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Topics
1. Nonlinear elastostatics.
2. Existence of minimizers and analysis tools.
3. Martensitic phase transformations.
4. Microstructure.
5. Austenite-martensite interfaces.
6. Complex microstructures. Nucleation of austenite.
7. Local minimizers with and without interfacial energy.
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1.  Nonlinear elastostatics
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The central model of solid mechanics.  Rubber, metals (and 
alloys), rock, wood, bone … can all be modelled as elastic 
materials, even though their chemical compositions are 
very different.

For example, metals and alloys are crystalline, with grains 
consisting of regular arrays of atoms. 

http://www.doitpoms.ac.uk

Iron carbon
alloy, showing
grain structure



Polymers (such as rubber) consist of long chain 
molecules that are wriggling in thermal motion, often 
joined to each other by chemical bonds called 
crosslinks. 

Schematic presentation of two strands (blue and green) of natural 
rubber after vulcanization with sulphur. (Wikipedia) 10



http://classes.mst.edu/civeng120/less
ons/wood/cell_structure/index.html

Wood and bone have a cellular structure.

White ash

Patrick Siemer, San Francisco, USA

Human hip bone
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A brief history
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1678   Hooke's Law
1705   Jacob Bernoulli 
1742   Daniel Bernoulli 
1744   L. Euler  elastica (elastic rod)
1821   Navier, special case of linear elasticity via molecular model      

(Dalton’s atomic theory was 1807)
1822   Cauchy, stress, nonlinear and linear elasticity 

For a long time the nonlinear theory was ignored/forgotten.
1927     A.E.H. Love, Treatise on linear elasticity 
1950's  R. Rivlin, Exact solutions in incompressible nonlinear elasticity 
(rubber) 
1960 - 80  Nonlinear theory clarified by J.L. Ericksen,   C. Truesdell …
1980 - Mathematical developments, applications to materials,     
biology …



Description of deformation
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Label the material points of the body by the

positions x 2 ­ they occupy in the reference
con¯guration.
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Exercise: simple shear
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y(x) = (x1+ °x2; x2; x3):

F =

0B@ cosÃ sinÃ 0
¡ sinÃ cosÃ 0
0 0 1

1CA
0BB@
cosÃ sinÃ 0

sinÃ 1+sin2 Ã
cosÃ 0

0 0 1

1CCA ;

tanÃ = °
2. As ° ! 0+ the eigenvectors of U

and V tend to 1p
2
(e1+ e2);

1p
2
(e1 ¡ e2); e3:

° = tan µ

µ = angle of shear

Show that
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These are materials for which all rotations are

in the symmetry group, i.e. SO(3) ½ S.
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2. Existence of minimizers and analysis tools
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Lp spaces

Let 1 · p · 1.
Lp(­) = fu : ­! R : kukp <1g;

where

kukp =
8<: (R­ ju(x)jp dx)

1
p if 1 · p <1

ess supx2­ ju(x)j if p=1

Lp(­;Rn) = fu = (u1; : : : ; un) : ui 2 Lp(­)g:

u(j) ! u in Lp if ku(j) ¡ ukp ! 0:

All mappings, sets assumed measurable, all

integrals Lebesgue integrals.
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W1;p = fy : ­! R3 : kyk1;p <1g; where

kyk1;p =
(
(
R
­[jy(x)jp+ jDy(x)jp] dx)1=p if 1 · p <1
ess supx2­ (jy(x)j+ jDy(x)j) if p=1

Dy is interpreted in the weak (or distributional)

sense, so thatZ
­

@yi
@x®

'dx = ¡
Z
­
yi

@'

@x®
dx

for all ' 2 C10 (­).

i.e. y 2 Lp(­;R3);Dy 2 Lp(­;M3£3):
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= convergence of averages

u(j) converges weakly to u (or weak* if p=1)
in Lp, written u(j) * u (or u(j)

¤
* u if p = 1)

if Z
­
u(j)'dx!

Z
­
u'dx for all ' 2 Lp0;

where 1p +
1
p0 = 1.
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The importance of weak convergence for

nonlinear PDE comes from the fact that if

1 < p · 1 then any bounded sequence in Lp

has a weakly convergent subsequence (weak*

if p =1).
If the bounded sequence is a sequence of

approximating solutions to the PDE (e.g.

coming from some numerical method, or a

minimizing sequence for a variational problem),

then the weak limit is a candidate solution.

But then we need somehow to pass to the limit

in nonlinear terms using weak convergence.
29



Example: Rademacher functions.

¸0 1

a

b

µ µ(x) =

(
a if 0 < x · ¸
b if ¸ < x · 1

extended periodically to R.

Exercise. De¯ne µ(j)(x) = µ(jx).

(i) Prove that µ(j)
¤
* ¸a+ (1¡ ¸)b in L1(0;1)

(ii) Deduce that if f : R! R is continuous and
such that u(j)

¤
* u in L1 implies f(u(j)) ¤

* f(u)

in L1 then f is a±ne, i.e. f(v) = ®v + ¯ for

constants ®; ¯.

2¡1 x
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We say that y(j)* y in W1;p

if y(j)* y in Lp and Dy(j)* Dy in Lp

(* replaced by
¤
* if p=1).
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(In fact (H3) plays no direct role in the

existence theory.)
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Growth condition

1
jF j

y = Fx
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Convexity conditions
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detF < 0 detF > 0

A = diag (1;1;1)

B = diag (¡1;¡1;1)

1
2(A+B) = diag (0;0;1)

Remark: M3£3+ is

not simply-connected.
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Rank-one matrices and the Hadamard
jump condition

N

Dy = A; x ¢N > k

Dy = B; x ¢N < k x ¢N = k

y piecewise a±ne

Let C = A ¡ B. Then Cx = 0 if x ¢ N = 0.

Thus C(z ¡ (z ¢ N)N) = 0 for all z, and so

Cz = (CN ­N)z. Hence

A¡B = a­N
Hadamard

jump condition
40



x0

N

More generally this holds for y piecewise C1,

with Dy jumping across a C1 surface.

Dy+(x0) = A

Dy¡(x0) = B A¡B = a­N

Exercise: prove this by blowing up around x

using y"(x) = "y(x¡x0" ).
(See later for generalizations

when y not piecewise C1.) 41
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Rank-one cone

¤ = fa­N : a;N 2 R3gF
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Quasiconvexity (C.B. Morrey,1952)

de¯nition

independent

of ­

Could replace

by C10 (­;Rm)
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Extend ' by zero to the whole of Rn and take
Fourier transforms.
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By the Plancherel formulaZ
­
cijkl'i;j'k;l dx =

Z
Rn

cijkl'i;j'k;l dx

= 4¼2
Z
Rn
Re [cijkl'̂i»j ¹̂'k»l] d»

¸ 0

as required.
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Null Lagrangians

When does equality hold in the quasiconvexity

condition? That is, for what L isZ
­
L(F +D'(x)) dx =

Z
­
L(F) dx

for all ' 2W
1;1
0 (­;Rm)? We call such L

quasia±ne.
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Theorem (Landers, Morrey, Reshetnyak ...)

If L :M3£3! R is continuous then the
following are equivalent:

(i) L is quasia±ne.

(ii) L is a (smooth) null Lagrangian, i.e. the

Euler-Lagrange equations DivDFL(Du) = 0

hold for all smooth u.

(iii) L(F ) = const.+C ¢F +D ¢ cofF + edetF .

(iv) u 7! L(Du) is sequentially weakly

continuous from W1;p ! L1 for su±ciently

large p (p > 3 will do).
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Polyconvexity

54



55



56



Examples and counterexamples

The reverse implications are all false.

6( 6( Zhang

6( ·Sver¶ak

So is there a tractable characterization of

quasiconvexity? This is the main road-block

of the subject.
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This might lead one to think that it is not

possible to characterize quasiconvexity. On the

other hand Kristensen also proved

Theorem (Kristensen)

Polyconvexity is not a local condition.
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The theorem applies to the Ogden materials:

© =
NX
i=1

®i(v
pi
1 + v

pi
2 + v

pi
3 ¡ 3)

+
MX
i=1

¯i((v2v3)
qi+ (v3v1)

qi+ (v1v2)
qi ¡ 3)

+h(v1v2v3)

where ®i; ¯i; pi; qi are constants and h is convex,

h(±) ! 1 as ± ! 0+, h(±)
± ! 1 as ± ! 1,

under appropriate conditions on the constants.
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Sketch of proof

Let's make the slightly stronger hypothesis that

g(F;H; ±) ¸ c0(jF jp+ jHjp0+ j±jq)¡ c1;

for all F 2 M3£3, where p ¸ 2, 1p + 1
p0 = 1,

c0 > 0 and q > 1.

Let l = infy2A I(y) <1 and let y(j) be a

minimizing sequence for I in A, so that
lim
j!1 I(y(j)) = l:
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Then we may assume that for all j

l+1 ¸ I(y(j))

¸
Z
­

³
c0[jDy(j)jp+ jcofDy(j)jp0

+jdetDy(j)jq]¡ c1
´
dx:

Lemma

There exists a constant d > 0 such thatZ
­
jzjpdx · d

ÃZ
­
jDzjpdx+

¯̄̄̄
¯
Z
@­1

z dA

¯̄̄̄
¯
p!

for all z 2W1;p(­;R3). 64



By the Lemma y(j) is bounded in W1;p and so

we may assume y(j)* y¤ in W1;p for some y¤.

But also we have that cofDy(j) is bounded in

Lp0 and that detDy(j) is bounded in Lq. So

we may assume that cofDy(j) * H in Lp0 and
that detDy(j)* ± in Lq.

By the results on the weak continuity of minors

we deduce that H = cof Dy¤ and ± = detDy¤.
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Let u(j) = (Dy(j); cofDy(j);detDy(j)),

u= (Dy¤; cofDy¤;detDy¤)). Then

u(j) * u in L1(­;R19):

But g is convex, and so (e.g. using Mazur's

theorem),

I(y¤) =
Z
­
g(u) dx · lim inf

j!1

Z
­
g(u(j)) dx

= lim
j!1 I(y(j)) = l:

But y(j)j@­1 = ¹y * y¤j@­1 in L1(@­1;R3) and
so y¤ 2 A and y¤ is a minimizer.
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3.  Martensitic phase transformations
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µ > µc

cubic

austenite

µ < µc

three tetragonal variants

of martensite

µ < µc

six orthorhombic variants

of martensite
68



Atomistically sharp interfaces for 
cubic to tetragonal transformation 
in NiMn   

Baele, van Tenderloo, Amelinckx 69



Energy minimization problem
for single crystal
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Energy-well structure

austenite

martensite

K(µ) = fA 2M3£3+ that minimize Ã(A; µ)g
Assume
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For cubic to tetragonal N = 3 and

U1 = diag (´2; ´1; ´1); U2 = diag (´1; ´2; ´1);

U3 = diag (´1; ´1; ´2):

The Ui(µ) are the distinct matrices QU1(µ)Q
T

for Q 2 P24 = cubic group.

For cubic to orthorhombic N = 6 and
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From the form of K(µ), we need to know what

the rank-one connections are between two given

energy wells SO(3)U, SO(3)V .

SO(3)U SO(3)VA
B

A¡ B = a­N 6= 0
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