SIMPLICIAL COMPLEXES AND MATROIDS WITH VANISHING 72

ALEXANDRU CONSTANTINESCU, PATRICIA KLEIN, THAI THANH NGUYE)N, ANURAG SINGH,
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ABsTrRACT. We investigate quotients by radical monomial ideals for which 72, the second cotangent
cohomology module, vanishes. The dimension of the graded components of T2, and thus their vanishing,
depends only on the combinatorics of the corresponding simplicial complex. We give both a complete
characterization and a full list of one dimensional complexes with 72 = 0. We characterize the graded
components of T2 when the simplicial complex is a uniform matroid. Finally, we show that T2 vanishes
for all matroids of corank at most two and conjecture that all connected matroids with vanishing 72
are of corank at most two.

1. INTRODUCTION

Let K be an arbitrary field, and let K[A] denote the Stanley-Reisner ring of a simplicial complex
A on [n] := {1,2,...,n}. The cotangent cohomology modules of K[A] have the structure of a K-
vector space. The Z"-grading on K[A] transfers to these modules, and the multigraded components are
finite-dimensional vector spaces. If one is interested in using cotangent cohomology to understand the
deformations of Stanley-Reisner schemes, then some caution is needed when choosing the field K. In this
paper, however, we are only interested in the vector space dimensions of the multigraded components of
T?. These depend only on the combinatorics of A [AC04] because basis elements are in bijection with
monomials related to A. For this reason, we will write simply T¢(A), without reference to the field, for
the cotangent cohomology of K[A].

All obstructions for lifting first order deformations of Spec(K[A]) are contained in T2. For embed-
ded deformations of the associated projective scheme, these are located in T¢, the (total) degree zero
component. While T2 may be in general larger than the obstruction space, its vanishing has positive
consequences for the deformations of these combinatorially defined schemes. In particular, if 72 vanishes,
then the corresponding point on the Hilbert scheme is smooth. For this reason, simplicial complexes
with vanishing T2 are said to be unobstructed. Note, however, that being unobstructed is not equivalent
to T? = 0, but is only a consequence thereof.

Monomial ideals with vanishing T2 have been studied by other authors as well. For instance, Chirsto-
phersen and Ilten used degenerations of Mukai varieties to find unobstructed Fano Stanley—Reisner
schemes and proved that the boundary complex of the dual polytope of the associahedron has trivial 72
[CT14]. Titen, Néjera Chavez, and Treffinger proved the vanishing of T2 for Stanley-Reisner rings associ-
ated to cluster complexes [ICT21]. Nematbakhsh identified special classes of quadratic monomial ideals
with vanishing 72 [Nem16], and Flgystad and Nematbakhsh studied letterplace ideals which are unob-
structed [FN18]. Our approach here is to systematically look at low dimensional simplicial complexes
with vanishing 72, and to characterize matroids with vanishing 7°2.

We start by introducing the minimally necessary terminology and background in Section 2. Most
notably, we recall the results of Altmann and Christophersen from [AC04], which we will use. The
two tools from that paper that will be most useful to us are the isomorphism between the multigraded
components of 7%(A) and those in purely non-positive multidegrees' of links of faces of A (see (2.1)) and
the isomorphism between such components and the relative cohomology of some combinatorially defined
topological spaces (see Theorem 2.5).

The main goal in Section 3 is to understand which one-dimensional complexes have a vanishing 7°2.
For zero-dimensional complexes, T? = 0 is equivalent to having at most 3 vertices (see Lemma 3.1).
This gives us the first of three conditions which characterizes the vanishing of T for one-dimensional
complexes: the local degree of each vertex is at most three. Two more necessary conditions follow
from the interpretation of relative cohomology (cf. Theorem 2.5). In Theorem 3.2 we show that the
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L This means that all the entries of the multidegree b € Z" are less than or equal to zero.
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three conditions we found are also sufficient for the vanishing of 72, thus obtaining a full theoretical
characterization. In Subsection 3.2, we use this characterization to work out a complete list of the
one-dimensional simplicial complexes with vanishing T? (see Figure 2).

In the last sections of this paper, we study T2(A) when A is a matroid, that is, when the faces
of A satisfy the independence axioms of matroids. In Proposition 4.1, we fully determine the purely
non-positive multigraded components of T2 for uniform matroids. Given that all links in a uniform
matroid are also uniform, this gives a full characterization of 72 for uniform matroids. We will see that
non-vanishing non-positively graded components can only be found in total degree —2, and that uniform
matroids have a vanishing T2 if and only if they are of corank at most two. In the final section, we prove
that one direction of this equivalence holds for arbitrary matroids: If a matroid . has corank at most
two, then T?() = 0 (see Proposition 5.1).

If a simplicial complex is the join of two other complexes, then the cotangent cohomology modules that
appear are closely related (see (5.2)). In particular, 72 of the join vanishes if and only if 72 vanishes
for the two joined complexes. Matroids that are not the join (as simplicial complexes) of two other
matroids are called connected. We conjecture that every matroid with 72 = 0 is the join of connected
matroids of corank at most two. In other words, if T2 (.#) = 0 and 4 is connected, then corank(.#) < 2
(Conjecture 1).
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2. PRELIMINARIES

2.1. Combinatorics. Let E be a finite set. An abstract simplicial complex? on the vertex set F is
a subset A C 2F of the power set of F, satisfying the condition:

(I11) IfI € A and J C I, then J € A.

Unless otherwise stated, we assume that F = [n] = {1,...,n} for some positive integer n. The subsets
of [n] which are elements of A are called faces of A. The facets are the faces which are maximal under
inclusion. A subset C' C [n] is a nonface of A if C' ¢ A; if all proper subsets of C are in A, then C is
called a minimal nonface. A loop is an element v € [n] with { v} ¢ A; equivalently, v is not contained
in any face of A. A coloop is a vertex v € [n| which is contained in every facet; alternatively, a coloop
is not contained in any minimal nonface. For every subset W C [n], the restriction of A to W is the
simplicial complex on W given by
Alw:={FeA : FCW}.
The deletion of W is the restriction to the complement of W in [n]:
AW = A|[n]\W
Given two simplicial complexes A and I" on disjoint sets E and E’, respectively, their join is the
simplicial on E LI E' given by
AxT:={FUG : FeAandGeTl},
where U stands for the disjoint union. The link® of a face F' € A is defined as
linkn F:={Ae€A : ANF=0and AUFeA}.
For every finite set F, the abstract simplex on F is 2" = { A C F'}. The star of a face F € A is
stara F:=2F xlinkn F={G €A : FUGEA}.
A matroid is a nonempty”* simplicial complex . whose faces satisfy the extra axiom:

(I2) IfI,J € M and #J < #I1, then there exists v € I\NJ such that JU{v} € M.

2 We will usually drop the word abstract and just use simplicial complex.

3 This is a particular case of contraction, which can be defined for every subset [n], not just for faces. For our purposes
here, the link of a face will suffice.

4 This means that A # (. If a simplicial complex satisfies A # (), then by (I1) we have ) € A. For matroids this last
condition is usually included as an axiom.
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We will use A to denote simplicial complexes that are not necessarily matroids and reserve the notation
A for matroids. We will call the faces of a matroid independent sets and the facets of a matroid bases.
The minimal nonfaces of a matroid are called circuits. In accordance with the matroid terminology, we
will use the following notation for all simplicial complexes:

€an = {CC[n] : Cisa minimal nonface of A },
Brn = {BC|n] : Bisafacet of A}.

Matroids have equivalent characterizations in terms of their circuits (cf. [Ox111, Section 1.1]) or of their
bases (cf. [OxI11, Section1.2]).

2.2. Algebra. Recall that K denotes a fixed arbitrary field throughout this document. Fix n € Z~,. We
denote by S = K[z, ..., x,] the polynomial ring in n variables with coefficients in K. To every simplicial
complex A on [n], we associate a radical monomial ideal of S called its Stanley-Reisner ideal:

IA ::<Hi€in : FGZ["]\A>§S.
This association is a one-to-one correspondence between simplicial complexes on [n] and radical monomial
ideals of S. The quotient ring K[A] = S/IA is called the Stanley-Reisner ring of A over the field K.

We will now introduce the first and the second cotangent cohomology modules for Stanley-Reisner
rings in the ad hoc way of [AC04]. For the general homological theory we refer to the books of André
[And74] and of Loday [Lod13], and for the connection to deformation theory we refer to Hartshorne’s
book [Har09] and Sernesi’s book [Ser07]. While some algebraic structures related to Stanley-Reisner
rings depend on the choice of field, the K-vector space dimensions of the cotangent cohomology modules
depend only on the combinatorics of the complex [ABHL16, Corollary 1.4]. Since our focus is solely on
these dimensions, we will, for simplicity, omit the phrase “over K” in the following definitions.

We define the S-module of the K-linear derivations of S by:
Derg (S, 5) := {0 € Homg(S5,5) : 0(fg) = f0(g9) +9(f)g, ¥V fgeS}.

For any ideal I C S, the first cotangent cohomology module 7 (S/I) is the cokernel of the natural
map Derg (S, S) — Homg (I, S/I). To define T?(S/I), consider the first syzygy module of the monomial
ideal I, that is, the kernel of the map d, which takes the canonical basis of S™ to the unique set of minimal
monomial generators of the monomial ideal I:

0 — Syz(I) — 8™ % § — S/I — 0.
Consider also the S-submodule Kosz(I) C Syz(I) generated by the Koszul relations:
Kosz(I) = (d(f) - g —d(g)- f : f,g€5™).

The quotient S-module Syz(I)/Kosz(I) has an S/I-module structure. The second cotangent coho-
mology module 7?(S/I) is the cokernel of the induced map

Homg (5™, S/I) — Homg,; (;Z:;{%,S/I) .

2.3. Cotangent cohomology for simplicial complexes. With the field K fixed, we will denote simply
by T%(A) the cotangent cohomology of S/Ixn. As In C S is a monomial ideal, the Stanley-Reisner ring
K[A], its resolution, and all the modules defined above are Z"-graded. For ¢ € Z" and i = 1,2, we
denote the Z™-graded components of the cotangent cohomology modules by

THS/T).

The support of a = (ay,...,a,) € N is defined as the set suppa = {ie€[n] : a; #0} C [n]. Every
c € Z™ has a unique decomposition as

c=a—b with abeN" and suppansuppb =0.
We paraphrase the following result.

Lemma 2.1 (J[AC04, Lemma 2|). The modules T. , wvanish unless 0 # b € {0,1}", suppa € A and

suppb C [linka suppa)®. With these conditions fulfilled, Ti _, depends only on suppa and b.

Furthermore, in [AC04, Proposition 11] it is shown that a combinatorial interpretation for the case a = 0
is enough. In particular, if A = supp a, then we have for i = 1,2 that

(2.1) L o(A) =T (linka A).

5 Where [A] ={v € [n] : ve& A} denotes the set of vertices appearing in A.



4 A. CONSTANTINESCU, P. KLEIN, T.T.NGUY]ZDN, A.SINGH, AND L. VENTURELLO

Convention 2.2. Throughout this paper b will always denote a 0-1 vector, and we will use the same
notation for its support. So, according to context, we may have

be{0,1}" or bCln].
To present the combinatorial characterization of 7%, (A) from [AC04] we need to define two sets:
Definition 2.3. Let A be a simplicial complex on [n] and b C [n]. We define
Np(A):={FeA : Fnb=0and FUb ¢ A} and
Np(A):={F € Ny(A) : 3b/' Cbwith FUb ¢ A}.
Remark 2.4. The above definition implies

No(A) = {A\ starab if b e A,

A\b if bé¢ A.
For every nonempty set F' C [n] one assigns the relatively open simplex (F) C R"™ as
(F)y:={a:[n]—10,1] : Y ai)=1and (a(i)#0 < i€ F)}.
Each collection of subsets I' C 2[" thus determines a topological space in the following way:
. {UFEF () 0 ¢T,
cone (Uper (F)) if0eT.
The “usual geometric representation” of a simplicial complex A is (A\ {0 }).
Many of our proofs rely on the following theorem of Altmann and Christophersen.

Theorem 2.5 (|[AC04, Theorem 9|). Let A be a simplicial complex on [n] and b € {0,1}", which we
will identify with its support. If #b > 1, then T' (A) is given by the following relative cohomology
modules _ _ B

Tio(A) = H (N (A)), (No(A)),K)  fori=1,2.
If #b = 1, then the above formula holds if we use the reduced relative cohomology instead.

As a consequence, we can compute T}b and sz for #b > 1 from the following long exact sequence:
(2.2) 0 — TL,(A) — HO((Ny)) — HO((Np)) — T2,(A) — H'((Ny)) — H'((Np))

2.4. Remarks on T?(A). The following easy remarks will be used repeatedly, so it is convenient to
state and to prove them.

Remark 2.6. For every simplicial complex A and each canonical basis vector e;, we have
T2, (A) = H'((N.,).
In particular, if {7} ¢ A, then (N,) is a cone, thus 72, (A) = 0.

Proof. When #b = 1, that is when b = e; for some 4, we just need to replace cohomology with reduced
cohomology in (2.2). The remark follows, because the only proper subset of a one-element set is the
empty set, which implies N, = (). O

Remark 2.7. If b ¢ A and b ¢ €a, then T2, (A) = 0.

Proof. This is a direct consequence of Theorem 2.5 and the fact that Ny, = ]\~fb in this case. ([
Remark 2.8. If b € G, then
(2.3) dimg T2, (A) = max { dimg HO((Np)) — 1, 0 } .

Proof. The case #b = 1 was covered in Remark 2.6, so we may assume #b > 2. From b € €A we get
N, = A\b (cf. Remark 2.4). In particular §) € A, so by definition (Np) is a cone. This means, that

HO((N)) {K if A\b ()

d  HY{(Np))=0.
0 if otherwise an ((No))

So, by (2.2), T?(A) is the cokernel of the map from H°({Np)) to HO(({Np)). This map is the zero map

only when H°((Np,)) = 0. In other words, this map has maximal rank. So, from (2.2) we get the desired
formula for the dimension of 72, (A). O



SIMPLICIAL COMPLEXES AND MATROIDS WITH VANISHING T2 5

Remark 2.9. If T?(A) = 0 for a simplicial complex A of dimension at least 1, then A is either connected,
or it has two connected components, with one of them being an isolated vertex.

Proof. Assume there exist two simplicial complexes A; and As, each containing at least two vertices,
such that

A:A1UA2 and AlmAQZ{Q}

In other words, no face of A contains vertices both from A; and also from A,. Choose one vertex from
each: v; € Ay and vy € Ag. Our claim is that for b = { vy, vy } we get T? (A) # 0.

Indeed, by Remark 2.8, we have to show that (Np) has two connected components. By AjNA, = { 0 } we
get that any nonempty face F' € Ny, is either in Ay or in Ay, and that FU{wv; } ¢ Aor FU{ vy } ¢ A.
Thus Ny = Np\ {0}, which means that <Z\~/'b> is the geometric realization of A\b. The latter is
the disjoint union of the geometric realizations of the nonempty simplicial complexes Aj\ {v; } and
A\ { vy }. We thus have dimg HO((Np)) > 2. 0

3. ONE-DIMENSIONAL COMPLEXES WITH VANISHING 772
It follows from (2.1) that if T72(A) = 0, then T2 vanishes for all links of A. For this reason, we begin

by characterizing the vanishing of 72 for complexes of dimensions zero and one.

3.1. Characterization in dimensions zero and one. The first step is straightforward, as the follow-
ing lemma shows.

Lemma 3.1. If A is a zero-dimensional simplicial complex on [n] with no loops®, then

— fa= d#b=2
dimy T2, (A) = max{n — 3,0} %fa 0 qn # ,
0 if otherwise.
In particular, T*(A) = 0 if and only if n < 3.
Proof. By Lemma 2.1 it is enough to check all degrees a — b with suppa € A and b € {0,1}".
If #supp a = 1, then linka suppa = {0}, so T2 ,(A) = 0 for all b. Assume from now that a = 0.

If #b = 1, then (NNy) is the usual geometric realization of A\b. By Remark 2.6 we get T2, = 0.

If #b =2, then b € €A. By Remark 2.8 we have to find the number of connected components of (Nb>,
which is a union of n — 2 distinct points. So by (2.3) we get

dimg T2, (A) = max{n —3,0}.
If #b > 3, then b ¢ A and b ¢ €a, so T2, (A) = 0 by Remark 2.7. O
We recall the following definitions. The local degree of a vertex is the number of edges incident to it.
A vertex w € [n] is a neighbour (in A) of the vertex v € [n], if {v,w} € A. We call the set of all

neighbors of v the neighborhood” of v and denote it by v(v). For a subset M of [n] we denote by v(M)
the union of the neighborhoods of all its elements, and we say that M is dominating if

v(M) = Uyer v(v) = [0]-
For b C [n], we denote the union of b with the set of common neighbours of its elements by
b:=bU (N,epv(v)) -

A cycle in A is a sequence of ¢ distinct vertices (v1,...,v.), with ¢ > 3, such that { v;,v; 41 } € A for
allt=1,...,¢c, where v.q41 = ;.

Theorem 3.2. A one-dimensional simplicial complex A on [n] satisfies T>(A) = 0 if and only if the
following three conditions hold:

(i) Every vertex in A has local degree at most three.
(ii) Ewvery cycle in A is a dominating set.

(iii) For every minimal nonface b € €a with #b = 2, the simplicial complex A \b is connected.

6 Recall that having no loops means {i} € A for all i € [n].
7 Note that, by our definition, if v € A, then v € v(v).
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Proof. Note that each of the first two conditions is equivalent to the vanishing of T2 in some multidegree:
Because dim A =1, we get from Lemma 3.1 that

(3.1) (i) <= T2 ,(A) =0 for all a € N" with #suppa = 1 and for all b € N",

By Remark 2.6, T2, (A) vanishes if and only if A\v(i) does not contain any cycles. This is equivalent
to every cycle must 1ntersect v(i). Requiring this for all ¢ one gets:

(3.2) (i) <= T2, (A)=0 forallic [n].
The vanishing of 72, (A) for all b € € is equivalent by Remark 2.8 to the following condition:

(iii') For every b € @a, the space (Np) is connected.

This condition is not equivalent to condition (iii) from the statement of the theorem. A counterexample
can be easily found using the following equality of sets:

(3.3) NpU{0}=(\b)U{FeA : FN(Nepr) #0}.
However, we have the following equivalence when dim A = 1.
Claim: The conditions (i), (ii), and (iii) together are equivalent to (i), (ii), and (iii’) together.

Proof of Claim: For the direct implication assume (i), (ii), and that A\b is connected for all b € Ba
with #b = 2. Because dim A = 1, a circuit b € €A has cardinality at most three.

If #b =1, then Nb is empty, so connected.

If #b = 2, then label it by b = {1,2} and assume that (N},) is not connected. This means by (3.3)
that there exists at least one edge F' € A with both ends in v(1) Nv(2). Let us call these ends v and w;
ie. F={v,w}. Thus we have the following edges in A:

{v,1}, {wv,2}, {w 1}, {w,2}, {v,w}.

By (i) there are no further edges incident to v or w, and at most one edge incident to each 1 and 2. Because
we assumed that (Nb) is not connected, there must be at least one further vertex v € A\ {1,2,v,w }.
By (ii) the cycles (1,v,w) and (2, v, w) must be dominating. Thus this vertex u must be connected to
both 1 and 2. But this implies that u € b, and we get Np = { { v,w } }, which gives us a connected
space — a contradiction.

If #b = 3, then label it b ={1,2,3 }. Because dim A = 1, we have
Np = (A\b)\ {0}.

So <J\~/'b> is the usual geometric realization of A\b. Our goal is thus equivalent to proving that the
simplicial complex A\b is connected. We distinguish two cases: b C b and b = b.

Ifb g E, then by (i) we have precisely one extra vertex in B, call it 4. So Alf1,2,3.47 is the 1-skeleton of
the 3-simplex. Again, by (i), the vertices 1,2,3, and 4 cannot be connected to any other vertices of A.
But (ii) requires that every circuit is a dominating set, which means that A has only these four vertices,
thus A\b={0,{4}} is connected.

Ifb= 6, assume that A\b is not connected. Since b is a minimal nonface of cardinality three, it is also
a cycle, thus by (ii) it must be a dominating set. Since by assumption (i) the local degree of each vertex
is at most three, there can be at most three more vertices in A. So A\b is a disconnected complex
on at most three vertices. This means, that there is one vertex v € A with local degree one. Without
loss of generality assume { v,1 } to be the only edge incident to the vertex v. We may also assume that
the second vertex in A\b is called w and that {2,w } € A. The set { 1,w } € € then violates (iii),
because the vertices v and 3 get disconnected after { 1,w } and their only common neighbor, the vertex
2, have been removed.

For the reverse implication of the Claim, we prove something stronger, namely that (iii’) implies (iii).
To see this, notice that the second set on the right hand side of (3.3) consist only of edges which have at
least one endpoint in (1, ¥(v). That is, these edges have at most one endpoint in A\b. This means,
that adding these edges does not connect any components of A \b. So

dimg H°((Np)) > dimg H(A\b),
and this shows the other implication of the Claim. |

We can now turn to proving the equivalence in the theorem.
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If T?(A) = 0, then we have already seen, that it implies (i) and (ii). By Remark 2.8 we also have
(iii’). So the Claim that we proved implies (i), (ii), and (iii).

The Claim implies that (i), (ii), and (iii’) hold and we will use this to show that 772  (A) = 0 for
all a and b for which this needs to be checked according to Lemma 2.1. We have the following.
Case 1: #supp a =2. As dim A = 1, we get linka suppa =0 or {0}, so T2 ,(A) =0 for all b.
Case 2: #supp a = 1 is given by (i), see (3.1).
Case 3: #supp a = 0. We split this case in two.
Case 3.1: b ¢ A. This case is covered by (iii’).
Case 3.2: b € A. Because dim A = 1, there are only two subcases of this case and we are done.
Case 3.2.1: #b = 1. This case is covered by (ii).
Case 3.2.1: #b =2. Label it b={1,2 }. Because b € A is a facet, we have
Np = (A\b)\{0} and Np = ((AVB)\{B})\ (1(1) Nw(2)).

That means, that Ny, is obtained by removing some vertices from Np. These vertices are precisely the
common neighbors of 1 and 2, and thus have local degree at least two. From (i) we get that their local
degree is at most three. Thus, if u € Ny \ Nb, then w is either isolated in Ny, when its local degree is two,
or a leaf vertex in Ny, when its local degree is three. In both cases the map H((Np)) — HO((Np))
in (2.2) is surjective, so the map HO((Np)) —> T2, (A) is the zero map. This implies that T2 (A) is
isomorphic to the kernel of the map H'({Np)) — H'((Np)). As only leaf vertices or isolated vertices
get removed from (NVy,), this map is an isomorphism and we conclude. (]

3.2. Complete classification in dimension one. In the last part of this section we will classify all
one-dimensional complexes with vanishing 72. We start by looking at trees, that is graphs without any
cycles. A leaf is a vertex of local degree one.

Remark 3.3. If A is one-dimensional, T?(A) = 0, and A contains a leaf v, then A has at most five
vertices. Furthermore:

(a) If A has five vertices, then A is a square with a leaf attached.
(b) A tree has vanishing 72 if and only if it has at most four vertices.

Proof. Let { v,w } be the only edge of A containing v. If w is connected to all vertices of A, then, as
its local degree is at most three, A has at most four vertices. So assume there exists u € A such that
b={w,u} ¢ A. By Theorem 3.2 (iii) we must have A\Db connected. As v is an isolated vertex of
A\Db, we must have b = [n]\ {v}. As the local degree of w can be at most three and { w,v } € A, w
can have at most two common neighbors with u. This means that #E < 4, which implies that A has at
most five vertices. If #E =4, then w and u must be opposite corners of a square, so A is a square with
a leaf. A direct check shows the statement about trees. O

In the remaining part we assume complexes with vanishing T2 are leafless, ensuring they contain at
least one cycle. Without loss of generality, we assume that v = (1,2,...,¢) is a chordless cycle in the
one-dimensional simplicial complex A on [n], where 3 < ¢ < n. Here, chordless means that the only
edges in Aljg are {1,2},...,{¢,1}. In other words, there are no diagonals (chords) present. We will
need the following brief remarks.

Remark 3.4. The subset M C [n] dominates A if and only if (M) N A = A for all A C [n].

Remark 3.5. If A is a one-dimensional simplicial complex on [n], containing a cycle of length ¢, and
satisfying 72(A) = 0, then A has at most 2c vertices.

In the next lemma, the bound ¢ > 7 is shown to be sharp by the classification in Figure 2.
Lemma 3.6. If T?(A) =0 and ¢ > 7, then there exists no vertex v € { c+1,...,n } with
{i,v},{v,j} €A for some 1<i<j<ec

Proof. Assume there exists a vertex v with the above property. By Remark 3.5 A contains no triangles,
so we may assume without loss of generality that ¢ = 1 and 2 < j < ¢. The existence of v implies the
existence of two more cycles in A:

71:(17"'7].71)) and 72:(ja"'7c717v)'
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According to Theorem 3.2, every cycle in A must be a dominating set, and the local degree of any vertex
is at most three. So, besides 1 and j, there can be at most one more vertex u € A with { v,u } € A. We
then have by Remark 3.4 that

72:720’/(71) {C,l,j,j—Fl,U,U} and

71:71ﬁy(72) {j_laj,1727U?u}'
This implies, that {1,...,c,v} =1 Uy C{1,2,j—1,4,5+1,¢,v,u }. Because ¢ > 7, we have only
two possible combinations for ¢, j and u for which the above inclusion holds:

(c.du) = (7,4,6) or (c,4,u) = (7,5,3).

In the first case, the cycle (1,v,6,7) is not dominating because 3 ¢ v(1,v,6,7). In the second case, the
cycle (1,v,3,2) is not dominating because 6 ¢ v(1,v,3,2). Thus, by Theorem 3.2 (ii), T?(A) # 0, a
contradiction. (]

-
-

Proposition 3.7. If A is a one-dimensional simplicial complex containing a chordless cycle of length

c> 17, then T?(A) # 0.

Proof. Let us assume that T72(A) = 0 and that A contains the chordless cycle v = (1,2, ...,c). Because
¢ > 7, we can choose a vertex k € {4,...,¢c—2} and define b = { 1, k }. Because ~ is chordless, we have
b € ¥A. By Lemma 3.6 and by the choice of k& we have b = b. So, according to Theorem 3.2 (iii), we
have that

A\ b is connected.

This means there must be a connection between the connected sets
{2,...,k—=1} and {k+1,...,c}.

Again, because « is chordless, this connection must involve vertices in [n]\ [c]. According to Lemma 3.6,
there must be at least two such vertices on the connecting path. By Theorem 3.2 (ii), the cycle v is
dominating, meaning there is a connecting path with exactly two vertices outside of [c]. Let us denote
these vertices as v and w. Therefore, we must have { v,w } € A and

Jie{2,....,k—1} with {iv}eA,
Jdje{k+1,...,c} with {w,j}eA.
The chordless assumption, coupled with Lemma 3.6, implies that there are no further edges in Al cv.w},
beyond those in v and the three edges {i,v }, { v,w }, and { w,j }. However, two more cycles exist:
v = (v,4,...,5,w) and o = (w,4,...,¢,1,...,0,0),
which, by Theorem 3.2 (ii), must also be dominating. We have then by Remark 3.4:
vo=7vNviy) = {i—1,475j+1Lv,w} and
m=mnNviyn) = {i,i+l,j—1jv,w}.
Then
{1,...,c;o,w}=mUyp={i—1,4,i+1,57—1,5,j+1,v,w},
while, by the assumption ¢ > 7,
#{1,..co,wt>9>8>#{i—14i+1,j—14j+Lvw},
a contradiction. (]

From Theorem 3.2 (i), Remark 3.3 and Proposition 3.7 we obtain that, if dim A = 1 and T?(A) = 0,
then A has at most 12 vertices. We can improve this bound.

Proposition 3.8. A one-dimensional simplicial complex A with T?(A) = 0 has at most eight vertices.

Proof. Let A with T?(A) = 0 be a one-dimensional simplicial complex on [n]. According to the previous
comment, it suffices to prove that this leads to a contradiction when n € {9,10,11,12 }. Remark 3.3
and n > 9 imply that A does not have any leaves. By Theorem 3.2 (ii) and Proposition 3.7, the
chordless cycles in A have to have length at least [5]. This means that A has only chordless hexagons
if n € {11,12 }, and chordless pentagons or hexagons if n € { 9,10 }.

Claim. A must contain a pentagon.

Proof of Claim. Assume A contains no pentagon. Based on the above observations, this means that
all the cycles in A must be of length 6. We may assume v = (1,2,3,4,5,6) is a chordless cycle in A.
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Because n > 9, we have [n]\[6] # (. As v is dominating, for every v € [n]\[6] there exists 4, € [6] such
that {v,4, } € A. Because A does not contain pentagons, i, must be uniquely determined:

v(v) N [6] = {iv }.

As A cannot contain any leaves, there must be some vertex w € [n]\[6] with {v,w } € A. Because A
does not contain any pentagons, the shortest path from i, to i,, in v must be of length at least three.
But «v is a hexagon, so there is only one such vertex. In other words, we showed that

Voe [n\[6], FNwe [n]\[6] with {v,w} € A.

This implies that condition (iii) from Theorem 3.2 fails for b = { 4,4, }, a contradiction. |

The Claim shows that n € { 11,12} leads to a contradiction. So we can assume that 9 < n < 10 and
that v = (1,2, 3,4,5) is a chordless cycle in A. Furthermore, as v dominates A, we may assume that

{1,6},{2,7},{3,8},{4,9} € Aand, if n =10, {5,10} € A.
The only edges that avoid the formation of squares are
{6,8},{6,9},{7,9} and,ifn=10, {7,10},{8,10}.

Because every cycle must dominate A, all of these edges have to be edges of A. For instance, if { 6,8 } €
A, then, as the cycle (1,2, 3,8,6) dominates A, we must also have { 6,9} € A. We have thus excluded
all but the two complexes depicted in Figure 1.

5 5

BT

2 3 2 3

FI1GURE 1. The only two surviving candidates on at least 9 vertices.

However, for both of these candidates, the cycle (2,7,9,6,8,3) does not intersect the neighborhood of
the vertex 5. Thus, by Theorem 3.2, they are have nonvanishing 7. (]

Not many candidates are left for one-dimensional simplicial complexes with vanishing T2. According
to Lemma 3.1, complete bipartite graphs K, s satisfy T?(K,. ;) = 0 precisely when 1 < r,s < 3. This
follows because these complexes are joins of zero-dimensional complexes and because T" of a join is
obtained via tensor product from the T"s of the joined complexes [CI14, Proposition 2.3] (see also (5.2)
below). Thus, T? of the join of two complexes vanishes if and only if 72 vanishes for both joined
complexes.

However, there are more one-dimensional complexes with 72 = 0 beyond these six. In fact, there are
precisely 26 such complexes, all illustrated in Figure 2. A quick verification using the Macaulay2 package
VersalDeformations |GS, [lt12] confirms that 72 = 0 for all these matroids. To establish that these
are the only one-dimensional complexes with vanishing 72, first note that the cases where A contains a
leaf are fully covered in Remark 3.3. In the absence of leaves, one has to start from the shortest cycle
contained in A. Using the minimality of this cycle and the fact that its vertices form a dominating
set for A, one obtains the list in Figure 2 following similar arguments as those used in the proof of
Proposition 3.8.
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F1cURE 2. The list of all one-dimensional simplicial complexes with vanishing 7°2.

Remark 3.9. One may think that there is a connection between the three conditions of Theorem 3.2
and circulant graphs (cf. [Hos07]). At least in the absence of leaves this seemed plausible. However,
several leafless complexes in Figure 2 (e.g. the ones with 7 vertices and 9 edges) are not circulant graphs.

4. T? FOR UNIFORM MATROIDS
For every finite set I/ and every r € Zx(, the uniform matroid of rank » on F is the collection of
all subsets of E of cardinality at most r:
Up,={FCE : #F<r}.
The dimensions of the multigraded components of first cotangent cohomology of ?lf;l | were computed

in [BC23, Example 4.10]. We compute now these dimensions for 72 (?Z[Cl]). By definition, for any face
Ae ?l[rn] we have

. i _ r—#A
(4.1) linkg; A=U, Ty

Thus, according to (2.1), it will be enough to determine 7 (%[Tn ]) in purely negative multidegrees for all
n and r.

Proposition 4.1. For every n € Z~qg and every r € Z with 1 < r < n we have

. 0 if #b#2 o0rr>2n—1,
dlmK sz(%f;lp = n—2 n—2 . # 7&
T( T ) - (1’—1) if #b =2.

In particular, T? (%[rn]
Proof. To simplify notation, we write % for %[7;1 ] throughout this proof. By Definition 2.3 we have

No(%) = {FCn]\b : r—#b<#F<r} and

No(%) = {FCn\b : r—#b+1<#F<r}.
By the symmetry of %, we may assume that b={n—-0b+1,...,n}, so [n]\b = [n —b] and #b = b.
This implies

) =0 if and only if r 2 n — 2.

No(%) = Uy U5y and No(%) = U U

As sets partially ordered by inclusion, N, (%) and ]\Nfb(%) are rank-selected subposets of the Boolean
poset of all subsets of [n — b]. Since Boolean posets are shellable, and by [Bj680, Theorem 4.1] every
rank selected subposet of a shellable poset is again shellable, we have that both Ny (%) and Np(%)
are shellable posets. In particular, their order complexes, when non-empty, are homotopy equivalent
to a wedge of spheres of dimension one smaller than their rank: b and b — 1, respectively. Whenever
) ¢ Np(%), the order complex Ny(%) is a barycentric subdivision of (Ny(%)). Hence, (Np(%)) is
homotopy equivalent to wedge of (b — 1)-spheres and, if b > 1 holds, (]\N/'b(%» is homotopy equivalent to
a wedge of (b — 2)-spheres. We recall for convenience (2.2):

(2.2) 0 — T2(A) — HO((No)) — HO((Nb)) — T2,(A) — H'((Ny)) — H'((Nb))
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From this long exact sequence and the above observations, we deduce the following:

If b=1, then H'((Ny(%))) = 0 and H((Ny,(%))) = 0, thus T2, (%) = 0.

If b > 2, then H'((Np(%))) = 0 and HO((Np(%))) = H°((Np(%))) = K, so, because the map from
HO((Np(%))) to H*({N(%))) has maximal rank, we also get 72, (%) = 0.

If #b = 2 we have that the order complex of Nb(%) is the O-dimensional complex whose vertices are the
r-subsets of [n]\'b. This means

dimg H((No(%)))
dimg H' ((No(%)))

The order complex of Ny (%) is the connected 1-dimensional simplicial complex whose vertices are all
r- and (r — 1)-subsets of [n]\b, and whose edges are pairs of such subsets, one strictly contained in the
other. From an elementary count we obtain

dimg H°((Np(%)))
dimg H' ((No(%)))

I
—
3
3
[V
~—

Il
e

L,
() = (7)) + (7D) +1
From [BC23, Example 4.11] we get that 7%, (%) = 0. The alternating sum of dimensions in (2.2) being
equal to zero, we get

dimg T2, (%) = dimg H'((No(%))) + dimg H*((No(%))) — dimg HO((Ny (%))

() = G5

The binomial coefficient (’:) is defined as the number of i-subsets of a set with k£ elements. In particular,
it vanishes if ¢ > k. Notice also that our proof works for any 7. O

Corollary 4.2. The uniform matroid %[7;1] has vanishing T? if and only if n — r < 2.

Proof. From Proposition 4.1 we have that be(%{n]) =0 for all b if and only if n —r < 2. To conclude,

note that by (4.1) the difference between the number of elements and the rank stays constant when
taking links. O

5. MATROIDS WITH VANISHING T2

Before we state the main result of this section, we recall a few more notions from matroid theory. The
dual of a matroid . on [n] is denoted by .4* and is determined by its set of bases:

By :{[n]\B : BGQ%}

A proof that . is a matroid if and only if #* is a matroid can be found in [Ox111, Theorem 2.1.1]. In
particular, if rank # = r, then rank #* = n — r. The later is called the corank of /.

Two elements v and w of a matroid . are called parallel if {v,w} ¢ 4. It is easy to see that parallel
elements which are not loops have the same link in .#. This implies that being parallel defines an
equivalence relation on the set of elements of .# which are not loops. A parallel class of ./ is such
an equivalence class: a subset P C [n] containing no loops, such that if v,w € P with v # w, then
v || w. The structure of rank two matroids is completely determined by the partition of [n]\ {loops} into
parallel classes [CV15, Proposition 2.2]. Duality implies that isomorphism classes of coloop-free, corank
two matroids are in bijection with partitions of [n].

Recall that a hyperplane of a rank r matroid . is an inclusion-maximal subset H C [n]| such that
rank #|g = r — 1. In other words, no basis is contained in H and H is maximal with respect to this
property. By [Oxl11, Proposition 2.1.6] C' is a circuit of . precisely when [n]\ C is a hyperplane of /*.
This is particularly useful for corank two matroids without coloops because the hyperplanes of /#* are

precisely the parallel classes in #*. So, if # is a corank two matroid and if Py, ..., P, are the parallel
classes of *, then the circuits of .# are the loops and unions of the form
(5.1) PLU---UP,U...P,.

with k € {1,...,m}.

Finally, we recall the notion of cycle-atomic subset of [n] which was introduced in [BC23, Section 3| in
order to describe T for matroids:

We call b C [n] cycle-atomic if bNC € {0, b} for all C € € 4.
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In the next proof we will use some technical results from [BC23] on Ny, and Np when b is cycle-atomic.
Given the above characterization of circuits in corank two matroids, we note that b is cycle-atomic for
a corank two matroid precisely when b C P; for some parallel class P; of /*.

The following statement may follow from more general results on Cohen-Macaulay rings of codimension
2. We believe however that the combinatorial proof we present offers some insight that could serve as a
starting point for a proof of Conjecture 1.

Proposition 5.1. If / is a matroid of corank at most two, then T?(M) = 0.
Proof. Notice first that by Lemma 3.1 the statement holds for rank one matroids. This will allow us to

use induction when . contains a coloop.

If the corank is zero or one, then K[.#] is either a polynomial ring or the coordinate ring of a monomial
hypersurface. In both cases T2 vanishes.

If the corank is two, then we first notice that link 4 A has corank at most two for every A C . Thus,
by (2.1), it is enough to prove that T2, (.#) = 0 for every corank two matroid on [r + 2] and every
b C [r + 2]. Denote by Pi,..., P, the parallel classes of .#*. This means, by the above observations,
that the circuits of / are precisely the sets from (5.1). We distinguish two cases.

Case 1: b contains no edge of #*. This means that there exists an ¢ € {1,...,m} such that b C P;.
In other words, b is cycle-atomic. So by [BC23, Proposition 3.2|, we have that Z\~fb = (). This implies
by (2.2) that T?, () ~ H'((Np)). By [BC23, Lemma 4.3] every connected component of Ny, contains
a unique inclusion-minimal element. Thus each connected component of (Np) can be contracted to a
point, and thus the first cohomology is trivial.

Case 2: b contains an edge e of #*. The key observation in this case is that the complement of b is
contained in both Ny, and Ny:

[T+2]\b€ Nbﬁﬁb.
On the one hand, [r 4+ 2]\b C [r +2]\e € B, thus it is a face of A that is disjoint from b. On the
other hand, ([r +2]\b)Ub = [r + 2] ¢ 4, and for every subset b’ C b of cardinality one less, we have
#((r+2\b)UD) =1+ 1.

Because rank # = r, this set cannot be a face of #. Thus Ny and Nb both have the same unique
maximal element: [r + 2]\b. This implies that the associated topological spaces are connected and
contractible to a point, and we conclude by (2.2) that T2, (.#) = 0 also in this case. (]

We conjecture that matroids of corank at most two are the building blocks for all matroids with
vanishing T2.

Conjecture 1. A matroid M has T*(M) = 0 if and only if M is the join of corank two matroids.

We provide here an easy argument for the backwards direction, which is a combination of Proposi-
tion 5.1 and the following general statement.

For any two simplicial complexes A and I'" we have
K[A «T] = K[A] @k K[T].

By a general property of the cotangent modules [CI14, Proposition 2.3] we have for any two K-algebras
A and B that

(5.2) T?*(A®x B) ~ (T*(A) @k B) ® (A®x T*(B)).

This implies in particular that T?(A % T') = 0, precisely when T?(A) = T?(T") = 0.
For matroids, the standard terminology is slightly different. The join operation is often called the direct

sum. In this context, a joint-irreducible matroid is called connected [OxlI11, Section4.2].

Besides Proposition 5.1 and Corollary 4.2, we have some computational evidence in favor of Conjecture 1.
This was obtained using the Macaulay 2 package versalDeformations [GS, Ilt12] and the matroid
database of simple matroids on at most 9 elements [MROS|.
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