w.r.t. (1,7.5, 10) of the equation is derived.

Fig. 1 demonstrates the behaviour of ||x(#)||> of Example 1.

Example 2. Consider control FSISs (1), where K =3, a; = 0.1, a, =0.15, a3 =0.2,

10 1o 1o
R N AN |

05 0 1 ol L5 02
Al‘[o.l -1}’ AZ_[O.I -1]’ A3‘[o.z —1]’

11
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0.01 0.02 0.02 0.03
3= 21 =

0.02 0.01
0.01 0.01]° ~ [0.01 0.001]"

0.01 0.01]°

_[0.02 001 _[0.03 o001 _[oo1 o001
» BT 001 0017 7327 oot 0001’

10 10 10
w=ly eso 3l )

&) =104;031T, &) =[04;0.3]7, &) =[0.4;0.3]7,

1.2 351n (t) 2005 (t) 25in2(t)

Bra(1) = ot 700 s B3 = P () = 00"
12 3cosi(r) 1 3sin?@) 12 2cos(t)

=== h = — — e 2
PO =5+ o0 1O =15 o0 P20 = 15 F 00

1 0
py =01, p=0.15, H1=H2=H3=Q1=Q2=Q3=[0 1].

The LMI conditions (18) are feasible with

1.7500 0 1.1778 0
100 100
=107 0.1175]’ P=10 [ 0 0.0601]’
1.2764 0 -7.9977 -0.5398
P =10° =10*
s=1071 0.1262]’ 0 [—0.5398 —1.3703]’
Y2=105 —1.1537 -0.1249 , —10° —-1.8713 —0.1397 ‘
-0.1249 -0.2117 —0.1397 —-0.4325
Also, we check the condition (19) as follows.
1.7500 0O
T _ T _ 5
EP =PE[ =10 | "0 1>0,
1.1778 0
T _ T _ 105
E,P] = REy =10° |7 ol 20
1.2764 0
T _ T _ 5
EP] =PE] =10° |7 70 1 >0,

and we can find the positive scalars

7=0.0319, a, = 1.3421, a, = 0.6841, f = 1,

G, =6.3124, g, = 73124, §; = 0.2590, g, = 0.4317
such that for ¢, = 1; ¢, =7, T = 10, the condition (19) is satisfied:
B, +Kq )cl =68715<¢c, =17.

Applying Theorem 5, the finite-time stabilizability w.r.t. (1,7, 10) of the equation is derived. The stabilizing controllers are defined
by

[-0.4570  —0.4593]

wm® =Ky =|_)0308 11658 1@
[-0.9795 —2.0776

w) =Kxa® = 1060 -3.5005| %2
—1.4661 —1.1072]

B0 =Kxs0=1_ 1004 _3.4077| 3"

Fig. 2 illustrates the behaviour of ||x(t)||> of the system (1) without control, which shows that the system (1) without control
(u;(t) = 0) is not FTS. However, Fig. 3 shows that the control system (1) under the above defined controllers u;(f) = K;x;(1),i = 1,2,3,
is FTS w.r.t (1,7, 10).

12
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(X0l
cl=1
c2=7

Time(sec)

Fig. 2. The behaviour of ||x(r)||> in Example 2 without controllers.

T T T T T T T T T
c,=7 x@[?
2 ci=1| |
c2=7
C1=
1 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10

Time(sec)

Fig. 3. The behaviour of ||x(s)||> in Example 2 with controllers.

In this paper, an analytical approach based on fractional calculus and singular value theory is proposed to study problem of
stability and stabilization for FSISs with time-varying delay. We have first shown the finite-time stability conditions and then,
proposed a control design of feedback stabilizing controllers in the terms of the Laplace transform, the Mittag-Leffler functions and
a tractable LMI. Finally, two numerical examples with simulations are included to demonstrate the validity and effectiveness of the

obtained results.
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