WEAK SHARP MINIMA AT INFINITY AND SOLUTION STABILITY IN
MATHEMATICAL PROGRAMMING VIA ASYMPTOTIC ANALYSIS
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ABSTRACT. We develop sufficient conditions for the existence of the weak sharp minima at
infinity property for nonsmooth optimization problems via asymptotic cones and generalized
asymptotic functions. Next, we show that these conditions are also useful for studying the
solution stability of nonconvex optimization problems under linear perturbations. Finally,
we provide applications for a subclass of quasiconvex functions which is stable under linear

additivity and includes the convex ones.

1. INTRODUCTION

The notion of asymptotic (or recession) directions of an unbounded set has been introduced
in order to study its behavior at infinity more than 100 years ago in the series of papers [36]
and then rediscovered in the 1950’s in connection with some applications in economics [9].
Subsequently, the study of asymptotic directions was pursued during decades and the concept
was developed both for convex and nonconvex sets, and then extended to infinite dimensional
spaces, too (see [1-6,27,28,34,35]).

A notion related to the asymptotic cone of the epigraph of the function is the so-called
asymptotic function. A careful analysis of the behavior of the asymptotic function associated
to the objective function of the optimization problem, along the asymptotic directions of
the feasible set, is crucial for determining the existence of minimizers (see [6] for a great
account in the convex case). But when dealing with nonconvex sets and functions, the
usual notions of asymptotic cone and function does not provide adequate information on
the asymptotic directions and the level sets of the original function, for these reasons, the
authors in [2,27,28,30] developed different notions for dealing with nonconvex sets while
in [2,12,15,16,18,25,30] the authors developed different notions for dealing with nonconvex

(quasiconvex) functions. As a consequence, several notions were introduced, but one of the
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most useful ones in the quasiconvex case is the so-called g-asymptotic function, introduced
in [12] (see also [16]).

Generalized asymptotic sets and functions have been developed deeply in the recent years,
and they have been proved to be useful in several nonconvex optimization problems as,
for instance, for developing existence results for noncoercive minimization problems (see
[4,6,12,18,25]), variational inequalities (see [6,20]), equilibrium problems (see [1,10,19]) and
vector optimization problems (see [11,13,24,27]) among others.

In this paper, and motivated by very recent developments on different theoretical tools
for studying minimization problems at infinity (see [22,23,29,37,38]), we study weak sharp
minima at infinity and solution stability for optimization problems via asymptotic analysis.
In particular, we develop sufficient conditions for weak sharp minima at infinity as well as for
solution stability under linear perturbations in the general nonconvex case and, also, we study
continuity properties for the solution map and the optimal value function. Furthermore, and
by using the g-asymptotic function for the particular case when the objective function is
quasiconvex (i.e., including the convex case), we develop even finer sufficient conditions for
both mentioned problems. Moreover, we prove that our assumptions are weaker than the
ones used in [22] (for weak sharp minima at infinity) for a class of nonconvex functions which
includes the convex ones, confirming once again the importance of the use of asymptotic tools
in the study of nonconvex optimization problems and, specially, when we are searching for
useful information from the infinity.

The paper is organized as follows. In Section 2 we review some standard facts on gener-
alized convexity, generalized asymptotic cones and its associated asymptotic functions and
set-valued mappings. In Section 3, we provide a finer sufficient condition for characterizing
weak sharp minima at the infinity. In Section 4, we study solution stability as well as conti-
nuity properties for the solution map and the optimal value function. Finally, in Section 5,

we apply our previous results to the quasiconvex case by using the g-asymptotic function.

2. PRELIMINARIES AND BASIC DEFINITIONS

Throughout the paper, the space R™ is equipped with the usual scalar product (-,-) and
the corresponding Euclidean norm || - ||. We use the notation Bs to represent the open ball
centered at the origin with a radius of 6 > 0. The set of all positive integer numbers is
denoted by N.

Given any function f: R™ — R := R U {00}, the effective domain of f is defined by

dom f :={z € R": f(z) < +00}.



We say that f is proper if f(z) > —oo for every z € R™ and dom f is nonempty. For a
function f, we adopt the usual convention infy f := +o00 and supy f := —o0.
We denote by

epif :={(z,t) € domf x R: f(x) <t}

its epigraph and for a given A\ € R by
Sx(f) ={z eR": f(z) <A}

its sublevel set at value \. As usual,

argminy f :={x € X : f(z) < fly) Vy € X}.
A proper function f is said to be:

(a) convex if its domain is convex and for every x,y € dom f
PO+ (1= X)g) < Af(@) + (1= N f(y) YA€ [0,1].
(b) quasiconvez if for every =,y € dom f,

fO+ (1= Ay) < max{f(z), f(y)} VAel0,1].

Every convex function is quasiconvex, but the converse statement does not hold as the
continuous function f: R — R with f(z) := min{|z|, 1} shows. Recall that

f is convex <= epi f is a convex set;

f is quasiconvex <= S,(f) is a convex set, for all A € R.

As it is well-known, quasiconvex functions are not closed for the sum, i.e., the sum of
quasiconvex functions is not necessarily quasiconvex. For this reason, the authors in [31]

have introduced the following subclass which is closed under addition with linear functions.

Definition 2.1 (see [7,31]). For a > 0, a proper function f : R — R is said to be a-robustly

quasiconvez if the function z — f(x) + (u, z) is quasiconvex for all u € B,,.

Note that every convex function is a-robustly quasiconvex for all & > 0, but the converse
statements does not holds (see [7, p. 1091]). An important property of a-robustly quasicon-
vex functions is that every local minimum is global, but a-robustly quasiconvex functions
are different from semistrictly quasiconvex ones (see [7, p. 1091]). For a further study we
refer to [7,31,32].

As explained in [6], the notions of asymptotic cone and the associated asymptotic function

have been employed in optimization theory in order to handle unbounded and/or nonsmooth



situations, in particular when standard compactness hypotheses are absent. We recall some
basic definitions and properties of asymptotic cones and functions, which can be found in [6].

For a nonempty set X C R", the asymptotic cone of X, denoted by X, is the set defined
by

X‘X’:—{UE]R”: Jtp — +oo, o € X, ?—ML}
k

We adopt the convention that (> = ().

We note here that when X is a closed and convex set, its asymptotic cone is equal to
XOO:{UER": o+ Au € X V)\EO} for any zg € X,
see [6, Proposition 2.1.5].
Let f: R” — R be a proper function. The asymptotic function f* : R® — R of f is the
function for which
epi [ := (epi f).

From this, one may show that

f(d) = inf {lim inf f(tdy)

Tty — 400, dk—>d}
k—+o00 tr

Moreover, when f is lower semicontinuous (lsc henceforth) and convex, then we have

foo(u) = sup f(iCO + t’U;f) — f(lCo) _ tLlin f(:lj‘o + tl;) — f(xO)

Vzy € dom f, (1)

see [6, Proposition 2.5.2].
A function f: R™ — R is called coercive on a subset X C R” if
lim f(x) = +oo.
ll]] 5 +o0
We say that f is coercive if it is coercive on R™. We know that, if f°°(u) > 0 for all u # 0,

then f is coercive. Furthermore, if f is convex and lIsc, then
f is coercive <= f*(u) > 0 Vu # 0 <= argming, f is nonempty and compact,

see [6, Proposition 3.1.3].
When f is nonconvex, the asymptotic function f*° is not good enough for providing
information on the behavior of f. For this reason, several authors have been proposed

different notions for dealing with, specially, quasiconvex functions, see [12,15,16,18,25].

Definition 2.2. Given a proper function f : R* — R, we consider:
(4) (see [12,16]) The g-asymptotic function of f is the function f°:R" — R given by:

[ (u) ;= sup sup flo+tu) = f(z) YV ueR"
xz€dom f t>0 t




(17) (see [25]) The sublevel asymptotic function of f at the height A € R, with S\(f) # 0,
is the function f{° : R — R given by:

t _
f(u) == sup sup flo+tu) - f(z) YV ueR".
z€S\(f) t>0 t

If f is Isc and quasiconvex, then, by [12, Theorem 4.7], we have

[ (u) >0 Vu#0 <= argming, f is nonempty and compact,

and, by [25, Theorem 3.1], for any A € R with S)\(f) # () we have
f(u) >0 Yu#0 <= argming. f is nonempty and compact.

If f is quasiconvex (resp. Isc), then f9(-) and f{°(-) are quasiconvex (resp. lsc). Further-

more, the following relations hold for any A € R with Sy\(f) # 0,
FEE) < BRE) < S70).
Both inequalities could be strict even for quasiconvex functions, see, for example, [25].

We now recall definitions of the upper and lower semicontinuity to set-valued mappings.

Definition 2.3 (see [6]). Let F': R = R™ be a set-valued mapping. Then, F' is said to be:

(1) upper semicontinuous (usc henceforth) at z if, for any open set V' C R™ such that
F(z) C V there exists a neighborhood U of Z in X such that F(z) C V for all x € U,
(17) lower semicontinuous (Isc) at Z if F(z) # () and if, for any open set V' C R™ such that
F(z)NV # () there exists a neighborhood U of Z such that F(z)NV # () for all z € U,

(14i) continuous at Z if it is both usc and lsc at this point.

For a further study on generalized convexity and asymptotic analysis we refer to [2-8,10—
12,14-21,24-26, 28, 31,33-35] and references therein.

3. WEAK SHARP MINIMA AT INFINITY

Let us consider the following optimization problem

inf f(z), (P)

zeX
where f: R"” — R is assumed to be a proper lsc function and X C R" is a closed set such

that dom f N X is unbounded during the whole paper.

Theorem 3.1 (The coercivity and the weak sharp minima property at infinity). Assume
that

X=nK(f) =A{0}, (2)
where K(f) :={d € R" : f>(d) < 0}. Then the following statements hold:



(a) Problem (P) has a finite optimal value and Sol (P) is nonempty and compact.
(b) Problem (P) has a weak sharp minima at infinity, i.e., there exist constants ¢ > 0
and R > 0 such that

f(z) = f« > cdist(z,Sol (P)) V€ X \ Bg,
where f,. :=inf,cx f(z) and dist(z, Sol (P)) stands for the distance from x to Sol (P).

(¢) f is coercive on X.

Proof. (a): See [33, Theorem 4.2.1].

(b): By contradiction, assume that there exists a sequence zy € X such that z; — oo and

0< flag) — fu < %dist(mk,Sol (P)) Vk eN. (3)

Since x; — 00, by passing to subsequences if necessary we may assume that £ converges

[EN
to some d € R". Clearly, d € X* and ||d|| = 1. By (2),

k—o0 k

f(d) = inf {liminf f(tdy) b — 0o, di — d} > 0. (4)

Put tg := ||zx|| and dy := 2. Then it follows from (4) that

7 := lim inf (i)

k—o0 tk

> 0. (5)

Let € € (0,7). Then the relation (5) implies that there exists ky > 0 such that

f(twdy)

>y —¢€ szll{?(],
23

or, equivalently,
flae) > (v = e)llawll VE = ko
This together with (3) imply that

(v =)zl — fo < flzg) — fu < %dist(xk,Sol (P)) Yk > k.

Let z, € Sol (P) be satisfied ||z — zx|| = dist(xy, Sol (P)). Then, by the compactness of
Sol (P), we have
e = zell < [lzell + lzell < llzell + M,

where M := max{||z|| : z € Sol(P)}. Hence
1
(v = llzell = fo < L (el + M) VE > k. (6)

By dividing both sides of (6) by ||zx|| and letting k& — oo, we get v < £, a contradiction.
(c): This is a direct consequence of (a) and (b). O



Now, we present a result in order to compare with [22, Theorem 6.4]. To that end, we need

to recall some definitions from variational analysis at infinity that were introduced in [22].

Definition 3.2 (see [22]). The norm cone to the set X at infinity is defined by

N(oo;X) := LimsupN(z;X),
xi>oo
where 2 2> 0o means that ||| = oo and 2 € X and N(z; X) is the regular/Fréchet normal

cone to X at x and defined by
~ - (v,2 — )
N(z; X)=<veR" : limsup—+ <0,.
x, |z =

Definition 3.3 (see [22]). The limiting/Mordukhovich subdifferential of f at infinity is de-
fined by
Df(c0) = {u R : (u,—1) € LimsupN((x,f(x));epif)},
T—>00
where “Limsup” is the sequential upper/outer limit in the sense of Painlevé—Kuratowski,
i.e., u € f(c0) if and only if there exist sequences x;, € R™, (uy,vx) € R™ X R such that
(ug,vr) € N((zk, f(xg));epif) for all k € N, and ||| — oo, (ug,vx) — (u,—1) as k — oo.

Some properties and calculus rules of the normal cone and the subdifferential at infinity
can be found in [22]. In [22, Theorem 6.4], the authors show that if f is bounded from below

on X and the following condition
0 ¢ 9f(00) + Nx(o0) (7)

is satisfied, then assertions of Theorem 3.1 hold. The following result gives us that, in some

cases, condition (2) is weaker than condition (7).

Proposition 3.4. Assume that X is a convex set and f is a convex function. Then condition
(2) is equivalent to that the solution set Sol (P) is nonempty and compact. Consequently, if
f is bounded from below on X and (7) holds, then so is (2).

Proof. 1f (2) is satisfied, then the nonemptiness and compactness of Sol (P) follow from
Theorem 3.1(a). We now assume that Sol (P) is nonempty and compact, but (2) is not
satisfied, i.e., there exists a nonzero vector v € X*° N K(f). Fix any Z € Sol (P). Since f is
proper, lsc, convex and v € K(f), we have by formula (1) that

[z +tv) = f(=)
t

f(v) = sup

t>0

<0 Vz edomf,



or, equivalently,

flx+tv) < f(x) Vo e dom f,Vt>0.

Hence, f(z + tv) < f(z) for all ¢ > 0. Since X is convex and v € X*°, one has T +tv € X
for all t > 0. Thus, Z + tv € Sol (P) for all ¢ > 0, contrary to the compactness of Sol (P).
Therefore, condition (2) is satisfied.

If f is bounded from below on X and (7) holds, then, by [22, Theorem 6.4], Sol (P) is
nonempty and compact. Thus (2) is satisfied. The proof is complete. O

Remark 3.5. If f is an affine function and bounded from below on X, then (2) implies (7)
and thus they are equivalent. Indeed, suppose that (2) is satisfied and f(x) = ¢’z + 3 for
all z € R", where ¢ € R" and € R. If (7) does not hold, then 0 € Jf(00) + Nx(0).
Clearly, 0f(c0) = {c} and so —¢ € Nx(o0). By definition, there exist sequences z; € X,

x; € Nx(xy) with ||| — oo, 5 — —c as k — oco. Without any loss of generality, we may

assume that 7k — v € X with ||l = 1. Since X is convex and z} € Nx(zy), we have

(xp,x —x) <0 Vo e X,VkeN.
Dividing two sides by ||z || and letting k& — oo we obtain
v = (—c,—v) <0.
Clearly, f°(v) = c¢fv. Hence, v € X*° NK(f) and ||v|| = 1, contrary to (2).

The following simple example shows that (2) is not equivalent to (7) for the case of convex

quadratic functions.
Example 3.6. Let f: R? -+ R and X C R? be defined, respectively, by
f(z) =23 Vo = (21,2,) € R?

and X := {x = (z1,79) € R? : 0 < x; < 1,25 > 0}. An easy computation shows that
X% = {0} x R and, for any v = (v, vs) € R?,

0o O, if Vg = 0,
o) =
400,  otherwise.
Thus X* N K(f) = {0}. However, we can see that Nx(oo) = R x {0}, 9f(c0) = {0} x R.
Hence, 0 € 0f(00) + Nx(00), i.e., the condition (7) does not hold.



4. SOLUTION STABILITY

For every u € R™, we define the function f,: R® — R by f,(z) := f(x) — (u,z) for all
x € R™. Consider the perturbed optimization problem

inf f,(z), (P.)

zeX
where u is the parameter of perturbation. The solution set of (P,) is denoted by Sol(u).
When u = 0, one has Sol (0) = Sol (P). Furthermore, the function y : R® — R defined by
infa:EX fu('r)a if X ?A Q)v

~+00, otherwise,

plu) =

is said to be the optimal value function of (P,).

Solution stability is an interesting and very useful research field in optimization (see [5,6,
17,35] among others) in virtue of its applications on concrete applications since, in practice,
we are usually finding the solution of the optimization problem via numerical methods.

Before presenting our results, note that:

The proofs are similar, we just prove (8). For every y,u € R", we have

(fu)*(y) = lim inf f(ty) _t {u, ty') = liminf 1) + lim inf(—(u, y'))
Y=y Y —y t Y =y

= (/)™(y) — (u,y).

4.1. The semicontinuity of the solution map.

Theorem 4.1. Assume that X>° N K(f) = {0}. Then there exists € > 0 such that for all
u € B, the following statements hold:

(a) fu is bounded from below on X.

(b) fu is coercive.

(¢) Sol (u) is nonempty and compact.

(d) Limsup,_,, Sol (u) C Sol (0).
(e)

e) Sol (+) is usc at 0.

Proof. We first show that there exists € > 0 such that for all © € B,, the following condition
holds

X*NnK(fu) = {0} (10)



Indeed, if otherwise, then for any k € N, there is ux € B1 such that XN K(f..) # {0},
i.e., there exists d € X\ {0} such that (f,, ) (dy) < 0. Since X* is a closed cone,
by passing a subsequence if necessary we may assume that hy = ﬁ converges to some
h € X with ||h|| = 1. For each k > 0, by the positive homogeneity of (f,, ) and the fact
that (fy,)>(dx) <0, one has (f,,)*(ht) < 0. By (8), we have

foo(hk) - <uk7 hk> = (fuk)oo(hk) <0,

or, equivalently,
fe(hg) < (ug, hg) VE € N.

This and the lower semicontinuity of f*° imply that
f°(h) < liminf f*°(hy) < lim (ug, hg) = 0.
k—o0 k—o0

Hence h € X*°NI(f), which contradicts the assumption that X*°N/C(f) = {0}. Thus (10)
holds.

(a), (b), and (c) follow directly from Theorem 3.1 and (10).

(d): Take any Z € Lim sup,,_,, Sol (u). Then there exist sequences uy — 0 and x5 € Sol (uy,)

with x, — T as k — o0o. For each k£ > 0, we have
flxg) — (ug, xp) < f(z) — (ug, x) Vo e X.

This and the lower semicontinuity of f imply that
£(&) < liminf f(z) = lim inf(F(2) — (we, 22)
k—o00 k—o0

< liminf(f(x) — (ug, x)) = f(x) Ve X.

k—o00
Hence z € Sol (0), as required.

(e): Suppose on the contrary that Sol(-) is not usc at 0. Then there exists an open set
U C R", with Sol (0) C U, such that for every neighborhood 0 € W C R™, there exists
u € W satisfying Sol (u) € U. Hence, there exist sequences uy, and zj, such that u, — 0 and
xy, € Sol (ug) \ U for all k € N.

If {x} is bounded, we assume without loss of generality that =, — & € R™ By (d),
& € Sol(0) C U, which contradicts that xp ¢ U for all k£ and U is open. So, {xx} is
unbounded. Without any loss of generality, we can assume that ||zgx|]| — oo as k — oo.
Take ty := ||lzx| and dj, := *. Hence, dj, — d € X* with [|d|| = 1, taking a subsequence if
necessary. Fix any y € X. Then, we have f,, (zx) < fu,(y) for all k£ and so

F2(d) < i inf L) _ i L) = ) e SO = ()
k—o0 tk k—o0 tk k—o0 k
which contradicts the fact that X NC(f) = {0}. O

10



Lemma 4.2. If X is a conver set and f is a convex function and the following condition
holds

X=nK(f) #{0}, (11)

then there exists a sequence {uy}r C R™ with up — 0 as k — oo such that Sol (ugx) = 0 for
every k € N.

Proof. If (11) holds, then there exists a nonzero vector d € X* such that f*°(d) < 0. For
each k € N, let uy, := %d. Then, u — 0 as k — oo and (uy,d) > 0 for all £ € N. Hence,

(fu)2(d) = f(d) — (ug,d) <0 Vk € N.

Fix any g € X Ndom f. It follows from the convexity of X that x¢ + td € X for all ¢ > 0.
By [6, Proposition 2.5.2] and the convexity of X and f, one has

(Fuo)(d) = lim T 1) = Ful20) _ ) Fual2o 1)
t—00 t t—00 t
Hence,
t—o00
This implies that lim; o fy, (2o +td) = —oo for any k € N. Hence, Sol (uy) = 0 for all
k € N. The proof is complete. O

The following theorem presents necessary /sufficient conditions for the lower semicontinuity

of the solution map Sol ().

Theorem 4.3 (The lower semicontinuity of the solution map). If the following conditions

are satisfied:
(a) Sol(0) is a singleton,
(b) X>nK(f) = {0},
then Sol (+) is lsc at 0. Conversely, if Sol(-) is lsc at 0, then (a) holds true. Moreover, if X

and f are additionally assumed to be convex, then (b) is also satisfied.

Proof. Suppose that (a) and (b) hold. By (a), Sol (0) = {z} for some z € X. Let U be an
open neighborhood containing z. Then, by (b) and (10), there exists £; > 0 such that

X®AK(f.) = {0} VueB.,.

It follows from Theorem 4.1(c) that Sol (u) # () for every u with |lu|| < ;. Since Sol(:) is
usc at 0, by Theorem 4.1(e), there exists e > 0 such that Sol (u) C U for every u satisfying
|lu|]| < e2. Thus Sol (u) NU # 0. Therefore, by taking e := min{ey,e2} > 0, we obtain that
Sol (+) is Isc at 0.

11



Conversely, suppose that Sol (+) is Isc at 0. We show that the condition (a) is satisfied.
Suppose on the contrary that (a) does not hold, i.e., Sol (0) contains at least two different

points = and y. We choose A = (Aq, ..., \,) € R" satisfying

=1, =(A2) > (A7)
So, there exists an open set U containing T such that

—(\,x) > —(\,y) Ve el. (12)
For any € > 0 and x € U, from (12) it follows that

foa(w) = [(2) + (=e;x) > [(7) + (=N ) = [(y) — (N 9) = far(9)-

It implies that x ¢ Sol (e\). Hence, there exists eA — 0 as ¢ — 0 such that Sol (eA) NU = 0,
which contradicts that Sol (+) is Isc at 0, i.e., condition (a) holds.

Now, suppose in addition that X and f are convex but (b) does not hold. Then, by Lemma
4.2, there exists a sequence {uy}r C R™ such that u, — 0 as k — oo and Sol (ug) = 0 for all
k € N. This contradicts that Sol (-) is Isc at 0. O

4.2. The continuity of the optimal value function. Now, we focus our attention on the

continuity of the optimal value function pu.

Theorem 4.4. The following assertions hold:

(a) w is usc at 0.
(b) If XN K(f) ={0}, then u is lsc at 0 and so it is continuous at 0.

Proof. (a) Let {ux}x C R™ be a sequence converging to 0. Since X # (), we have p(0) < +o00.
Then, there is a sequence {z;}; in R" such that z; € X and f(x;) — p(0) as [ — oo. For
each [ € N, we have p(uy) < fu, (z;) for all k£ € N. This implies that

lim sup (us) < f(z).

k—o0

Taking [ — oo we get
lim sup p(ug) < p(0).
k—o0
This means that p is usc at 0.

(b) Let {ux}r C R™ be an arbitrary sequence converging to 0. We show that

lim inf p(ug) > 1(0),
k—o0

12



i.e., pis Isc at 0. Suppose on the contrary that lilgn inf p(ug) < 1(0). By taking a subsequence
— 00
if necessary, we can assume that

liminf pe(ug) = lm p(uy).
k—o0 k—ro0

Then there exist ky € N and 5 € R such that 5 < u(0) and u(ug) < g for all k& > ky. Since
ur, — 0 as k — oo and Theorem 4.1(c), there exists an integer k1 > ko such that Sol (uy) # 0
for all k£ > k;. For each k > k, take any xz; € Sol (ug). Then we have z; € X and

Ju (1) = pug) < B, (13)

We show that the sequence {xy}, is bounded. Indeed, if otherwise, then, without loss of
generality, we can assume that ||zy|| # 0 for all & > k; and ||xx|| — +00 as k — oco. Then,
the sequence {||z¢||*xx}x is bounded, and hence it has a convergent subsequence. Without
loss of generality, we can assume that this sequence itself converges to some d € R"™ with
|d|| =1 and d € X*°. Let t), := ||z}|| and dy, := t;, ' 4. By (13), we obtain

trd
M < ﬁ Yk > k.
i tr
Letting k — oo in the last inequality we get
() < liming L) i L) = Coedi) g, e @)

This with d € X* contradict the assumption that X*>° N K(f) = {0}. Therefore, {zx}y is
bounded.
Now, passing a subsequence if needed, {z}}, converges to some Z € X. By (13) and the

lower semicontinuity of f, we obtain
f(z) < lim f,, (zx) < B.
k—o0

Combining this with g < u(0), we have f(2) < u(0), which contradicts that & € X. There-

fore, p is Isc at 0 and the proof is complete. O

5. THE QUASICONVEX CASE

In this section, we apply our previous results to the particular case when the objective
function in problem (P) is quasiconvex or a-robustly quasiconvex (see Definition 2.1).

As mentioned in the introduction, when the function f is nonconvex, then the usual
asymptotic function f°*° does not provide adequate information on the behavior of f at
infinity. For instance, and in relation to Theorem 3.1, we mention that when the function f
is quasiconvex, the assumption

XA K(f) = {0},

13



is too restrictive. Indeed, let us consider the one-dimensional real-valued function f : R — R
given by f(z) = /]z] and X = R. Here f is coercive and argminy f = {0} is a singleton,
but X* N K(f) = R, and Theorem 3.1 cannot be applied even in this basic situation.

On the other hand, if we use any of the generalized asymptotic functions f2* and f3°, we
obtain that

[ () =400 Vu#0, and 0< f°(u) <2 Vu#0.
Therefore,
X*NKy(f) ={0}, and X*nNK,\(f) = {0},
where Ky(f) :={d € R": f>*(d) <0} and Kx(f) :={d € R": f3°(d) < 0}, respectively.
Before stating main results of this section, we give a result on the nonemptiness and com-

pactness of the solution set to constrained optimization problems by using the g-asymptotic

function.

Lemma 5.1. Assume that X C dom f is a conver set and f is a quasiconvexr function.

Then, the following assertions are equivalent:
(a) Sol (P) is nonempty and compact.
(b) XN K,(f) = {0}

Proof. By [12, Theorem 4.7|, it suffices to show that () is equivalent to the following condi-
tion

Kq(f +0x) = {0},
where dx is the indicator function of X and defined by

0, if xelX,
ox =
+00, otherwise.

Indeed, by definition of the g-asymptotic function and the convexity of X, we have

(f +0x) (@ + td) — (f + 0x)(x)

(f+0x)g(d)= sup  sup
z€dom (f+0x) t>0 13
— sup sup flz+td) + ox(x +td) — f(x)
zeX t>0 t

f&E(d), if d¢ X,
+00, otherwise,
= f2(d) + dx=(d).

Hence, X>° N IC,(f) = {0} if and only if K,(f + dx) = {0}, which completes the proof. [
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Remark 5.2. The equivalent conditions (a) and (b) in Lemma 5.1 do not imply the coercivity
of f on X. For example, let f(z) = 1-946-% and X = R. Clearly, f is quasiconvex on R and
IC,(f) = {0}. Hence, condition (b) in Lemma 5.1 is satisfied, but the function f is not

coercive on R.

In the same spirit than Proposition 3.4, the following corollary shows that condition (14)

is weaker than (7) for quasiconvex functions, too.

Corollary 5.3. Assume that X C dom f and it is convex. If the function f is quasiconvez
and bounded from below on X and (7) holds, then so is (14).

Proof. By (7) and [22, Theorem 6.4], Sol (P) is nonempty and compact. Thus, the desired

conclusion follows directly from Lemma 5.1. O

In the next proposition we improve Theorem 3.1 for proper, lsc, a-robustly quasiconvex

functions.

Proposition 5.4. Let X be a convez set and f be an a-robustly quasiconvex function (o > 0)
with X C dom f. If

XN K, (f) = {0}, (14)
then there exists € > 0 such that for all u € B, the following statements hold:
(a) fu is bounded from below on X.

(b) Sol (u) is nonempty and compact.
(¢) limsup,,_,q Sol (u) C Sol (0).
(d) Sol(-) is usc at 0.

Proof. We first show that there exists € > 0 such that the following condition holds
X*NK,(f.) =10} VueB.. (15)

Indeed, suppose on the contrary that for every k € N, there exists u, € IB%% such that
XN K,y(fu,) # {0}, i.e., there exists dj, € X*>°\{0} such that

(fur)g (dr) < 0.

Since X is a closed cone, by passing a subsequence if necessary, we may assume that
{hk = II(ZI_’ZII} C X converges to h € X*° with ||h| = 1.
k
For every k € N, since f* is positively homogeneous of degree one and (fy, ) (hr) < 0,

and by using relation (9),

(fur)g (hi) = f7°(hi) — (ug, hg) < 0.
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Since f is Isc, f7° is Isc too by [12, p. 118], thus

[ (h) <liminf f2°(hy) < liminf (uy, hy) = 0.

k—-+o0 k—+o0

Hence, h € X*° N K,(f) with h # 0, a contradiction. Therefore, relation (15) holds.

Since X is convex and f is a-robustly quasiconvex, f,(x) = f(z) — (u,z) is quasiconvex
for all w € B,. Let ¢ be satisfied (15) and € < . Hence, (a) and (b) follow from relation
(15) and Lemma 5.1.

The proof of part (¢) is quiet similar to the proof of Theorem 4.1(d), so omitted.

(d): Suppose on the contrary that Sol(-) is not usc at 0. Analysis similar to that in
the proof of Theorem 4.1(e) shows that there exist sequences uy and zj such that uy — 0,
xy, € Sol (uy,) for all k € N, and the sequence {a:k} is unbounded. Without loss of generality,
we can assume that [lzx| — +oo and dy := 2 — d € X* with ||d|| = 1. Since u, — 0,
there exists k; € N such that u, € B, for all & > k. Furthermore, since ||zx|| — +o0o for
” T < 1 for all k& > ks.

Take any y € X, then f,, (zx) < fu, (y) for all k € N. Since X is convex and f is a-robustly

every t > 0, there exists ko € N such that 0 <

quasiconvex, we obtain for every k > ko := max{ky, ko} that

P(C ) v o) = (o (1 ) 7+ o) < st )

= f(y) = (ur,y)-

Since f is lsc, we have
fly+td)—0< f(y)—0 Vt>0 VyeX.
This implies f2°(d) < 0. Therefore, d € X N K,(f), a contradiction. O

Furthermore, we also adapt the results for solution stability for the quasiconvex case below.

Proposition 5.5 (The lower semicontinuity of the solution map). Let X be a convex set
and f be an a-robustly quasiconvexr (o > 0) with X C dom f. Then Sol(-) is lsc at 0 if and
only if the following conditions hold:

(a) Sol(0) is a singleton;

(b) XN Ky(f) = {0}

Proof. The proof of the part “only if” is similar to the proof of first one of Theorem 4.3, so
omitted.

We now assume that Sol (+) is Isc at 0. Then, by Theorem 4.3, (a) holds true. Assume
that Sol (0) = {z}. If (b) does not hold, then there exists d € X\ {0} such that f5*(d) < 0.
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Clearly, Z + td € X for all ¢ > 0. Let uy := £d. Then uy — 0 as k — oo and

(Fu)2(d) = £2() ~ (o d) = £2(d) — I <.

By definition, we have

sup fuk(f + td) — ka(f)

>0 t

< 0.

This implies that f,, (Z + td) — —oo as t — oo and Sol (uy) = (). Hence, Sol (+) is not Isc at

0, a contradiction. O
As a consequence, we have the following corollary.

Corollary 5.6 (The continuity of the solution mapping). Let X be a conver set and f be
an a-robustly quasiconver (o > 0) with X C dom f. Then Sol(-) is continuous at 0 if and

only if conditions (a) and (b) in Proposition 5.5 hold.

Finally, we ensure the continuity of the value function p at 0 when f is proper, Isc and

a-robustly quasiconvex (o > 0).

Proposition 5.7 (The continuity of the optimal value function). Let X be a convez set and
[ be an a-robustly quasiconver (o > 0) with X C dom f. If X*° N K,(f) = {0}, then u is

continuous at 0.

Proof. We repeat the proof of Theorem 4.4 until relation (13). Hence, we need to show
that the sequence {zy}r>k, is bounded, where z;, € Sol (uy) for all k > ki with wuy being an
arbitrary sequence converging to 0. Indeed, if {xy}x>k, is unbounded, then, without loss of
generality, we assume that ||z || — +00. Hence, {ﬁ}k is bounded. Passing a subsequence
if needed, Hi_:H — d € X with ||d|| = 1.

Since uy — 0, there exists ky € N such that u;, € B, for all £ > k. Furthermore, since
|lzx|| = +oo, for every t > 0, there exists k3 € N such that 0 < m < 1 for all k > k;.
Take any y € X. Since zy € Sol (ux), fu,(xr) < fu,(y) for all k € N. Since X is convex and
f is a-robustly quasiconvex, we have f>°(d) < 0 by the same analysis than Proposition 5.4.
Hence, d € X* N K,(f), a contradiction.

Therefore, {xy}x is bounded and the rest of the proof follows as in Theorem 4.4. We note
here that the upper semicontinuity of x at 0 does not depend on the assumptions on the

function f and X. O
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6. CONCLUSIONS

We contributed to the discussion on the analysis of optimization problems at infinity by
studying sufficient conditions for weak sharp minima and solution stability in the general
nonconvex case and also in the quasiconvex case.

By using the usual tools from (generalized) asymptotic analysis, we proved that this
classical approach is finer than the one from the variational analysis at infinity, specially
for weak sharp minima since the sufficient conditions based on asymptotic tools are weaker
than the ones based on variational analysis at infinity for the whole class of proper, lsc and
convex functions (and also for the quasiconvex ones).

In this sense, we strongly believe that the valuable efforts for obtaining useful information
for optimization problems from the infinity could be improved, and this improvements should
be based on adding a “direction term” in Definitions 3.2 and 3.3, that is, by defining the
normal cone of the set X at the infinity in the direction v and its respectively limiting
subdifferential of f at the infinity in the direction v. This will be a matter of a subsequent
work.

We hope that our results could provide new lights for further developments on asymptotic

analysis and variational analysis at infinity.
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