THE LOCALLY F-APPROXIMATION PROPERTY OF
BOUNDED HYPERCONVEX DOMAINS
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ABSTRACT. In this paper, we study the local property of bounded hypercon-
vex domains ) which we can approximative each plurisubharmonic function
u € F(2) by an increasing sequence of plurisubharmonic functions defined on
strictly larger domains.

1. INTRODUCTION

Hed [10] give in 2012 the following definition of the F-approximation property
of bounded hyperconvex domains.

Definition 1.1. A bounded hyperconvex domain {2 in C™ has the F-approximation
property if there exists a sequence of hyperconvex domains {§2;} such that Q €
Q41 € §; and we can approximate each function v € F(€) by an increasing
sequence of functions u; € F(§2;) quasi everywhere on €.

The first result in this direction is the theorem of Benelkourchi [2] in 2006 about
the approximation of plurisubharmonic functions. Cegrell and Hed [6] proved in
2008 that a sufficient condition for €2 to have the F-approximation property is
that one single function in the class N (Q2) can be approximated with functions in
N(€;). Hed [9] proved in 2010 that if Q has the F-approximation property then
we can approximate each function with given boundary values u € F(, f|q) by an
increasing sequence of functions u; € F (€5, flo,) a.e. on Q. Later, Benelkourchi [3]
studied in 2011 the approximation of plurisubharmonic functions in the weighted
energy class. Amal [1] studied in 2014 the approximation of plurisubharmonic
functions in the weighted energy class with given boundary values. Recently, Hong
[11] proved in 2015 a generalization of Cegrell and Hed’s theorem.

The purpose of this paper is to study the local property of the F-approximation
property. Namely, we prove the following theorem.

Theorem 1.2. Let Q € Q11 € €15 be bounded hyperconvexr domains in C" such
that Q = ﬂ;’il Q2. Then € has the F-approximation property if only if 1 has the
locally F-approzimation property, i. e., for every z € 0 there exists a neighbor-
hood U, of z such that Q NU, has the F-approximation property.

This result is proved using the F-plurisubharmonic functions and the technique
of Coltoiu and Mihalache [7].

The organization of the paper is as follows. In Section 2 we recall some notions
of pluripotential theory which is necessary for the next results of the paper. In
Section 3 we prove the main result of the paper.
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2. PRELIMINARIES

Some elements of pluripotential theory that will be used throughout the pa-
per can be found in [1]-[15]. Let Q2 be a domain in C". We denote by PSH ()
(PSH~()) the family of plurisubharmonic (negative plurisubharmonic) func-
tions.

2.1. Cegrell’s classes

We recall some Cegrell’s classes of plurisubharmonic functions. Let {2 be a bounded
hyperconvex domain in C", i.e. a connected, bounded open subset of C" such that
there exists a negative plurisubharmonic function p such that {z € Q : p(z) <
—c} € Q, Ve > 0. Put

& () = {go € PSH™(Q)NL>(Q) : 21_13919 w(z) =0, /Q(ddcgo)” < oo} ,

F(Q) = {cp € PSH™ () : 3& 2 ¢ \ go,sup/ (ddpj)" < oo}
7 Q

and
E(Q) = {go € PSH (Q) : VG € Q,Jug € F(Q), u=ug on G}.
Let ¢ € £(Q) and let {Q;} a fundamental sequence of , i.e, Q; be strictly
pseudoconvex domains such that Q; € Q;41 € Q and {J ©; = Q. Put

7=1
¢! =sup{u € PSH(Q) : u < p on Q\Q;}

and
NOQ) ={pc&Q): ¢ /0a. e inQ}.

2.2. The plurifine topology
The plurifine topology F on open subsets of C" is the weakest topology in which
all plurisubharmonic functions are continuous. Notions pertaining to the plurifine
topology are indicated with the prefix F and notions pertaining to the fine topology
are indicated with C". For a set A C C" we write A for the closure of A in the
one point compactification of C", A7 for the F-closure of A and OrA for the F-
boundary of A. We denote by F-PSH () the set of F-plurisubharmonic functions
on an JF-open set 2.

Note that if € be an open subsets of C" then F-PSH(2) = PSH ().

3. PROOF OF THEOREM 1.2

First, we need the following auxiliary result. The idea of the proof is to use the
F-plurisubharmonic functions.

Lemma 3.1. Let Q C C" be bounded hyperconvexr domains. Assume that there
ezists a sequence of bounded hyperconvex domains {S2;} such that Q € Q11 € Q;
and Q = ﬂ;; Q. Then the following statements are equivalent.

(a) if u € E(Q) and define uj = sup{p € PSH™(;) : ¢ < u in Q} then
lo,uj converges uniformly to 1lqu in C".

(b) there exists u; € PSH™ () such that (sup;uj)* € N (Q).

(c) there exists u € N'(Q), u; € PSH™(Q;) such that uj — u a. e. in Q.

(d) 2 has the F-approximation property.
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Proof. (a) = (b) = (c) is obvious. (¢) = (d): see [6]. We prove (d) = (a). Let
u € E(N). Since € has the F-approximation property so there exists a sequence
of hyperconvex domains {U;} and sequence of functions ¢; € F(U;) such that
Qe Ujr1 € Ujand ¥j /u a. e in ). Without loss of generality we can assume
that Qj C Uj. Put

uj :=sup{yp € PSH™(Q;) : ¢ < uin Q}.

It is clear that u; € &(Q;) and u; < wjpq in Qj41. We claim that u; is max-
imal plurisubharmonic function in a open neighborhood of Q;\€Q. Indeed, put
§ =supq,,, u;. Since Q11 € Q; and u; € () so 6 < 0. Put

G, = \QN{u<6/2}).

Since {u < §/2} € Q2 so G; be a open neighborhood of 2;\§2. Since {u > §/2}NQ C
{u; < u} N Q so from Theorem 1.1 in [11] we have (dd°u;)" = 0 in G;. Hence, u;
is maximal plurisubharmonic function in G;. This proves the claim.

Since 1; < u; < uin Qsou; /ua.e. in . Choose ¢ € F(§) such that u; ~u
in Q\{t) = —oc}. Put @ := Q\{¢) = —oo}. Let k € N*. Since {u < —+} € Q and

1 1
<~ N N {u< -} n®

as j /400 so there exists an increasing sequence {4, } such that {u;, < —+}NQY’ €
Q for all k. By replacing {u;} with its subsequence if necessary, we can assume
that

1
J
for every 7 > 1. Put

u;j in {u; > —%} neYy
vj =
! max(uj, u — %) in {u; < —%} ne.

Since u — % < —% =u; in {u; = —%} so by Proposition 2.3 in [13] we have v; is
F-plurisubharmonic function in €. Since {¢) = —oo} is pluripolar and F-closed

in © so by Theorem 3.7 in [12] the function
v;(2) := F-limsupv;((), z € Q
Q'>3(—z
is F-plurisubharmonic function in 2. Since §2 be open subset of C" so from Propo-
sition 2.14 in [12] we have v; € PSH™ ().

We claim that u; = v} in Q. Indeed, since {¢p = —oo} is a pluripolar subset of

Q and uj = v; in Q\({y; < —%} N€Y) so u; =vf in Q\({u; < —%} N ). Put

v; in
¥ = .
uj i Q;\Q.
Then, ¢ € PSH™(Q;) and ¢ < u in Q. Hence, ¢ < u; in ;. Moreover, since
p = v;‘ > uj in ) so u; = v;‘ in 2. This proves the claim. Since u — % <wv; <u
in Q' so u — % < u; < u in Q. Moreover, since u; is maximal plurisubharmonic
function in a open neighborhood of ©;\Q and u; > —% in 0(2;\Q) so u; > —% in
Q;\€2. Therefore,
1
logu — = < lgjuj < lou
J

in C". Hence, 1g;u; converges uniformly to 1gu in C". The proof is complete. [
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Remark 3.2. Let Q C Q11 C € be bounded open subsets of C" such that
has the F-approximation property and ﬂj‘;l Q; C Q. Ifue &(Q) and

uj :=sup{ep € PSH™ () : ¢ <uin Q}

then 1g;u; converges uniformly to 1lou in C". Indeed, since €2 has the F-approximation
property so there exists a sequence of hyperconvex domains {U;} such that 2 €
Ujy1 € U; and ﬂ;’;l U; = Q. Without loss of generality we can assume that
Qj - Uj. Put

vj:=sup{p € PSH (U;) : ¢ < uin Q}.
Since v; < u; in £); so 1y,vj < 1g;u; < lgu in C™. By Lemma 3.1 we have 1y, vj
converges uniformly to 1gu in C". Hence, 1g,u; converges uniformly to 1gu in C".

We now give the proof of theorem 1.2. The idea of the proof is taken from [7]
(also see [8], [15]).

Proof of theorem 1.2. The necessity is obvious. We prove the sufficiency. Let U €
Uj’- € Uj, j = 1,...,m are open subsets such that U; N€) has the F-approximation
property and 0 € (JiL, U;. Without loss of generality we can assume that
\Q e UjL, U} Let uw € E(NNU;) and define

uizsup{ngPSH (QNT;): p <o in QNT;}.

Without loss of generality we can assume that —1 < uk <Oforall j=1,....,m
and for any k € N*. From the proof of Theorem 1 in [7] (also see the proof
of Proposition 3.2 in [8]) there exists a convex continuous increasing function 7 :
(—00,0) — (0, +00) and a positive number ¢ € (0, 1) such that lim,_,o 7(z) = +o00
and
IT(w! — &) —7(u" —¢)| < 1in U; NUxNQ

for all k,j =1,...,m and for any ¢ € (0,e0). Let {¢;} C (0,e0) such that e; \, 0.
Since 7 is continuous function so there exists a decreasing sequence of positive real

numbers {0;} such that ¢; \, 0 and

(@ —e;) — (¢ —2; — 6) < min (T(_eﬂ' _],5j - 1),1>

for any « € [-1,0], for any § € (0,d;]. By Remark 3.2 we have 1kaUju£ con-

verges uniformly to lony; v’ in C™. Hence, by replacing {ui} with a subsequence
if necessary, we can assume that

Lonu,u! — 0 < 1oy, ul < Lonu,u’
in C". Therefore,
|7 (u), — en) — T(uf, —en)| < 3
in UjNU,L Ny, for any k,j = 1,...,m. Choose x; € C5°(C") satisfying 0 < x; < 1,
suppy; € Uj and x; = 1 on a nelghborhood of Uj. Let A > 0 so large that

|z]2 — A < 0 on  and that x;(z) + A|z|? is plurisubharmonic in C" for every
j=1,...,m. Put

Uh(z) = T(u%(z) —en) +30x(2) + A2 - A%~ 1), 2€ QN

vp(2) :max{v%(z) —1:z€ UJ'}

and

7(en)
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Since va € PSH(Qy, NUj) and v{L < v,’f in 8U]’ N UL N Qy so vy, is a negative
plurisubharmonic function in Q, N (UL, UY). Put @' = Qn (UL, UY) and define

*
v = (sup vh>
h>1

in Q. Then v € PSH(SY). We claim that v < 0 in . Indeed, let G € ' be an
open set. Choose ¢ > 0 such that Uj’- NG C{w < —-0}nN UJ’- forany j=1,...,m

Since U% <win QN Uj so

vp(2) gmax{T(uj(z)_eh)—l:z eIB%;}

T(—¢n)

7’(—(5 — z’;‘h)
7(—¢n)

for all z € G. Hence, v < 0 in G. This proves the claim. Let K € ) be an open
subset of  such that 0K € ' and Q\K C . Put B = supgg v < 0 and define

B in K
w =
max (v, B) in Q\K.

-1

Then w € PSH™ (Q) We claim that w € N(Q). Indeed, let € > 0. Choose h €
N* such that (( +1)) < §and (1+ %) (1-5) < 1. Choose ¢}, > ¢}, such that
(14 4) (1= %) 7(—en) < 7(—¢},). Then, we have
fw<——}nNQc{v<——}nQ)UK
C{mm<—}nQ)UK

C]L:J1 ({T(i"gh) —1<—s}QOUj> UK

CQ({ _Ehg_gj)(Az )<1—s}QOUj)uK

J

c@({ uh_gh)<1—2}ﬂQmU>uK.

Jj=1

Since

T<_€h_5h_ 1) 1
S|+~ —Eh —
W < + h) T(x —ep —9)

T(x —ep) <7(x—6p —0) +
for all z € [-1,0], for any ¢ € (0,d] so

<1 n i) T(u], —ep) = T(w —ep)

in 2N U;. Hence,

{w<—5}ﬂQCU ({W< <1+}1L) (1—;)}m§mUj>uK

c U {r(uw? —ep) < 7(—€})}NQNU) UK

j=1
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m
c|J{w <ep—er}nQnU;) UK.

j=1
Since {v/ < e, — &}, }NQANU; € Qforall j=1,...,mso{w<—-}NQEN It
follows that w € N(Q). This proves the claim. Now put
B in K
max(vj, B) in Q;\K.
Then, w; € PSH™(;) and (sup; w;)* = w € N(£2). Hence, by Lemma 3.1 we get
Q) has the F-approximation property. The proof is complete. Il

wj; =
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