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Abstract  The algebraic EHP sequences, algebraic analogues of the EHP sequences in homotopy theory,
are important tools in algebraic topology. This note will outline two new proofs of the existence of the
algebraic EHP sequences. The first proof is derived from the minimal injective resolution of the reduced
singular cohomology of spheres, and the second one follows Bousfield’s idea using the loop functor of
unstable modules.
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1. Introduction

The James model, Q¥ X, of the (based) loop space of the suspension, of a connected
space X, allows to define the Hilton-Hopf invariants, QXX — QXX ", which induce the
famous theorem of Milnor and Hilton:

YOS X ~ \/ ©XM

n>1

When X is the sphere S", the second Hilton-Hopf invariant induces a fibration sequence
after localization at the prime 2 [5]:

S"— QXS" = QX (S"AST). (1.1)
At an odd prime p, matters depend on the parity of n. For the even case, we have
QSQm ~ S2m71 X QS4m717

so the case of an even-dimensional sphere is reduced to the case of odd spheres. Now, for
the odd case, localized at p, there is a fiber sequence [15]:

X — Q§2mtt oy g2mtl (1.2)

* Supported by the author’s post-doctoral fellowship at the Vietnam Institute for Advanced Study in
Mathematics.
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where
p—1
X = SQm U <U eQim)
i=2

is the (2pm — 1)-skeleton of Q52"+, Localized at p, there is also a fibration [15]:
Sl QX — Q§%rmTl (1.3)

The long exact sequences of homotopy groups associated with the fibration sequences
(1.1), (1.2) and (1.3) are known as the EHP sequences, and provide an inductive method
for computing 7,1 (S™) beginning with our knowledge of 7, (S 1). The homotopy groups
of spheres can also be computed via another algebraic invariant (which is simpler and
well understood): the reduced singular cohomology. These computations are carried out
with the help of the unstable Adams spectral sequence (UnASS), introduced by Massey
and Peterson in [8], generalized by Bousfield and Curtis in [2], and generalized further
by Bousfield and Kan in [3]. Denote by %"F, the reduced cohomology H* (S™;F,), the
UnASS is formulated as follows:

E3'(S™) = ExtS, (S"F,, X'F,) = m_s(S™)).
Here 7% is the category of unstable modules over the Steenrod algebra A,. In [2, 4], it
is shown that Fs page of the UnASS for S™ is isomorphic to the homology of a certain
differential bigraded module A(n), which is a submodule of the Lambda algebra A. At
the prime 2, for each non-negative integer n, there is a short exact sequence

0—An) > A(n+1) > A2n+1)—>0
whose associated long exact sequence is
i E§72,t(52n+1) i E;,t(sn) £> Es,t+1(5n+1) i Esfl,t(SQn-‘rl) i} e (14)

And, at odd primes, there are also long exact sequences:

I peR (gt By pat(e2ny By prttl(genty L pelit gepntly By
(1.5)

i E;—Q,t(SQpn—l) £> E;,t(SQn—l) £> E;’t+1(52n) i E;—l,t(‘SQpn—l) i el
(1.6)

The sequences (1.4), (1.5) and (1.6) are called the algebraic EHP sequences.

In [9], the author gave an algorithm, called BG algorithm, to compute the minimal
injective resolution of X'F,, in the category %, based on the Mahowald short exact
sequences. In this paper, we will give a slightly different presentation of this algorithm
to construct injective resolutions of XN, where N is an unstable module, and use this to
construct the algebraic EHP sequences.

Bousfield’s method gives an abstract construction of the algebraic EHP sequences.
Bousfield observes that the key to the existence of these sequences lies in the simple
form of the reduced singular cohomology of spheres: they are the suspension of unstable
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modules (an unstable module is a suspension if it is of the form XM := ¥F, ® M for
some unstable module M). The suspension functor X : Z — % is exact and admits a left
adjoint, denoted by € (also known as the loop functor of unstable modules). Therefore,
Q is right exact and preserves projective unstable modules. In [13], the functor €, its
k—fold iterate Q¥ and their left-derived functors are studied. In particular, the left-
derived functors of QF, denoted by QF, are zero in homological degrees greater than k.

Moreover, if M is an unstable module, then QM and ;M fit in an exact sequence:

0 — SO, M — M 25 M M QM — 0.

Here @ is an avatar for the Frobenius twist of the category % and o is the unit of the
adjunction (2 4 X). (See Section 2 for the construction of this sequence.) This property
serves as the main ingredient in Bousfield’s proof of the existence of the general algebraic
EHP sequences.

Theorem 3.1. For all unstable modules M and N, there exists a long exact sequence
= BxtS, 2 (Q1 M, N) = Extdy, (QM, N) - Ext$, (M,%N) = Ext, ' (Q M, N) — -

of Ext-groups.

Organization of the paper

We begin with some basic definitions and notation. In Section 2, we recall the Steenrod
algebra A, and unstable A,—modules. We also recall the loop functor of unstable modules
and study its left-derived functors.

Boustfield’s construction is described in Section 3, and we study a special case where
the algebraic EHP sequence splits into short exact sequences.

We recall the BG algorithm in Section 4 and use this to show the existence of the
algebraic EHP sequence in Section 5.

2. Unstable modules and the loop functor

Following Adem [1], the Steenrod algebra A, at the prime p is generated by the stable
cohomology operations P? of degree 2i(p — 1),7 > 0, and the Bockstein 3 of degree 1,
subject to the Adem relations. At the prime 2, the generators of the Steenrod algebra
Aj are the Steenrod squares Sq* of degree i > 0.

Definition 2.1 (Unstable modules). An unstable module M is an N—graded F,—vector
space over the Steenrod algebra satisfying the instability condition:

o forp=2:Voec M", Sq¢’x =0if i > n;
o for p > 2: Vo € M™, 3°Pix = 0 if e + 2i > n, where e € {0,1}.

Let % denote the category of unstable modules. Denote by ¥"IF, the reduced singular
cohomology of the sphere S™, we write X" M for the tensor product X"F, ® M. Then
the correspondence M — XM, for all M € %, defines an endofunctor of %, denoted by
Y. and called the suspension functor.
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Proposition 2.2 ([10]). The functor ¥ is exact and admits a left adjoint, denoted by
Q, as well as a right adjoint, denoted by .

The category 7% is an abelian category with enough injectives and projectives. For a
non-negative integer n, the injective envelope J(n) of £¥"F,, called the n—th Brown-Gitler
module, satisfies natural isomorphisms

Homg, (M, J(n)) = Homy, (M",F,).

Therefore, the Brown-Gitler modules form a system of injective co-generators for % .

We now define a system of projective generators of % . Instead of taking the injective
envelope of ¥"F,, we consider its projective cover F(n). These F(n) satisfy natural
isomorphisms

Homg, (F(n), M) = M".

Hence, the F(n) form a system of projective generators for % .

In what follow, we study the morphism o(F(n)) : F(n) — XQF (n), where o : Id — XQ
is the unit of the adjunction (2 4 X). To this purpose, we recall the functor ®. Let M
be an unstable module and x € M™, we define:

Pk ifn =2k
S = 9q" d Por= ’
Qo qg'r, an 0T { BP*z  ifn =2k + 1.
We write ®M for the unstable module, concentrated in even degrees, such that

VR if n = pk,
(®M)*" =M™, forp=2, and (OM)*"={ M2+ ifpn=pk+1, forp>2,
0 otherwise,

and the action of the Steenrod algebra is given by:

o for p=2:
®Sgrx  ifn =2k
Sq"dx = ’
e { 0 otherwise;
e forp > 2:
B5Px =0,
®Pkz  if n = pk,
P'®z={ ®Pky ifn=pk+1and|z|=1(2),
0 otherwise.

This defines an exact functor ® : % — % . The correspondences ®x — Pyz at odd primes
and ®x — Sqyz at the prime 2 yield a natural transformation A from the functor ® to
the identity functor. It follows from [10, Proposition 1.7.3] that there is an isomorphism
from ®F(n) to the kernel of o(F(n)).
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Proposition 2.3 ([10]). For each positive integer n, the sequence

o(F(n))

0= oF(n) 2 p(y) SQF(n) — 0 (2.1)

is exact.

Throughout this note, we abbreviate A(M) as Ay and o(M) as ops. Because, on
the one hand, the functor ® is exact, and, on the other hand, F(n),n > 0, form a
system of projective generators of %, we can use the exact sequences (2.1) to describe
the transformation A. It is well-known that the left-derived functors of €2, denoted by
Q4,8 > 0, are zero on homological degrees greater than one.

Proposition 2.4 ([10]). Let M be an unstable module. Then Q;M are trivial for all
s > 1. Moreover, )1 M and QM fit in the following exact sequence:

0 — SO M — M 25 M M SOM — 0.

Corollary 2.5. Let M be an unstable module such that Q1M is trivial, then the
functor ) sends a projective resolution of M to a projective resolution of QM.

Proof. This follows directly from Proposition 2.4. |

Remark 2.6. e For all unstable modules M, the morphism Asj is trivial. Hence,

OYXM =2 M, and X1 XM =2 XM, VM € %.
e The loop of oy is the identity of QM. As the loop functor Q is right exact, then
QA 1s trivial.

Lemma 2.7. There are natural isomorphisms of unstable modules

OXOM = X0 M,
OXO0 M =~ $Q, M.

Proof. It follows from the definition of Py and Sq, that for all unstable modules M
and all x € M, we have

Sqe®r = P®Sqpx, ifp=2,
PoPxr = PPyz, if p> 2.

Hence, ®Ap; = Agps for all unstable modules M. Applying the exact functor ® to the
sequence

0— XM — M 25 M 2 SOM — 0,

we obtain the desired isomorphisms. a
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Lemma 2.8. Let M be an unstable module and let {P}, 0y },~, be a projective reso-

lution of M. Denote by C' the co-kernel Coker (201 : QP — QPy). Then, {QF, Q&k}k21
is a projective resolution of C'. Moreover, C fits in the short exact sequence:
QP
0—-9M—-C— ——F= —0.
! Ker (20)

Proof. It follows from Proposition 2.3 that {QP, Q0k},~, is a resolution of C. As
Q is left adjoint to X, which is an exact functor, then 2 sends a projective module to
a projective one. Therefore, {QP;,Q0k},~, is a projective resolution of C. The other
conclusion follows from the fact that B

. ap _ Ker (Q0,)
U= ey 4 M= Tes

3. Projective resolutions and the algebraic EHP sequences

An interesting fact about the algebraic EHP sequence: it can be derived
in a completely abstract way. That is, it can be derived without the con-
struction of special projective or injective resolutions and without any
computation whatsoever. Bousfield explained to me how to do this, about
45 years ago. Here is the key idea. One has a "loop functor” on the cat-
egory of unstable Steenrod modules. It is left adjoint to the suspension.
This functor is right exact, and has non-trivial left-derived functors. The
key is to motice that these left-derived functors are zero, in homological
degrees greater than one. The existence of the long-exact EHP sequence
follows immediately.

WILLIAM M. SINGER, Private communication [14]

Theorem 3.1 (Bousfield’s construction of the algebraic EHP sequences). For all un-
stable modules M and N, there exists a long exact sequence

= Bxt, 2 (QiM, N) = ExtS, (QM, N) - Ext$, (M,XN) = Ext, ' (UM, N) = -,

where the morphism
Exty, (AM,N) — Exts, (M,XN)

is the composition
Exty, (QM, N) — Extg, (XQM,XN) — Exts, (M,XN)

of the morphism induced by the unit M — YQM of the adjunction (2 4 X) and the one
induced by the exact functor X.

Proof. Let
{P;,0;: Pipy1 — P;,i >0},
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abbreviated as P,, be a projective resolution of M. Since 2P, is projective, the long
exact sequence of Ext-groups associated with the short exact sequence

QP,

splits into an exact sequence

0 —— Homy, (QM, N) ——— Homgy, (2P, N)
1
Homy, (Kc?(};llao) : N) Extl, (UM, N) — 0

and isomorphisms
QP ~
Exts, ( —————— N | = Ext$f ! (QM, N),
o (Ker(ﬂ@o)7 ) Xty )

for all s > 1. Now, because {Q2P;,Q0;,i > 1} is a projective resolution of C' (see Lemma
2.8), then for every s > 1 we have:

Ext3, (C,N) =2 H*™' (Homy (P, N), (£20.)7)
=~ Exts ! (M,ZN).

Therefore, the long exact sequence of Ext-groups associated with the short exact sequence

QP
0—>QlM—>C’—>7Ker(an) —0

is the general algebraic long-exact EHP sequence. Moreover, note that if Q)4 is a projec-

tive resolution of % then the epimorphism C' — % lifts to a morphism of

complexes 2P, 1 — (Qo. The commutativity of the diagram
Homg, (Qk, N) ———— Homyy (2Pg+1, N)
~ Homg, (3QPy11,%N)
Homg, (2Qk, XN) ——— Homgy (Pyi1, XN)

show that
Exty, (QM,N) — Exts, (M,XN)

is the composition
Exty, (QM, N) — Exts, (SQM,XN) — Exts, (M,XN)

where the first arrow is induced by the exact functor ¥ and the second one is induced
by the unit M — QM of the adjunction (2 4 X). O
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Remark 3.2. In his original proof, Bousfield used the Grothendieck spectral sequence
associated to the composite functor Homg, (€2, —) to obtain the abstract construction of
the algebraic EHP sequence. As the left-derived functors of Q are zero on homological
degrees greater than one, the spectral sequence collapses at 5, giving rise to the above
exact sequence.

Let M be ¥"F, and N be EtIFp. If n > 1, then the morphism Ay, : ®M — M is trivial.

Therefore,
QM 2 ¥ 'F,,

and

o for p=2:
O M =22 1IF,,

e for p > 2:
Zzpk*le if n = 2k,

O M =
! { L2RHIF if o= 2k 4 1.

A reformulation of Bousfield’s long exact sequence, in this case, yields the algebraic EHP
sequence for S™.

Theorem 3.3. For every positive integer n, there exist long exact sequences:

e at the prime 2,

i E§72,t(52n+1) i E;,t(sn) £> E;,t+1(5n+1) i Esfl,t(sﬂn«%l) i e

e at odd primes,
A gt gent1y By pait(g2ny By pettlgantly M peslt gopntly By

P

A gyt gn-1y By pet(gen-1y By pettl gy M pemltgapn—1y Py

Here ES*(S™) := Ext$, (2"F,, ©'F,).

Application

In this subsection, we use the loop functor 2 to study a special case of the algebraic

EHP sequence.
If {C;,0; : Cip1 — Cy,1 > 0} is a complex, denote by C,[1] the complex:

Ci_y ifi>1,
oli: oo
Ce[1] { 0 if i =0,

0i_1 ifi>1,
0 ifi=0.



Algebraic EHP sequences revisited 9

Let M be an unstable module such that Q4 M is trivial. Fix {Ps,d; : Pit1 — P;,i > 0},
abbreviated as P,, a projective resolution of M, and fix {Q.,d; : Qi1 — Q;,¢ > 0}, ab-
breviated as ., a projective resolution of ® M. The natural transformation A : & — Id
gives rise to a morphism of complexes: Ap, : P, — P,. On the other hand, the identity
of ®M yields a morphism of complexes: w : Q¢ — P P,. Therefore, the composition map
w o Ap, makes the following diagram commute:

wWoAp,

Qe — P,

l |

M —— M
AMm

Now, we can consider w o Ap, : QQe — P, as a double complex with two non-trivial
columns @, and P,. Denote by T, the total complex of this double complex. As Q, is
a resolution of ®M and P, is one of M, the homology groups of T, are computed as
follows.

Coker (A\y) = XQM  ifi=0,
H (T,)={ Ker(\y) = YOUM ifi=1,
0 otherwise.

Recall that Q1 M is trivial by hypothesis, T, is a projective resolution of ¥QM. We now
compute QT,. It follows from Remark 2.6 that Q (wo Ap,) is trivial. We then have:

0T, = QP, P QQ. (1.

We also deduce from Remark 2.6 that 2P, is a projective resolution of QM , and QQ), is
a projective resolution of Q®M.

Lemma 3.4. Let M be an unstable module such that Q1 M is trivial. For all unstable
module N, we have an isomorphism of Ext-groups

ExtS, (3QM,SN) & ExtS, (QM, N) @ Exty, ' (Q@M, N),
for all s > 0. (Here, by convention, the Ext-groups of degree —1 are trivial.)
Proof. The Ext-groups Ext}, (¥QM,XN) can be computed as follows.

Ext$, (SQM, $N) & H* (Homy (Ts, SN))
(

~ H® (Homgy, (27T, N))
~ H (Homag/ (QP. P Q.. N))

1

Exts, (QM, N) P Ext, ' (Q@M, N).
We can then conclude the lemma. O

Applying Lemma 3.4 to M = ®"F(1), we have:
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Theorem 3.5 (James’s splitting). For every non-negative integer n and all unstable
modules N, there are isomorphisms of IF,,—vector spaces:
Exty, (5%'F,,BN) = Extj (S%'7'F,,N) @ Exty' (Z*"771F,N).
Proof. Note that, after Lemma 2.7 we have natural isomorphisms

OROM = 20D M,
X0, M = 50, B M.

Now, Propositions 2.3 and 2.4 show that ;F(1) = 0, whence ;®"F (1) = 0 for all
natural numbers n > 1. More over, as QF (1) = F(0) = F,, we have

QO"F(1) = £ IR,

Then, the conclusion follows from Lemma 3.4. g

4. Injective resolutions of the suspension of an unstable module

Constructing injective resolutions is a basic problem in homological algebra. This sec-
tion aims at the construction of injective resolutions of the suspension of an unstable
module.

First, we recall how Brown-Gitler modules fit in the Mahowald short exact sequences.
This will be carried out with the help of ® and X. In fact, following [10], these functors
admit a right adjoint. We denote the right adjoint of ® by ® and that of ¥ by ¥. The
morphisms M — ®M, adjoint to Ay, induce a natural transformation A : Id — ®. The
natural transformations 6 : ©% — Id and X : Id — ® give rise to the following natural
exact sequence:

Theorem 4.1 ([10]). There is a natural exact sequence of unstable modules

0— SSM 245 M2 60 — SRISM — 0. (4.1)
Here, R*SM is the right derived functor of & in cohomological degree 1.

Proof. The sequence 4.1 is obtained by applying the functor Homey (—, M) to the
sequence

0= ®F(n) 5% F(n) 257 $QF(n) = 0
and identifying Ext}, (SQF(n), M) with SR'SM. 0

If M is an injective unstable module, then R'SM = 0 and the sequence 4.1 becomes a
short exact sequence.

Theorem 4.2. If I is an injective unstable module, then the following sequence is
exact

IES>)5) SNy ANy gy} (4.2)
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Because ¥ and ® are exact, then ¥ and ® preserve injective unstable modules. More
precisely,
YJ(n) =2 J(n—1),Yn > 1;

the module ®.J(n) depends on p and on the parity of n:

o for p=2:

0 otherwise;

B = 7 (1) = { J(k) ifn =2k,

o for p > 2:
J(2k) if n = 2pk,
dJ(n) =2 J(2k+1) ifn=2pk+2,
0 otherwise.

We get the classical Mahowald short exact sequences.

Theorem 4.3 ([7, 10]). For every non-negative integer n, there is a short exact se-
quence of unstable modules

0—XJ(n—1) = J(n) = &J(n) = 0. (4.3)

Theorem 4.3 implies that the suspension of J(n — 1) is of injective dimension at most
1 and the Mahowald short exact sequence is in fact an injective resolution of ¥.J(n).
In fact, this property remains true for the suspension of all injective unstable modules.
Indeed, note that if I is an injective unstable module, then so are X1, ®1. It follows from
Theorem 4.2 that I — ®I — 0 is an injective resolution of ©3I. It turns out that every
injective unstable module is isomorphic to %I for some injective unstable module I.

Theorem 4.4 ([10]). Every injective unstable module is isomorphic to a direct sum
of unstable modules of the form J(n) ® L, where n > 0 is a natural number and L is an
indecomposable direct summand of H*V for some elementary abelian p—group V.

Corollary 4.5. Every injective unstable module is isomorphic to %I for some injective
unstable module I.

Proof. As the functor ¥ commutes with direct sums, we can suppose that the injective
unstable module is of the form J(n) ® L, where n > 0 is a natural number and L is an
indecomposable direct summand of H*V for some elementary abelian p—group V. Note
that

Jn)®L=%J(n+1)® L.

On the other hand, it follows from [10] that the morphism
YIn+1)®L - S(J(n+1)® L),
adjoint to

. (nt1)®id
s

S(EJ(n+1)®@L) =288 J(n+1)® L Jn+1)®L,
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is an isomorphism. Therefore, we have
Jn)@L=%(J(n+1)® L),
whence the conclusion. (]

We fix the following notation.

Definition 4.6. Let I be an injective unstable module. Denote by I an injective
unstable module such that I = ¥I and by 4y the composition

) G 5)5) RNy}
Corollary 4.7. If I is an injective unstable module, then the sequence
[2587 0
is an injective resolution of X.1.

Now, we come back to the construction of injective resolutions of the suspension of an
unstable module. Observe that if I® is an injective resolution of an unstable module N,
then XI°® is a resolution of X N. Although this resolution is no longer injective, we can
resolve each YI* by an injective resolution of length at most 1. The method we describe
below allows for combining these resolutions into one of XN.

Proposition 4.8 ([9]). Let (I*,0°) be an injective resolution of an unstable module
N and let o : I* — I**! be an extension of 0*. Then, there exist morphisms

Sk oIk — [r+2
such that the diagram

- . n—1 - - n - - n+1
RN (55 FE (ARG (2 (35 JE AN (S JENy S AN (4.4)

. | -
-~ - 1 -~ - n -~ - n+1
N ¥ L sl AN CP N TS IR § LSS N 5 - AN
where
n _ a™ (=1)"id no_ da" (=1 Apnt1 n_ (X O
f - ((_1)nan+loan C!nﬁ»l ) ) g - ((—1)"5" (Xn+11 ) 9 h - ( 6 Zd)
is a double complex whose associated total complex is an injective resolution of X N.

Proof. Asthe k—th column of Diagram 4.4 is an injective resolution of XI%, it suffices
to prove that Diagram 4.4 is a double complex. For this, we must construct §* such that

fn—i-l o fn — 07 gn+1 og" — 0’ gn o A" = hn+1 ° fn
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That is, we need to verify the following identities

a™l o o = 0" o Afa,
n—+ n— _ n n—

o™t o sl = " o danl,

)\fn+1 o Tl = ®a™ o (I)Oznfl,
®a™ o Afn = Afusr 0o o™

First, as I" is an injective unstable module for all n > 0, the existence of an extension
a™ of 9" is clear. Since A is a natural transformation from the identity functor to ®, we
have the following commutative diagram:

- Xin o~ ~
»I" m—"om
Jza” J{a" l&)a"
nyntl fn+1 _ CT)IN”
Afn-f—l

It is evident that we get the identity
da™ o Nr, = S\an oa.

The construction of §* goes as follows. Denote by i* the inclusion ©7* — I%. Because of
the identity

a1 o oF o iF = B2 6 gF+l o gk

the composition ot o a* 04 is trivial. It follows that there exists 6% : ®I% — T*2 such
that

Oék+1 Oak — 5k o Ajk
Therefore, for all natural numbers n > 1, we have

/\I"nﬂ o " o/\in,1 = )\fn+1 oca o™ !

= da" o da" oAy,
As S\fn,l is surjective, we obtain the identity
;\fnﬂ 06" = da" o da" !,
Similarly, since
a1 o o Nf = 0" 0 ®a" o Aju s,

we get the identity
an+1 O(Sn_l — 5o (i)an—l.

The conclusion follows. O

Remark 4.9. The resolution constructed in Theorem 4.8 is bigger than what given
by the pseudo-hyperresolution [9]. However, the advantage of this construction is that it
allows to apply the spectral sequence of double complexes to compute Ext-groups as we
will see in the next section.
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5. Injective resolutions and the algebraic EHP sequences

In this section, we use the results on injective resolutions of the suspension of an
unstable module to construct the algebraic EHP sequences.

Theorem 5.1. For all unstable modules M and N, there exists a long exact sequence
-5 Ext, 2 (QuM, N) = ExtS, (QM, N) - Ext$, (M, XN) » Ext5, ' (UM, N) > -,

where the morphisms
Exty, (QM,N) — Exts, (M,XN)
is the composition

Ext$, (QM, N) — Ext$, (SQM, SN) — Ext?, (M, SN)

of the morphism induced by the unit M — QM of the adjunction (2 4 X) and the one
induced by the exact functor X.

Proof. Let (I°,9%) be an injective resolution of N and let o : I* — I*+! be an
extension of 9. We are now in the position to apply Proposition 4.8. Take Diagram 4.4
as the double complex whose associated total complex is an injective resolution of X N.
Applying the functor Homg, (M, —) to Diagram 4.4 yields a double complex:

-+ ——— Homg (M, I" ' & ") L Homy (M, I" @ I+ L s

hf‘ll hj}l
n—1 n
-+ —— Homg, (M,fi)fnfl @f") 2 Homy (M,&Jf” @f““) LLENN

The cohomology of the total complex of 5.1 is Ext}, (M, X N). Note that, the cohomology
of the complex

Homy, (M, I" @ ") 25 Homy, (M, 81" @ ["1) - 0
is isomorphic to the cohomology of the complex
~ A* -
Homg, (M, I") M, Homyy, (CIJM7 I”) — 0,
and therefore, is isomorphic to 0 in cohomological degrees greater than 2 and is iso-
morphic to Homg, (QM, EI") and Homgy, (QlM, EI") in cohomological degrees 0 and
1 respectively. Recall that 3™ : I™ — XI™ is an isomorphism, where " is the inclusion
3I™ — I™. Therefore, we can identify (EI',Ea‘) with (I°,9°). Now, filter Tot(C) by

row degrees, then the associated spectral sequence of 5.1 collapses at Fsy giving rise to
the following long exact sequence

- Extd, 2 (Q1M, N) » Extd, (QM, N) - ExtS, (M,XN) » BExt5, ' (U M,N) > -,
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where the morphisms
Exty, (QM,N) — Exts, (M,XN)

is the corner homomorphism of the spectral sequence and hence, is the composition
Exts, (AM, N) — Exts, (XQM,XN) — Extg, (M,XN)

where the first arrow is induced by the exact functor ¥ and the second one is induced
by the unit M — QM of the adjunction (2 4 X). O

Taking M = X"Z/p and N = %!Z/p, we recover Theorem 3.3.
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