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Metallic alloys comprise a mixture
of different elements forming a
crystal lattice.

This course is about martensitic phase transformations.
These are solid-solid phase transformations in which the
underlying crystal lattice of an alloy changes shape as the
temperature is reduced through a critical temperature.

It turns out that there are different possible symmetry
related variants of the low temperature phase, and the
crystal has to deform in such a way that these different
variants are geometrically compatible. This leads to re-
markable patterns of microstructure that determine how
the alloy behaves macroscopically.
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Questions

1. What exactly are we seeing in these micrographs?

2. What is a good mathematical model?

3. Can we predict the microstructure morphology?

4. Why is the microstructure so fine (i.e. the length-
scale so small)?
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Topics

. Nonlinear elastostatics.

. Existence of minimizers and analysis tools.

. Martensitic phase transformations.

. Microstructure.

. Austenite-martensite interfaces.

. Complex microstructures. Nucleation of austenite.

. Local minimizers with and without interfacial energy.



1. Nonlinear elastostatics



The central model of solid mechanics. Rubber, metals (and
alloys), rock, wood, bone ... can all be modelled as elastic

materials, even though their chemical compositions are
very different.

For example, metals and alloys are crystalline, with grains
consisting of regular arrays of atoms.

Iron carbon
alloy, showing
grain structure

http://www.doitpoms.ac.uk



Polymers (such as rubber) consist of long chain
molecules that are wriggling in thermal motion, often
joined to each other by chemical bonds called
crosslinks.
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Schematic presentation of two strands (blue and green) of natural
rubber after vulcanization with sulphur. (Wikipedia) 10



Wood and bone have a cellular structure.

White ash Human hip bone

http://classes.mst.edu/civeng120/less Patrick Siemer, San Francisco, USA
ons/wood/cell_structure/index.html
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A brief history

1678 Hooke's Law

1705 Jacob Bernoulli

1742 Daniel Bernoulli

1744 L. Euler elastica (elastic rod)

1821 Navier, special case of linear elasticity via molecular model
(Dalton’s atomic theory was 1807)

1822 Cauchy, stress, nonlinear and linear elasticity

For a long time the nonlinear theory was ignored/forgotten.
1927 A.E.H. Love, Treatise on linear elasticity

1950's R. Rivlin, Exact solutions in incompressible nonlinear elasticity
(rubber)

1960 - 80 Nonlinear theory clarified by J.L. Ericksen, C. Truesdell ...
1980 - Mathematical developments, applications to materials,
biology ...
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Description of deformation

Reference configuration Deformed configuration

Q c R3 bounded domain with closure € and
(Lipschitz) boundary 0f2.

Label the material points of the body by the
positions x € 2 they occupy in the reference
configuration.



Reference configuration Deformed configuration

A typical deformation is described by a map vy : Q2 — R3.

For the time being we suppose that y is smooth with
deformation gradient

Oy,
F = Dylz), Fip= ﬁ
(87

To avoid interpenetration of matter, y : 2 — R3 should
be invertible.
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Examples.
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locally invertible but not globally invertible

Y

I il

invertible on 2
not on §?



How can we ensure invertibility?

For C1 maps we can use:

Theorem. Let Q C R3 be a bounded domain
with Lipschitz boundary 92 (in particular €2 lies
on one side of 9 locally). Let y € C1(; R3)
with

detDy(x) >0 forallz € Q (%)

and ylgo one-to-one. Then y is invertible on
Q.

(The proof uses degree theory. See, for example, Meisters & Olech, Duke Math.
J. 30 (1963) 63-80.)

When y is not smooth, or is not prescribed on the whole

of 0€2, things are more complicated. For the rest of this
course we ignore issues of invertibility, but we will assume L6
that (x) holds in some sense.



Notation

M3*3 = {real 3 x 3 matrices}
MP*? = {F e M>3:detF >0}
SO(3) = {ReM7}*°:R'R=1}

{rotations}.

If a € R3, b € R3 the tensor product a ® b is the matrix
with the components

(a ® b)’l] — azbj
[Thus (a®b)e = (b-c)a if c € R3]
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Theorem (Square root theorem) Let C be a
positive symmetric 3 x 3 matrix. Then there
IS @ unique positive definite symmetric 3 x 3
matrix U such that C = U?2. If C has spectral

decomposition C = Y3 1 \;é; ® &;, then

1
U=5x3,2"%6®8. (We write U = C3.)

1

Theorem (Polar decomposition)
Let I € M_3|_X3. Then there exist positive defi-
nite symmetric U, V and R € SO(3) such that

F = RU = VR,
1 1
and U = (FTF)2,v = (FF)z.

T hese representations are unique.

Because V = RUR! the strictly positive eigenvalues
v1,vo,v3 Of U and V are the same. They are called the
singular values of F', or the principal stretches.
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Exercise: simple shear

y(a:') — (331 + 733273327333)' / I
i) :
v=tané T i/
6 = angle of shear/ i /
Show that |
cosy siny O [ cos simg O\
— — Sij : 14-sin“
F = siny cosvy O sin T 0

tany = % As v — 04 the eigenvectors of U
and V tend to %5(61 62),%(61 —e5),e3. 1




Variational formulation of nonlinear elasticity

Reference configuration Deformed configuration

Find a deformation y = y(x) minimizing the total free
energy given by

I(y) = | ¥(Dy(@)) do

subject to suitable boundary conditions, for example

vloc, = ¥, Where 3 : 021 — R3 is given.
20



Properties of the free-energy density .
Assume

(H1) 9(-) : M3*® — [0,00) is C1.

(H2) v(F) > o0 as detFF — 0+ .

(H3) (Frame indifference) v (QF) = ¢ (F') for all

Q € SO(3), F e M7*.

Hence ¢(F) = v (RU) = ¢(U).
The Piola-Kirchhoff stress tensor is given by

Tr(Dy) = DW(Dy). 1



Material symmetry

Some materials have a mechanical response that depends
on how they are oriented in the reference configuration.
To make this precise we ask the question as to which
initial linear deformations H & Mf’rX3 do not change 7
That is, for which H do we have

Y(F) =¢(FH) for all F e MY*37

These H form a subgroup S of M_:T’_X:)’, the symmetry
group of . For example, if ¢ has cubic symmetry we
can take

S = P?% = {rotations of a cube}.

22



Isotropic materials

T hese are materials for which all rotations are
in the symmetry group, i.e. SO(3) C S.

Theorem

1 is isotropic iff ¥ (F) = ®d(vq1,vp,v3) for some & that is
symmetric with respect to permutations of vy, vo,v3.

Examples of isotropic @ are given by the Ogden models of rubber:
N

D= > o(v) 05 + 5 — 3)
i=1
M
+ > Bi((vav3)% 4 (v3v1)% 4 (v1v2)% — 3)
i=1
+h(v1vov3)

where oy, 8;,p;, q; are constants and h(§) — oo as § — O+. 23



Why do we minimize energy?

This is a deep question, the rough answer being the Second
Law of Thermodynamics.

Under suitable mechanical and thermal boundary conditions the
Second Law endows (Duhem, Ericksen) the equations of
dynamic (thermo)elasticity with a Lyapunov function

PR|yt| + e(Dy, 0) — 6gn(Dy, 9))

entropy
densﬁy
velocity constant boundary
internal temperature temperature
energy

and we expect yy -+ 0, 8 — 0y as t — oco. Thus we expect
the dynamics to generically give minimizing sequences for

Jo ¥ (Dy(x)) dx, where (Dy) = e(Dy,0g) — 0on(Dy, 0p). 24



2. Existence of minimizers and analysis tools
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LP spaces

All mappings, sets assumed measurable, all
iIntegrals Lebesgue integrals.

Let 1 <p < .
IP(Q) ={u:Q2—=>R: |ullp < oo},

where

1
lull, = { Ugqlu(@)[Pdz)r if 1 <p <oo
esssUPgeq [u(z)| if p= o0

LP(2;R™) = {u = (u1,...,upn) : u; € LP(Q)}.

wld) = win LP if [ul) — |, - 0. =



The Sobolev space Wip

WP ={y: Q= R3:|y|1, < oo}, where

1yll1., = { (Jolly(@) [P + |Dy(2)|P] dz) /P if 1 < p < oo
P esssupgeq (Jy(@)| + [Dy(z)|) if p= oo

i.e. ye LP(2;R3), Dy € LP(2; M3%3).

Dy is interpreted in the weak (or distributional)
sense, so that

27

for all ¢ € CF°(2).



Weak convergence

— convergence of averages
u{7) converges weakly to u (or weak* if p = co)
in LP, written wU) — 4 (or w9 X 4 if p = 00)

It

B d —>/ dz for all ¢ € LP
/Qu Y ax ngo X p ,

1 1
where = = =1.
p—l—p,

28



The importance of weak convergence for
nonlinear PDE comes from the fact that if
1 < p < oo then any bounded sequence in LP

has a weakly convergent subsequence (weak*
if p = 00).

If the bounded sequence is a sequence of
approximating solutions to the PDE (e.q.
coming from some numerical method, or a
minimizing sequence for a variational problem),
then the weak limit is a candidate solution.

But then we need somehow to pass to the limit
iIn nonlinear terms using weak convergence.



Example: Rademacher functions.

_faifo<z <A
0 H(x)—{b fA<z<1

extended periodically to R.

a - -

b - -

1 0 A1 2 L

Exercise. Define 0U)(z) = 0(jz).

(i) Prove that 6U) X Xa + (1 — \)b in L=(0,1)
(ii) Deduce that if f : R — R is continuous and
such that u(7) X 4 in L™ implies f(u()) X f(u)
in L° then f is affine, i.e. f(v) = av + B for
constants «, (.

30



We say that yJ) — 4 in Wlp
It y(j) — y in LP and Dy(j) — Dy in LP
(— replaced by = if p = 00).

Question: for what continuous f: M3%3 5 R
does y(1) Xy in W imply f(Dy9)) X f(Dy)
in L°°7

Answering this turns out to be a key to proving
the existence of minimizers for a realistic class
of materials.

31



Reference configuration Deformed configuration

Q ¢ R3 bounded domain with Lipschitz
boundary 0€2, 0€27 C 02 relatively open,
701 = R3.
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We want to minimize

I(y) = [ w(Dy)da

in the set of admissible mappings

A= {y c Wl’l . det Dy(x) > 0 a.e., y|an = g}

(Note that we have replaced the invertibility
condition by the local condition det Dy(xz) > 0O
a.e., which is easier to handle.)

33



So far we have assumed that

(H1) 4 M3*3 —[0,00) is CT,

(H2) Y(F) — oo as det F' — 0+,

so that setting v(F) = oo if det ' < 0, we have
that ¢ : M3%3 — [0, 00] is continuous, and that
W is frame-indifferent, i.e.

(H3)  ¢(RF) = ¢(F) for all R e SO(3),F € M3*3.

(In fact (H3) plays no direct role in the
existence theory.)

34



Growth condition

>

’ y = Fx

v(F) _

liMm — 00
Fl—oo |F|3

says that you can't get a finite line segment
from an infinitesimal cube with finite energy.
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We will use growth conditions a little weaker
than this. Note that if

H(F) > C(1 + |F[3T9)

for some £ > 0 then any deformation with finite
elastic energy

| (Dy(@)) da

and satisfying suitable boundary conditions is
in W1:31¢ and so is continuous by the Sobolev
embedding theorem.
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Convexity conditions

The key difficulty is that ¢ is never convex

(Recall that 9 is convex if
YAEF + (1 = XN)G) < M(F) + (1 - )Y(G)
forall F,G and 0 < A <1.)

Reasons
1. Convexity of 4 is inconsistent with (H2)

because M_:i)’_x‘o’ is not convex.

37



Remark: M_3|_><3 is

A =diag(1,1,1) not simply-connected.

P(3(A+ B)) = 0
> 2 (A) + S¢(B)

%(A + B) = diag (0,0, 1)

detF >0

B =diag(-1,-1,1)

38



2. If ¢ is convex, then any equilibrium solution (solution
of the EL equations) is an absolute minimizer of the
elastic energy

I(y) = | ¥(Dy)da

Proof.
I(z) = | $(D2)da >
| [(Dy) + Dv(Dy) - (Dz = Dy)] de = 1(y).

This contradicts common experience of nonunique equilibria,
e.g. buckling.

39



Rank-one matrices and the Hadamard
jump condition
TN

y piecewise affine
Dy=A, x-N >k

Dy=DB, z-N <k x-N =%k

Let C = A—-—B. Then Cx =0 if x- N = 0.
Thus C(z — (z- N)N) = 0 for all z, and so
Cz= (CN ® N)z. Hence

A—B=a® N

Hadamard
jump condition

40




More generally this holds for y piecewise Cl,
with Dy jumping across a C1 surface.

AV
/ Dy—I_(ZEO) =4
70
Dy~ (zg) = B A—B=a®N

Exercise: prove this by blowing up around x
T—IQ

using ye(z) = ey(——22).

(See later for generalizations
when y not piecewise C1.) 41



Rank-one convexity

W IS rank-one convex if the map

t— Y(F +ta® N) is convex for each
Fe M3*%3 and a € R3, N € R3.

(Same definition for M™*™ )

Equivalently 7 is rank-one convex if

YAF 1+ (1 = 2N)G) < Pp(F) + (1 = M)Y(G)
if F.G e M3%3 with F—G=a® N and X € (0,1).

42



Rank-one cone
AN={a®N :a,N € R3}

F

Rank-one convexity is consistent with (H2) because
det(F + ta ® N) is linear in ¢, so that Mf’rXB’ is rank-one
convex (i.e. if F,G € M>*3 with F — G = a® N then

_I_
AF + (1-X0)G e M373)

43



If ¢ € C2(M*3) then ¢ is rank-one convex iff

2

d
@w(F +ta ® N)|t=0 > 0O,

for all F € Mf’rX?’,a,N c R3, or equivalently

0% (F)
OF;o0F;5

(Legendre-Hadamard condition).

D?(F)(a®N,a®@N) =

a;jNaajNg = 0O,

44



Quasiconvexity (C.B. Morrey,1952)

Let ¢ : M™*" — [0,00] be continuous. 1 is
said to be quasiconvex at F € M™*" if the
iInequality

|+ Dp(@) dw > [ ¢(F)dr  aefiniion
1 independent
holds for any ¢ € Wy '7(2;R™), and is  of @

quasiconvex if it is quasiconvex at everyCOumI replace

FreMmar. by C§°(2; R™)
Here 2 C R"™ is any bounded open_set /

with Lipschitz boundary, and

is the set of those y € W1 (Q2; R™) which are

zero on 92 (in the sense of trace). 45




Setting m = n = 3 we see that ¢ is
quasiconvex if for any F € M3%3 the pure
displacement problem to minimize

I(y) = [, ¥(Dy()) de
subject to the linear boundary condition

y(x) = Fz, x € 0X2,

has y(xz) = Fx as a minimizer.

46



T heorem
If ¢ is continuous and quasiconvex then % is

rank-one convex.

Corollary If m =1 or n = 1 then a continuous
Y o MM — [0, oo] is quasiconvex iff it is convex.

Proof.
If m=1or n =1 then rank-one convexity is

the same as convexity. If ¢ is convex then by
Jensen’'s inequality:

1
meas <2 / Y+ D) du

/ (F + Do) d:c) — W(F). .

>
Z Y (measQ



Theorem (van Hove)
Let (F) = ¢;;11FijF be quadratic. Then
1 IS rank-one convex < 1 IS quasiconvex.

Proof.
Let ¢ be rank-one convex. Since for any

Y € Wg’oo
| W(F + D) = ()] dz = |

Q
we just need to show that the RHS is > 0.

CiiklPi,j Pk, AT

Extend ¢ by zero to the whole of R"™ and tal§8e
Fourier transforms.



By the Plancherel formula
/Q CijklPi,j Pk, AT = /ncijleOi,jSOk,l dx

= 4r? / Rec;ji®i&ieréil dé
> 0

as required.

49



Null Lagrangians

When does equality hold in the quasiconvexity
condition? That is, for what L is

/Q L(F 4+ Do(z)) do = /Q L(F) dx

for all ¢ € Wol’OO(Q;IRim)? We call such L
quasiaffine.

50



Theorem (Landers, Morrey, Reshetnyak ...)
If L : M3%3 s R is continuous then the

following are equivalent:
(i) L is quasiaffine.
(ii) L is a (smooth) null Lagrangian, i.e. the
Euler-Lagrange equations DivDgpL(Du) = O
hold for all smooth w.
(iii) L(F) =const.4+C-F+ D -cof F+edet F.

(iv) u— L(Du) is sequentially weakly
continuous from WP — L1 for sufficiently

large p (p > 3 will do).

51



Proof that v — cof Du is sequentially weakly
continuous.

Consider, for example, J(Du) = uq jup 2—u1 2u2 1.

Let u) —~ 4 in WP, p>2. Then J(Dul)) is
bounded in LP/2 and so we can suppose that
J(Dul)) —~ y in L1

Let ¢ € C5°(£2). For smooth v we have the
identity

J(Dv) = (viv22)1 — (v1v2.1) 2.

Thus, approximating v € W12 by smooth map-
pings we find that

/Q J(Dv)pdr = /Q[’Ul’vz,ls@,z —vivo @ 1]dr. =



Setting v = u(9) we get

/Q J(Du(j))cp dr = /Q [ugj)ug%cp,g — ugj)ug%cpjl] dx.

o Wl e

X ujl u21 Ul up2

So
/QXSO Q[ 1U2.1$.2 1U2 2¢ 1]

= J(D dzx.
| J(Dw)pde
Hence x = J(Dwu) as required.
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Polyconvexity

Definition

W IS polyconvex if there exists a convex
function ¢ : M3%3 x M3%3 x R — (—o00, 00] such
that

W(F) = g(F,cof F,det ) for all F ¢ M3%3,

54



Theorem
Let ¢ be polyconvex, with g lower
semicontinuous. Then ¥ IS quasiconvex.

Proof. Writing J(F') = (F,cof F,det F') and

1
do = / dz.
][Qf g meas <2 Qf g

fQ W(F + Dp(z))de = ][Q g(J(F + Dy(z))) dz

Jensen

> g (][Q J(F + Do) dm)
g(J(F))
Y(F).

55



Remark

There are quadratic rank-one convex ¥ that
are not polyconvex. Such ¢ cannot be written
in the form

N [
p(F) =Q(F) + Y a8 (1),
[=1

where (Q > 0 is quadratic and the Jg) are 2 x 2
minors (Terpstra, D. Serre).

56



Examples and counterexamples

We have shown that
4= W= det 4= Zhang
) convex = ¥ polyconvex = ¥ quasiconvex
= 1) rank-one convex.
= Sverak
The reverse implications are all false.

So is there a tractable characterization of
quasiconvexity? This is the main road-block
of the subject.

57



Theorem (Kristensen 1999)

There is no local condition equivalent to
quasiconvexity (for example, no condition
iInvolving 3 and any number of its derivatives
at an arbitrary matrix F).

This might lead one to think that it Is not
possible to characterize quasiconvexity. On the
other hand Kristensen also proved

Theorem (Kristensen)
Polyconvexity is not a local condition.

58



For example, one might contemplate a

characterization of the type
1) quasiconvex < ¢ is the supremum of a
family of special quasiconvex functions

(including null Lagrangians).
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Quasiconvexity is essentially both necessary and suffi-
cient for the existence of minimizers (for the sufficiency
under suitable growth conditions on ).

However, as well as being a practically unverifiable condition,
the existence theorems based on quasiconvexity (still) do not
really apply to elasticity because they assume that ¢ is every-
where finite, whereas this is contradicted by (H2).

However we will show that it is possible to prove the exis-
tence of minimizers for mixed boundary value problems if we
assume v is polyconvex and satisfies (H2) and appropriate
growth conditions. Furthermore the hypotheses are satisfied
by various commonly used models of natural rubber and other
materials (but not, as we see later, for materials undergoing

martensitic phase transformations). -



Theorem (Miiller, Qi &Yan 1994, following JB 1977)
Suppose that ¢ satisfies (H1), (H2) and

(H4) ¢(F) > co(|F|2+|cof F|3/2)—¢; forall F € M3%3,
where cg > O,

(H5) v is polyconvex, i.e. ¢Y(F) = g(F,cof F,det F') for
all FF € M3%3 for g continuous and convex.

Let

I(y) = [ ¢(Dy(2)) do.
Assume that there exists some y in
A= {y e WHHQ;R?) 1 ylpq, = 7}

with I(y) < oo, where H2(8€21) > 0 and 7 : 827 — R3.
Then there exists a global minimizer y* of I in A.

61



The theorem applies to the Ogden materials:

N
=) a; (vt + vit + ,ng' —3)
1=1

M
+ Z Bi((vov3)? + (vavy ) + (viv)? — 3)

1—=1
+h(vivov3)

where «;, G, p;, q; are constants and h is convex,
h(d) — oo as 6 — 0+, h(55) » 00 aS § — o0,
under appropriate conditions on the constants.
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Sketch of proof
Let’'s make the slightly stronger hypothesis that

g(F, H,8) > co(|F|P + |H|P + |8]9) — e,

for all F € M3%3, where p > 2, %+% = 1,
co>0and g > 1.

Let [ = infyeAI(y) < oo and let y(j) be a
minimizing sequence for I in A, so that
lim 1(yU)) =1.
7—>00
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Then we may assume that for all 3

I+1>  I(yW)

+| det Dy(j)|q] — cl) dz.

Lemma

T here exists a constant d > 0 such that

/ |z|Pdx < d (/ | Dz|Pdx +
Q2 Q2

for all z € WhP(Q2; R3).

> /Q (col| Dy P + |cof Dy(D|P

/ zdA
9,

64



By the Lemma y{) is bounded in WP and so
We may assume y(j) — y* in WP for some y*.

But also we have that cof Dy{%) is bounded in
L? and that det Dy() is bounded in L4. So

we may assume that cof Dy(¥) —~ H in LP and
that det DyJ) — § in LY.

By the results on the weak continuity of minors
we deduce that H = cof Dy* and 6 = det Dy*.
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L et () — (Dy(j)jcgf Dy(j),det Dy(j)),
u = (Dy*, cof Dy*,det Dy*)). Then

w9 =g in L1 R9).

But ¢ is convex, and so (e.g. using Mazur's
theorem),
I(y™) —/ g(uw)dx < liminf g(u(j))dat
] o

= lim I(y(j)) =

J]—>00

But y|sq0, =7 — y*laq, in L1(8921;R3) and
so y* € A and y* is a minimizer.



3. Martensitic phase transformations
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These involve a change of shape of the crystal lattice of
some alloy at a critical temperature.

e.g. cubic to tetragonal

9 > GC . ¥ 9 < Hc

cubic =] three tetragonal variants
) of martensite

austenite

cubic to X 0 < 0.

orthorhombic SiX orthornombic variants
(e.g. CUAINi) of martensite ”
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Energy minimization problem
for single crystal

Minimize Ip(y) = /Q w(Dy(z), 0) dx

subject to suitable boundary conditions, for
example

Yoo, = V-

0 = temperature,
v = P(A,0) = free-energy density of crystal,

defined for A ¢ M;Q’rX3.
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Energy-well structure
K(0) = {A € M3*3 that minimize (A4, 0)}

_|_
Assume / austenite
a(9)50(3) 0 > 0
K(0) ={ SORB)UUY,SORB)U;(6:) 0 =6,
U, SO(3)U (6) 0 < 6,

alf.) =1 \

martensite
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The U;(0) are the distinct matrices QU7 (0)Q*

for Q € P?* = cubic group.

For cubic to tetragonal N = 3 and

U, = diag (n2,n1,n1), U = diag (n1,m2,11),
Uz = diag (n1,n1,12).

For cubic to orthornombic N = 6 and

Uy

Ua

, U=

, Us =

(
\

\

a+y vY—o

’Ygoe a-zhf
2 2

0 0

(8 0
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0 )
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B )
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2
g a7 a%qf}
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By the Hadamard jump condition, interfaces
correspond to pairs of matrices A, B with

A—B=a®N,

where N is the interface normal. At minimum
energy A, B € K(6).

From the form of K(6), we need to know what
the rank-one connections are between two given
energy wells SO(3)U, SO(3)V.

A—B=a®N #0

SO(3)U A—| B SO(3)V
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