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ABSTRACT. The goal of this paper is to prove the viscous Rayleigh-Taylor instability in a horizontal
periodic domain with infinite height, extending the inviscid result of Guo and Hwang [4]. Using the
spectral analysis obtained by Lafitte and the author [13], we show the existence of infinitely many
unstable solutions to the linearized equations. Hence, we are able to construct a large class of initial
data to approximate the nonlinear equations, refining Grenier’s method [6] and then to prove the
nonlinear instability. Our result improves the previous one of Jiang, Jiang and Ni [9] by using a strong
notion of instability.
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1. INTRODUCTION 8

The governed equations are the gravity-driven incompressible Navier–Stokes equation: 9
$

’

&

’

%

Btρ` divpρ~uq “ 0,

Btpρ~uq ` divpρ~ub ~uq `∇P “ µ∆~u´ ρg~e3,

div~u “ 0,

(1.1) 10

where t ě 0, x “ px1, x2, x3q P p2πLTq2 ˆR ( T be the usual 1D torus and L ą 0 be the length 11

of periodicity). The unknowns ρ :“ ρpx, tq, ~u :“ ~upx, tq and P :“ P px, tq denote respectively the 12

density, the velocity and the pressure of the fluid, while µ ą 0 is the viscosity coefficient, g ą 0 is 13

the gravity constant and ~e3 “ p0, 0, 1q
T . Let ρ0 ą 0 be a C1-function depending only on x3 and let 14

P0 be another function of x3 given by P 10 “ ´gρ0 with 1 “ d{dx3. Hence, pρ0px3q,~0, P0px3qq is an 15

equilibrium to Eq. (1.1). Of interest of this paper is to study the nonlinear instability of Eq. (1.1) 16

around the above steady state, assuming that 17

0 ă ρ´ ă ρ` ă `8 with lim
x3Ñ˘8

ρ0px3q “ ρ˘, (1.2) 18

since we are interested in Rayleigh-Taylor instability. 19

The Rayleigh–Taylor (RT) instability, studied first by Lord Rayleigh in [16] and then Taylor [18] 20

is well known as a gravity-driven instability in two semi-infinite inviscid and incompressible flu- 21

ids when the heavy one is on top of the light one. It has attracted much attention due to both its 22
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physical and mathematical importance. Two applications of worth mentioning are implosion of iner-1

tial confinement fusion capsules [14] and core-collapse of supernovae [15]. For a detailed physical2

comprehension of the RT instability, we refer to three survey papers [8, 19, 20].3

Mathematically speaking, for the inviscid and incompressible regime in the neighborhood of such4

steady state, the linear instability has been studied by Lafitte et al. [2, 3, 11, 7] thanks to the vari-5

ational structure of the linearized system. Guo and Hwang [4] used the celebrated framework of6

Grenier [6] to prove the nonlinear instability. After that, Lafitte developed these above results in7

[12] considering the density profile of quasi-isobaric type (ρ´ “ 0). Tan and Xu in [17] extend the8

result of Guo and Hwang to a slab domain studying the effect of boundary conditions.9

For the viscous problem (1.1), Jiang, Jiang and Ni [9] studied the linear instability of such steady10

state pρ0px3q,~0, P0px3qq satisfying (1.2) and that ρ10 P C
8
0 is locally positive. To study the linear11

instability, the authors followed a modified variational approach of Guo and Tice [5] for a RT prob-12

lem with two compressible channel flows. Hence, the authors [9, Theorem 1.1 and Remark 1.3]13

introduced a weak notion of instability and proved the nonlinear RT instability in that sense.14

Very recently, assuming that the density profile ρ0 satisfies (1.2) and that ρ10 is a nonnegative15

function of class C0
0 pRq, the author and Lafitte [13] initiate another approach to study the linear16

instability. The method is based on the spectral theory of compact and self-adjoint operators and the17

given result proves the existence of infinitely many normal mode solutions to the linearized equations18

(see (2.2)). For readers convenience, we refer to Theorem 2.1 below for the statement. This paper19

is a continuation of [13], passing the linear instability to the nonlinear instability by refining the20

framework of Grenier [6]. Precisely, having infinitely many normal mode solutions to the linearized21

equations at hands, we illustrate the nonlinear RT instability with a wide class of initial data. We22

refer the statement to Theorem 2.3. Let us point out that our main result uses the strong notion of23

instability, see [6, Definition 2.1] and thus sharpen the previous result of Jiang, Jiang and Ni [9].24

This paper is organized as follows. In Section 2, we formulate the problem with the governing25

equations by following [13]. After that, we present the known result, Theorem 2.1, on the spectral26

analysis of the linearized equations (2.2). The second part is to present the nonlinear result and27

introduce the strategy of the proof.28

2. THE GOVERNED EQUATIONS AND MAIN RESULTS29

Let us formulate the main problem. In the vicinity pρ0px3q,~0, P0px3qq, the quantities30

σ “ ρ´ ρ0, ~u “ ~u´~0, p “ P ´ P031

satisfy the following nonlinear perturbation equations32

$

’

&

’

%

Btσ ` ~u ¨∇pρ0 ` σq “ 0,

pρ0 ` σqBt~u` pρ0 ` σq~u ¨∇~u`∇p “ µ∆~u´ gσ~e3,

div~u “ 0.

(2.1)33

Hence, instead of proving the nonlinear RT instability to (1.1), we move to prove the nonlinear34

instability of trivial solution to the nonlinear equations (2.1). For this purpose, in the first part, we35

represent the spectral analysis in [13] and deduce further property of the maximal growth rate to36

the linearized equations (2.2) below. In the second part, we introduce the strategy of the proof to37

nonlinear instability result, following Grenier’s idea [6] with a refinement.38
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2.1. The linear instability. Omitting the nonlinear terms in (2.1), we obtain the following lin- 1

earized equations, 2
$

’

&

’

%

Btσ ` ρ
1
0u3 “ 0,

ρ0Bt~u`∇p “ µ∆~u´ gσ~e3,

div~u “ 0.

(2.2) 3

Since ρ0 depends only on x3, we continue the analysis into normal modes as in [1, Chapter X, 4

Section 91]. The linear instability amounts to the investigation of normal mode solution to (2.2) of 5

the form 6

σpt, xq “ eλt cospk1x1 ` k2x2qζpx3q,

u1pt, xq “ eλt sinpk1x1 ` k2x2qψpx3q,

u2pt, xq “ eλt sinpk1x1 ` k2x2qθpx3q,

u3pt, xq “ eλt cospk1x1 ` k2x2qφpx3q,

ppt, xq “ eλt cospk1x2 ` k2x2qqpx3q,

(2.3) 7

where k “ pk1, k2q P pL
´1Zq2, λ “ λpkq P Czt0u and Reλ ě 0. In this case, such a λ is a 8

growth rate of the instability or is a characteristic value of the linearized problem (see [1, Chapter 9

X, Sections 92-93]). 10

Let k “ |k| “
a

k2
1 ` k

2
2 , substituting (2.3) into (2.2), we arrive at the following system 11
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

λζ ` ρ10φ “ 0,

λρ0ψ ´ k1q ` µpk
2ψ ´ ψ2q “ 0,

λρ0θ ´ k2q ` µpk
2θ ´ θ2q “ 0,

λρ0φ` q
1 ` µpk2φ´ φ2q ` gζ “ 0,

k1ψ ` k2θ ` φ
1 “ 0.

(2.4) 12

We directly see ζ “ ´ρ10φ
λ . Hence, (2.4)4 becomes 13

λ2ρ0φ` λq
1 ` λµpk2φ´ φ1q “ gρ10φ. (2.5) 14

We multiply (2.4)2 by k1 and (2.4)3 by k2, then use (2.4)4 to obtain the equality 15

λ2ρ0φ
1 ` k2λq ` λµpk2φ1 ´ φ3q “ 0. 16

Deriving this equation, and replacing λq1 thanks to (2.5), we get the fourth-order ordinary equation: 17

λ2pρ0k
2φ´ pρ0φ

1q1q ` λµpφp4q ´ 2k2φ2 ` k4φq “ gk2ρ10φ, (2.6) 18

The investigation of normal mode solutions (2.3) for fixed k amounts to finding regular solutions 19

φ P H4pRq of (2.6). These solutions physically decay to zero at ˘8, i.e. φ satisfies 20

lim
x3Ñ˘8

φpx3q “ 0. (2.7) 21

For any increasing density profile ρ0, we necessarily have the uniform boundedness of λ in k, 22

following [13, Lemma 2.1]. 23

Lemma 2.1. Let ρ0 be increasing, all characteristic values λ for Eq. (2.6)-(2.7) in H4pRq are 24

always real and satisfy that λ ď
b

g
L0

, with L0 :“ p}
ρ10
ρ0
}L8pRqq

´1 being the characteristic length of 25

density profile. 26

In [13], the author and Lafitte consider the density profile ρ0 satisfying further that 27

ρ10 is a nonnegative function of class C0
0 pRq, supppρ10q “ r´a, as, (2.8) 28
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and that outside p´a, aq,1

ρ0px3q “

#

ρ´ as x3 P p´8,´as,

ρ` as x3 P ra,`8q,
(2.9)2

with 0 ă ρ´ ă ρ`. With the above profile, the following theorem is proven in [13, Theorem 2.1],3

showing the existence of infinitely many characteristic values λ.4

Theorem 2.1. Let k be fixed and let ρ0 satisfy (2.8) and (2.9). There exists an infinite sequence5

pλn, φnqně1 with λn P p0,
b

g
L0
q and φn P H4pRq satisfying (2.6)-(2.7). In addition, λn decreases6

towards 0 as n goes to8.7

As an intermediate result of Theorem 2.1, we obtain an infinite sequence of normal mode solu-8

tions to the linearized equations.9

Proposition 2.1. Let k be fixed and let ρ0 P C
8pRq satisfy (2.8) and (2.9). There exists an infinite10

sequence of normal mode solutions pσj , ~uj , pjqpt,k, xq P H8pΩq pj ě 1q of the form (2.3) with11

λ “ λjpkq to the linearized equations (2.2).12

Following Lemma 2.1, we have13

Λ :“ sup
kPpL´1Zq2zt0u

λ1pkq ď

c

g

L0
, (2.10)14

Our first theorem is to prove that Λ defined above is the sharp exponential growth rate for the15

linearized equations (2.2) in the following sense.16

Theorem 2.2. Let ρ0 P C
8pRq satisfy (2.8) and (2.9). Let pσ, ~uq be an arbitrary solution of the17

linearized equations (2.2) with an associated pressure p. For any s P N and for 0 ă ζ ! 1, we18

denote19

Λs “ Λ` spζ `
a

ζq.20

The following inequality thus holds21

}σptq}2Hs ` }~uptq}2Hs ` µ

ż t

0
e2ζpt´τq}∇~upτq}2Hsdτ ď Cs,ζ,Λe

2Λstp}σp0q}2Hs ` }~up0q}2Hs`1q.

(2.11)
22

2.2. The nonlinear instability. Once the linear instability is proven, we aim at showing the nonlin-23

ear instability by refining Grenier’s method [6] as follows.24

From (2.10), there exists a k0 P pL
´1Zq2zt0u such that λ1pk0q ą

Λ
2 . Fix k “ k0 and we obtain25

from Theorem 2.1 infinitely many normal mode solutions pσj , ~uj , pjqpt, xq P H8pΩq pj ě 1q. Let26

integer s ě 3 be given and we choose ζ ą 0 sufficiently small such that27

Λ ą λ1 ą
Λs
2
.28

We thus split the sequence pλnqně1 as follows29

Λ ą λ1 ą ¨ ¨ ¨ ą λM ą
Λs
2
ą λM`1 ą ¨ ¨ ¨ ą (2.12)30

Note that M is finite due to the limit λj Ñ 0 as j Ñ 8. Choosing constants cj being chosen such31

that32

at least one of cj p1 ď j ď Mq is non-zero (2.13)33

and34

1

2
|cjm |}~ujm}L2 ą

ÿ

jějm`1

|cj |}~uj}L2 , where jm :“ mintj : 1 ď j ď M, cj ‰ 0u. (2.14)35
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For any integer N, we formulate a linear combination of those above normal mode solutions 1

pσpNq, ~upNq, ppNqqpt, xq :“
N
ÿ

j“1

cjpσj , ~uj , pjqt, xq, (2.15) 2

to set δpσpNq, ~upNq, ppNqq with 0 ă δ ! 1 as the first-order approximate solution to the nonlinear 3

equations (2.1). After that (see Lemma 4.1), we construct higher-order approximations. Using such 4

an approximate solution pσa, ~ua, paq and constructing the classical energy estimates in Lemma 4.1, 5

the nonlinear instability thus follows.. 6

Theorem 2.3. Let ρ0 P C
8pRq satisfy (2.8) and (2.9). For any integer N, we can find a positive 7

constant m0 and two positive constants δ0 and ε0 sufficiently small so that for any δ P p0, δ0q, the 8

nonlinear equations (2.1) with the initial data 9

δ
N
ÿ

j“1

cjpσj , ~uj , pjqpxq 10

satisfying (2.13)-(2.14) has a unique local strong solution pσδ, ~uδq with an associated pressure qδ 11

such that 12

}~uδpT δq}L2 ě m0ε0, (2.16) 13

where T δ P p0, Tmaxq is given by 14

δ
N
ÿ

j“1

|cj |e
λjT

δ
“ δ

N
ÿ

j“jm

|cj |e
λjT

δ
“ ε0. 15

Throughout this paper, we write a À Cb for a generic constant C depending only physical param- 16

eters. We frequently use the interpolation inequality (for any integer s and real ν ą 0) 17

}v}Hs À }v}
1
s`1

L2 }v}
s
s`1

Hs`1 ď ν}v}Hs`1 ` Csν
´s}v}L2 . (2.17) 18

3. THE MAXIMAL GROWTH RATE 19

In this part, we show that Λ defined as in (2.10) is the maximal growth rate of the linearized 20

equations (2.2), i.e. to prove Theorem 2.2. We begin with the variational formulation of the largest 21

characteristic value λ1. 22

Lemma 3.1. Let Ba,k,λ is given by (3.3) and let pλ1, φ1q be found from Theorem 2.1. We have that 23

1

gk2
“ max

φPH2pp´a,aqq

şa
´a ρ

1
0φ

2

λ1Ba,k,λ1pφ, φq
, (3.1) 24

and the extremal problem (3.1) is attained by φ1 restricted on p´a, aq up to a constant. 25

Furthermore, let us define the following bilinear form on H2pRq, 26

Bk,λpφ, θq :“ λ

ż

R
ρ0pk

2φθ ` φ1θ1q ` µ

ż

R
ppφ2 ` k2φqpθ2 ` k2θq ` 4k2φ1θ1q. 27

Hence, we have 28

1

gk2
“ max

φPH2pRq

ş

R ρ
1
0φ

2

λ1Bk,λ1pφ, φq
. (3.2) 29

The extremal problem (3.2) is attained by φ1 up to a constant. 30

To do that, we recall [13, Propositions 4.2, 4.3]. 31

Proposition 3.1. Let τ˘ “
a

k2 ` λρ˘{µ. 32



6 TIẾN-TÀI NGUYỄN

(1) Let us denote by1

BV´a,k,λpϑ, %q :“ µ

˜

kτ´pk ` τ´qϑp´aq%p´aq ´ kτ´ϑ
1p´aq%p´aq

´ kτ´ϑp´aq%
1p´aq ` pk ` τ´qϑ

1p´aq%1p´aq

¸

2

and by3

BVa,k,λpϑ, %q :“ µ

˜

kτ`pk ` τ`qϑpaq%paq ´ kτ`ϑ
1paq%paq

´ kτ`ϑpaq%
1paq ` pk ` τ`qϑ

1paq%1paq

¸

.4

Hence,5

Ba,k,λpϑ, %q :“ BVa,k,λpϑ, %q `BV´a,k,λpϑ, %q ` λ

ż a

´a
ρ0pk

2ϑ%` ϑ1%1q

` µ

ż a

´a
pϑ2%2 ` 2k2ϑ1%1 ` k4ϑ%q.

(3.3)6

is a continuous and coercive bilinear form on H2pp´a, aqq.7

(2) Let pH2pp´a, aqqq1 be the dual space ofH2pp´a, aqq associated with the norm
a

Ba,k,λp¨, ¨q,8

there exists a unique operator9

Ya,k,λ P LpH2pp´a, aqq, pH2pp´a, aqqq1q,10

that is also bijective, such that, for all ϑ, % P H2pp´a, aqq,11

Ba,k,λpϑ, %q “ xYa,k,λϑ, %y. (3.4)12

(3) For all ϑ P H2pp´a, aqq, we have13

Ya,k,λϑ “ λpρ0k
2ϑ´ pρ0ϑ

1q1q ` µpϑp4q ´ 2k2ϑ2 ` k4ϑq in D1pp´a, aqq.14

(4) Let f P L2pp´a, aqq be given, there exists a unique solution ϑ P H2pp´a, aqq of15

Ya,k,λϑ “ f in pH2pp´a, aqqq1, (3.5)16

then ϑ P H4pp´a, aqq and satisfies the boundary conditions at x3 “ ´a,17
#

kτ´ϑp´aq ´ pk ` τ´qϑ
1p´aq ` ϑ2p´aq “ 0,

kτ´pk ` τ´qϑp´aq ´ pk
2 ` kτ´ ` τ

2
´qϑ

1p´aq ` ϑ3p´aq “ 0,
(3.6)18

and at x3 “ a,19
#

kτ`ϑpaq ` pk ` τ`qϑ
1paq ` φ2paq “ 0,

´kτ`pk ` τ`qφpaq ´ pk
2 ` kτ` ` τ

2
`qϑ

1paq ` ϑ3paq “ 0.
(3.7)20

Proof of Lemma 3.1. We divide the proof into two parts, proving (3.1) and (3.2), respectively.21

Part 1. We show that (3.1) holds. For all λ ą 0, we solve the variational problem22

α1pλ, kq “ max
´

ż a

´a
ρ10φ

2
ˇ

ˇ

ˇ
φ P H2pp´a, aqq, λBa,k,λpφ, φq “ 1

¯

. (3.8)23

Let us define the Lagrangian functional24

LBpν, φq “

ż a

´a
ρ10φ

2 ´ νpλBa,k,λpφ, φq ´ 1q. (3.9)25

It follows from the Lagrange multiplier theorem that the extrema of the quotient26
şa
´a ρ

1
0φ

2dx3

λBa,k,λpφ, φq
27
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are necessarily obtained at the stationary points pν‹, φ‹q of LB, which satisfy 1

λBa,k,λpφ‹, φ‹q “ 1,

ż a

´a
ρ10φ‹θ ´ λν‹Ba,k,λpφ‹, θq “ 0, (3.10) 2

for all θ P H2pp´a, aqq. Restricting θ P C80 pp´a, aqq, one deduces from (3.10) that φ‹ has to satisfy 3

λν‹Ya,k,λφ‹ “ ρ10φ‹ (3.11) 4

in a weak sense. Using bootstrap argument, we further get that φ‹ P H4pp´a, aqq and satisfies (3.11) 5

and the boundary conditions (3.6)-(3.7). Hence, all stationary points pν‹, φ‹q of LB satisfy that λν‹ 6

is an eigenvalue of the compact and self-adjoint operator Sa,k,λ “ MY ´1
a,k,λM pM “

a

ρ10q from 7

L2pp´a, aqq to itself, with 8

M´1Ya,k,λφ‹ “
1

λν‹
Mφ‹ P L

2pp´a, aqq 9

being an associated eigenfunction. That implies 10

α1pλ, kq ď λ´1γ1pλ, kq. (3.12) 11

Meanwhile, since the operator Sa,k,λ is self-adjoint and positive, we thus obtain that 12

γ1pλ, kq “ sup
φPL2pp´a,aqq

xSa,k,λφ, φy

}φ}2
L2pp´a,aqq

. 13

Hence, for all φ P L2pp´a, aqq and for ψ “ Y ´1
a,k,λMφ P H4pp´a, aqq, we have 14

xYa,k,λψ,ψy “ xSa,k,λφ, φy, 15

which yields 16

γ1pλ, kqxYa,k,λψ,ψy ď
xSa,k,λφ, φy

2

}φ}2
L2pp´a,aq

ď }Sa,k,λφ}
2
L2pp´a,aqq. 17

This yields 18

γ1pλ, kq ď sup
!}Mψ}2L2pp´a,aqq

xYa,k,λψ,ψy
|ψ P H4pp´a, aqq and M´1Ya,k,λψ P L

2pp´a, aqq
)

. 19

Owing to (3.4), we have that 20

γ1pλ, kq ď sup
!

şa
´a ρ

1
0ψ

2

Ba,k,λpψ,ψq
|ψ P H4pp´a, aqq and M´1Ya,k,λψ P L

2pp´a, aqq
)

. 21

We thus obtain 22

λ´1γ1pλ, kq ď α1pλ, kq (3.13) 23

The two inequalities (3.12) and (3.13) tell us that α1pλ1, kq “ λ´1γ1pλ1, kq for all λ ą 0, from 24

which we deduce α1pλ1, kq “
1
gk2 and the extremal problem (3.1) is attained by the function 25

φ1|p´a,aq up to a constant. 26

Part 2. We prove that (3.2) holds. We set 27

α2pλ, kq “ max
φPH2pRq

´

ż

R
ρ10φ

2
ˇ

ˇ

ˇ
λBk,λpφ, φq “ 1

¯

. 28

and consider the Lagrangian functional 29

LBpω, φq “

ż

R
ρ10φ

2 ´ ωpBk,λpφ, φq ´ 1q. 30

Thanks to Lagrange multiplier theorem again, the extrema of the quotient 31
ş

R ρ
1
0φ

2

λBk,λpφ, φq
32
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are necessarily obtained at the stationary points pω‹,Φ‹q P R` ˆH2pRq of LB, which satisfy1

λBk,λpΦ‹,Φ‹q “ 1,

ż

R
ρ10Φ‹θ ´ λω‹Bk,λpΦ‹, θq “ 0 (3.14)2

for all θ P H2pRq. Restricting θ P C80 pRq, one deduces from (3.14) that Φ‹ has to satisfy3

µppΦ2‹q
2 ´ 2k2Φ2‹ ` k

4Φ‹q ` λpk
2ρ0Φ‹ ´ pρ0Φ1‹q

1q “
1

λω‹
ρ10Φ‹ in D1pRq. (3.15)4

Using bootstrap argument, we further get that Φ‹ P H
4pRq and Φ‹ decays to 0 at infinity. Since5

suppρ10 “ r´a, as, we use [13, Proposition 3.1] to deduce that Φ‹ on p´a, aq is a solution of6

λω‹Ya,k,λpΦ‹|p´a,aqq “ ρ10Φ‹|p´a,aq “M2Φ‹|p´a,aq7

satisfying the boundary conditions (3.6)-(3.7). Set8

Φ̃ “M´1Ya,k,λpΦ‹|p´a,aqq “
1

λω‹
MΦ‹|p´a,aq P L

2pp´a, aqq, (3.16)9

it yields10

λω‹Φ̃ “MY ´1
a,k,λMΦ̃ “ Sa,k,λΦ̃.11

That means λω‹ is an eigenvalue of the compact and self-adjoint operator Sa,k,λ from L2pp´a, aqq12

to itself, with Φ̃ P L2pp´a, aqq (defined as in (3.16)) being an associated eigenfunction. Hence, we13

get14

λα2pλ, kq ď γ1pλ, kq. (3.17)15

Let us recall the function φ1 from Theorem 2.1. One thus has16

α2pλ, kq ě

ş

R ρ
1
0φ

2
1

λBk,λpφ1, φ1q
. (3.18)17

Note that from [13, Proposition 3.1],18

φ1px3q “

$

’

&

’

%

A´1 e
kpx3`aq `A´2 e

c

k2`
λ1ρ´
µ
px3`aq

as ´8 ă x3 ă ´a,

A`1 e
´kpx3´aq `A`2 e

´

c

k2`
λ1ρ`
µ
px3´aq

as a ă x3 ă `8,

19

Hence, the direct computations show that20

Bk,λpφ1, φ1q “ Ba,k,λpφ1|p´a,aq, φ1|p´a,aqq, (3.19)21

and we keep in mind the assumption suppρ10 “ r´a, as. Then, from (3.18) and (3.19), we have22

α2pλ, kq ě

şa
´a ρ

1
0φ

2
1

λBa,k,λpφ1|p´a,aq, φ1|p´a,aqq
.23

It then follows24

α2pλ1, kq ě

şa
´a ρ

1
0φ

2
1

λ1Ba,k,λ1pφ1|p´a,aq, φ1|p´a,aqq
“

1

gk2
. (3.20)25

Combining (3.17) and (3.20) gives us that α2pλ1, kq “
1
gk2 and the extremal problem (3.2) is attained26

by φ1 up to a constant. We finish the proof of Proposition 3.1. �27

Thanks to Lemma 3.1, we exploit the Fourier transform to obtain the following lemma, whose28

proof is similar to [10, page 1882]. Hence we omit the details here.29

Lemma 3.2. For any ~u such that div~u “ 0, there holds30

Λ2

ż

Ω
ρ0|~u|

2 ` Λµ

ż

Ω
|∇~u|2 ě g

ż

Ω
ρ10|~u|

2. (3.21)31
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Now let pσ, ~uq be a solution to the linearized equations (2.2) with an associated pressure p, we 1

prove Theorem 2.2. In advance, we show the two following lemmas. 2

Lemma 3.3. There holds 3

}Bt~uptq}Hs À }σptq}Hs . (3.22) 4

Proof. Since divBt~u “ 0, we apply Young’s inequality to get that 5
ż

Ω
ρ0|Bt~u|

2 “

ż

Ω
gσBtu3 ď ν}Btu3}

2
L2 ` Cν}σ}

2
L2 . 6

Taking ν ą 0 sufficiently small, we have 7

}Bt~u}L2 À }σ}L2 . (3.23) 8

Next, for any α P N3 with |α| ď s, we get 9

Bαpρ0Bt~uq ` B
α∇p´ µ∆Bα~u “ Bαpgσ~e3q. 10

Multiplying BαBtu on both sides of the resulting equation and then integrating by parts to obtain 11
ż

Ω
ρ0|B

αBt~u|
2 ` µ

ż

Ω
|∇Bα~u|2 “

ż

Ω
gBασBαBtu3 `

ż

Ω
pρ0B

αBt~u´ B
αpρ0Bt~uqq ¨ B

αBt~u. 12

Note that 13

Bαpρ0Bt~uq ´ ρ0B
αBt~u “

ÿ

0‰γďα

Bγρ0B
α´γBt~u. 14

Using (2.17), we have 15
ż

Ω
pρ0B

αBt~u´ B
αpρ0Bt~uqq ¨ B

αBt~u À
ÿ

0‰γďα

}Bα´γBt~u}L2}B
αBt~u}L2 À }Bt~u}

1
s`1

L2 }Bt~u}
2s`1
s`1

Hs .
16

Owing to Young’s inequality and (3.23), one obtains for any ν ą 0, 17
ż

Ω
pρ0B

αBt~u´ B
αpρ0Bt~uqq ¨ B

α~Btu ď ν}Bt~u}
2
Hs ` Cν}Bt~u}

2
L2 ď ν}Bt~u}

2
Hs ` Cν}σ}

2
L2 . (3.24) 18

Similarly, 19
ż

Ω
gBασBαBtu3 ď ν}Btu3}

2
Hs ` Cν}σ}

2
Hs . (3.25) 20

As a result of (3.24) and (3.25), we sum up over α to observe 21

ρ´}Bt~u}
2
Hs ď Csν}Bt~u}

2
Hs ` Cν}σ}

2
Hs . 22

Let ν ą 0 be sufficiently small, the inequality (3.22) follows. Proof of Lemma 3.3 is complete. � 23

Lemma 3.4. There holds 24

}B2
t ~u}Hs À }~u}Hs . (3.26) 25

Proof. We take the derivative in time of the second line of (2.2) to get that 26

ρ0B
2
t ~u`∇Btp´ µ∆Bt~u “ gρ10u3~e3. (3.27) 27

We multiply (3.27) by B2
t ~u and use Young’s inequality to get that 28

ż

Ω
ρ0|B

2
t ~u|

2 ` µ

ż

Ω
|∇Bt~u|2 “

ż

Ω
gρ10u3B

2
t u3 ď ν

ż

Ω
|B2
t u3|

2 ` Cν

ż

Ω
|u3|

2, 29

yielding 30

}B2
t ~u}L2 À }~u}L2 . (3.28) 31

Next, for α P N3 with |α| ď s, we have that 32

Bαpρ0B
2
t ~uq `∇BtBαp´ µ∆BtB

α~u “ gBαpρ10u3~e3q. (3.29) 33
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That implies1
ż

Ω
ρ0|B

αB2
t ~u|

2 ` µ

ż

Ω
|∇Bα~u|2 “

ż

Ω
gBαpρ10u3qB

αB2
t u3 `

ż

Ω
pρ0B

αB2
t ~u´ B

αpρ0B
2
t ~uqq ¨ B

αB2
t ~u.2

Note that3

Bαpρ0B
2
t ~uq ´ ρ0B

αB2
t ~u “

ÿ

0‰γďα

Bγρ0B
α´γB2

t ~u.4

Thus, using (2.17) and Young’s inequality, we have5
ż

Ω
pρ0B

αB2
t ~u´ B

αpρ0B
2
t uqq ¨ B

αB2
t ~u À }B

2
t ~u}Hs´1}B

2
t ~u}Hs ď ν}B2

t ~u}
2
Hs ` Cν}B

2
t ~u}

2
L2 ,6

for any ν ą 0. Together with (3.28), we have7
ż

Ω
ρ0|B

αB2
t ~u|

2 ď

ż

Ω
gBαpρ10u3qB

αB2
t u3 `

ż

Ω
pρ0B

αB2
t ~u´ B

αpρ0B
2
t ~uqq ¨ B

αB2
t ~u

ď 2ν}B2
t ~u}

2
Hs ` Cνp}u3}

2
Hs ` }B

2
t ~u}L2q

ď 2ν}B2
t ~u}

2
Hs ` Cν}~u}

2
Hs .

8

Summing over α, the resulting inequality implies9

ρ´}B
2
t ~u}

2
Hs ď Csν}B

2
t ~u}

2
Hs ` Cν}~u}

2
Hs .10

Let ν ą 0 be small enough, we obtain (3.26). �11

We are in position to obtain the exponential growth of the linearized equations (2.2).12

Proof of Theorem 2.2. Let as :“ }σp0q}Hs ` }~up0q}Hs`1 , we prove the inequality (2.11) by the13

induction on s.14

In case s “ 0, we multiply by Bt~u on both sides of (3.27) to obtain15

1

2

d

dt

ż

Ω
ρ0|Bt~u|

2 “

ż

Ω
ρ0Bt~u ¨ B

2
t ~u “ ´

ż

Ω
|∇Bt~u|2 `

ż

Ω
gρ10u3Btu3,16

which implies17

1

2

d

dt

´

ż

Ω
ρ0|Bt~u|

2 ´ g

ż

Ω
ρ10|u3|

2
¯

`

ż

Ω
|∇Bt~u|2 “ 0.18

Integrating from 0 to t and using (3.22), we have19

ż

Ω
ρ0|Bt~uptq|

2 `

ż t

0

ż

Ω
µ|∇Bt~upτq|2dτ ď

ż

Ω
ρ0|Bt~up0q|

2 ´

ż

Ω
gρ10|u3p0q|

2 `

ż

Ω
gρ10|u3ptq|

2

ď C}σp0q}2L2 ` Λ2

ż

Ω
ρ0|~uptq|

2 ` Λ

ż

Ω
µ|∇~uptq|2.

(3.30)

20

Using Cauchy-Schwarz’s inequality, we have that21

ż

Ω
µ|∇~uptq|2 “

ż

Ω
µ|∇~up0q|2 ` 2

ż t

0

ż

Ω
µ∇~upτq : ∇Bt~upτqdτ

ď

ż

Ω
µ|∇~up0q|2 ` 1

Λ

ż t

0

ż

Ω
µ|∇Bt~upτq|2dτ ` Λ

ż t

0

ż

Ω
µ|∇~upτq|2dτ,

(3.31)22

and that23
d

dt

ż

Ω
ρ0|~u|

2 ď
1

Λ

ż

Ω
ρ0|Bt~u|

2 ` Λ

ż

Ω
ρ0|~u|

2. (3.32)24
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The three inequalities (3.30), (3.31) and (3.32) imply that 1

d

dt

ż

Ω
ρ0|~uptq|

2 `

ż

Ω
µ|∇~uptq|2 ď y0 ` 2Λ

ż

Ω
ρ0|~uptq|

2 ` Λ

ż t

0

ż

Ω
µ|∇~upτq|2dτ. (3.33) 2

where 3

y0 “
C

Λ
}σp0q}2L2 `

ż

Ω
µ|∇~up0q|2 À a0. 4

In view of Gronwall’s inequality, we obtain from (3.33) that 5

ż

Ω
ρ0|~uptq|

2 `

ż t

0

ż

Ω
µ|∇~upτq|2dτ ď e2Λt

ż

Ω
ρ0|~up0q|

2 `
y0

2Λ
pe2Λt ´ 1q. (3.34) 6

Because of (3.34), we observe 7

}~uptq}2L2 `

ż t

0
}∇~upτq}2L2dτ À p}σp0q}

2
L2 ` }~up0q}

2
H1qe

2Λt. (3.35) 8

Now, we obtain from (2.2)1 that 9

d

dt
}σ}L2 ď }Btσ}L2 À }~u}L2 . 10

That implies 11

}σptq}L2 ď }σp0q}L2 `

ż t

0
}~upτq}L2dτ ď C0,Λe

Λt. 12

The inequality (2.11)s“0 follows from the resulting inequality and (3.35). 13

Suppose that we have 14

}σptq}Hs´1 ` }~uptq}Hs´1 ď Cs´1,Λas´1e
Λs´1t. (3.36) 15

For α P N3 with |α| ď s, using (3.29), we obtain 16

1

2

d

dt

ż

Ω
ρ0|B

αBt~u|
2 ` µ

ż

Ω
|∇BαBt~u|2 “

ż

Ω
gBαpρ10u3qB

αBtu3 `

ż

Ω
pρ0B

αB2
t ~u´ B

αpρ0B
2
t ~uqq ¨ B

αBt~u. 17

From this, we further obtain 18

1

2

d

dt

´

ż

Ω
ρ0|B

αBt~u|
2 ´

ż

Ω
gρ10|B

αu3|
2
¯

` µ

ż

Ω
|∇BαBt~u|2

“
ÿ

0‰γďα

ż

Ω
gBγρ10B

α´γu3B
αBtu3 ´

ÿ

0‰γďα

ż

Ω
pBγρ0B

α´γB2
t ~uq ¨ B

αBt~u

À p}u3}Hs´1 ` }B
2
t ~u}Hs´1q}

?
ρ0B

αBt~u}L2 .

19

We use Young’s inequality and (3.26) to have 20

1

2

d

dt

´

ż

Ω
ρ0|B

αBt~u|
2 ´

ż

Ω
gρ10|B

αu3|
2
¯

` µ

ż

Ω
|∇BαBt~u|2

ď ζ}
?
ρ0B

αBt~u}
2
L2 ` Cζp}u3}

2
Hs´1 ` }B

2
t ~u}

2
Hs´1q

ď ζ}
?
ρ0B

αBt~u}
2
L2 ` Cζ}~u}

2
Hs´1 .

21

Together with (3.22), we have 22

d

dt

´

}
?
ρ0B

αBt~u}
2
L2 ´ g

ż

Ω
ρ10|B

αu3|
2
¯

` 2µ}∇BαBt~u}2L2

ď 2ζ}
?
ρ0B

αBt~u}
2
L2 ` Cζas´1e

2Λs´1t.
23
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By multiplying the resulting inequality by e´2ζt, we get1

d

dt

´

e´2ζt}
?
ρ0B

αBt~u}
2
L2

¯

` 2µe´2ζt}∇BαBt~u}2L2

ď
d

dt

´

e´2ζt

ż

Ω
gρ10|B

αu3|
2
¯

` 2ζe´2ζt

ż

Ω
gρ10|B

αu3|
2 ` Cζa

2
s´1e

2pΛs´1´ζqt
2

Integrating from 0 to t and using (3.22) yields3

e´2ζt}
?
ρ0B

αBt~uptq}
2
L2 ` 2µ

ż t

0
e´2ζs}∇BαBt~upsq}2L2ds

ď Ca2
s ` e

´2ζt

ż

Ω
gρ10|B

αu3ptq|
2 ` 2ζ

ż t

0
e´2ζs

ż

Ω
gρ10|B

αu3psq|
2ds

` Ca2
s´1

ż t

0
e2pΛs´1´ζqsds.

4

Note that divBαu “ 0, we apply Lemma 3.2 to further get that5

}
?
ρ0B

αBt~uptq}
2
L2 ` 2µ

ż t

0
e2ζpt´τq}∇BαBt~upτq}2L2dτ

ď Ca2
se

2ζt ` Λ2}
?
ρ0B

α~uptq}2L2 ` Λµ}∇Bα~uptq}2L2

` 2ζ

ż t

0
e2ζpt´τq

´

Λ2}
?
ρ0B

α~upτq}2L2 ` Λµ}∇Bα~upsq}2L2

¯

dτ ` Ca2
s´1e

2Λs´1t.

(3.37)6

Mimicking (3.31) and (3.32), we have7

d

dt
}
?
ρ0B

α~u}2L2 ď
1

Λ
}
?
ρ0B

αBt~u}
2
L2 ` Λ}

?
ρ0B

α~u}2L2 , (3.38)8

and9

}∇Bα~uptq}2L2 “ }∇Bα~up0q}2 ` 2

ż t

0

ż

Ω
∇Bα~upτq : ∇BtBα~upτqdτ

ď }∇Bα~up0q}2 ` 1

Λ

ż t

0
}∇BαBt~upτq}2L2ds` Λ

ż t

0
}∇Bα~upτq}2L2ds

ď }~up0q}2Hs`1 `
1

Λ

ż t

0
e2ζpt´τq}∇BαBt~upτq}2L2ds` Λ

ż t

0
e2ζpt´τq}∇Bα~upsq}2L2dτ.

(3.39)

10

Combining (3.37), (3.38) and (3.39) gives us that11

d

dt

´

}
?
ρ0B

α~uptq}2L2 ` µ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

¯

“
d

dt
}
?
ρ0B

α~uptq}2L2 ` µ}∇Bα~uptq}2L2 ` 2ζµ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

ď Ca2
spe

2ζt ` e2Λs´1tq ` 2Λ
´

}
?
ρ0B

α~uptq}2L2 ` µ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

¯

` 2ζ

ż t

0
e2ζpt´τq

´

Λ}
?
ρ0B

α~upτq}2L2 ` 2µ}∇Bα~upτq}2L2

¯

dτ.

12
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Hence, 1

d

dt

´

e´2pΛs´1`ζqt
´

}
?
ρ0B

α~uptq}2L2 ` µ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

¯¯

ď Ca2
spe

´2ζt ` e´2Λs´1tq ` 2pΛ´ Λs´1 ´ ζqe
´2pΛs´1`ζqt}

?
ρ0B

α~uptq}2L2

` 2pΛ` ζ ´ Λs´1qµe
´2pΛs´1`ζqt

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

` 2ζΛe´2pΛs´1`ζqt

ż t

0
e2ζpt´τq}

?
ρ0B

α~upτq}2L2dτ.

2

Define 3

yptq “ sup
0ďθďt

´

e´2pΛs´1`ζ`
?
ζqθ

´

}
?
ρ0B

α~upθq}2L2 ` µ

ż θ

0
e2ζpθ´τq}∇Bα~upτq}2L2dτ

¯¯

. 4

Note that for any θ P r0, ts, 5

}
?
ρ0B

α~upθq}2L2 ` µ

ż θ

0
e2ζpθ´τq}∇Bα~upτq}2L2dτ ď e2pΛs´1`ζ`

?
ζqθyptq, 6

yielding that 7
ż t

0
e2ζpt´τq}

?
ρ0B

α~upτq}2L2dτ ď
1

2pΛs´1 `
?
ζq
e2pΛs´1`ζ`

?
ζqtyptq. 8

Note also that Λ ď Λs´1, we thus deduce 9

d

dt

´

e´2pΛs´1`ζqt
´

}
?
ρ0B

α~uptq}2L2 ` µ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

¯¯

ď Ca2
spe

´2ζt ` e´2Λs´1tq ` 2ζ
´ Λ

2pΛs´1 `
?
ζq
` 1

¯

e2
?
ζtyptq

ď Ca2
spe

´2ζt ` e´2Λs´1tq ` 3ζe2
?
ζtyptq.

10

We integrate the resulting inequality from 0 to t to obtain 11

e´2pΛs´1`ζqt
´

}
?
ρ0B

α~uptq}2L2 ` µ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

¯

ď Ca2
s

´1

ζ
`

1

Λs´1

¯

`
3

2

a

ζe2
?
ζtyptq.

12

That implies 13

e´2pΛs´1`ζ`
?
ζqt
´

}
?
ρ0B

α~uptq}2L2 ` µ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ

¯

ď Ca2
s

´1

ζ
`

1

Λs´1

¯

`
3

2

a

ζyptq.
14

Taking the supremum, we have 15

yptq ď Ca2
s

´1

ζ
`

1

Λs´1

¯

`
3

2

a

ζyptq. 16

Since ζ is sufficiently small, we have yptq is bounded for all time, i.e. for all t ą 0, 17

yptq ď 2Ca2
s

´1

ζ
`

1

Λs´1

¯

. 18

As a result, we have 19

}
?
ρ0B

α~uptq}2L2 ` µ

ż t

0
e2ζpt´τq}∇Bα~upτq}2L2dτ ď Cs,ζ,Λa

2
se

2pΛs´1`ζ`
?
ζqt. 20
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Summing over α, we obtain1

}~uptq}2Hs ` µ

ż t

0
e2ζpt´τq}∇~upτq}2Hsdτ ď Cs,ζ,Λa

2
se

2Λst.2

Similarly, we can obtain an estimate for }σptq}Hs and thus deduce our desired inequality (2.11). �3

4. NONLINEAR INSTABILITY4

4.1. A high-order of approximate solution. In the first part, we construct approximate solutions to5

the nonlinear equations (2.1), whoseHs-norm enjoys the controllability in a short time by induction.6

Second, we define the difference between the exact solutions and the approximate one (see (4.8))7

and derive its error estimate. Combining those estimates, we deduce the existence of escaping time8

to obtain the nonlinear instability. We recall (2.15),9

pσpNq, ~upNq, ppNqqpt, xq :“
N
ÿ

j“1

cjpσj , ~uj , pjqpt, xq,10

which is a to the linearized equations (2.2). Using pσpNq, ~upNq, ppNqq, we closely follow Grenier’s11

idea to construct approximate solutions to the nonlinear equations (2.1) in the following lemma. To12

this purpose, we define13

GNptq “
M
ÿ

j“1

|cj |e
λjt `

N
ÿ

j“M`1

|cj |e
Λ
2
t “

M
ÿ

j“jm

|cj |e
λjt `

N
ÿ

j“M`1

|cj |e
Λ
2
t,14

and15

FNptq “
N
ÿ

j“1

|cj |e
λjt “

N
ÿ

j“jm

|cj |e
λjt.16

Obviously we have GNptq ě FNptq for all t ě 0. Let 0 ă ε0 ! 1, there is a unique T δ such that17

δFNpT
δq “ ε0.18

Lemma 4.1. Let 0 ă δ ! 1 and n P N, there is an approximate solution to the nonlinear equations19

(2.1), of the form20

σapt, xq “
n
ÿ

j“1

δjσxjypt, xq,

~uapt, xq “
n
ÿ

j“1

δj~uxjypt, xq,

papt, xq “
n
ÿ

j“1

δjpxjypt, xq,

(4.1)21

satisfying22
$

’

&

’

%

Btσ
a `∇pρ0 ` σ

aq ¨ ~ua “ Ran,

pρ0 ` σ
aqpBt~u

a ` ua ¨∇~uaq `∇pa ´ µ∆~ua ´ gσae3 “ ~San,

div ~uxjy “ 0 p1 ď j ď nq.

(4.2)23

Moreover, for any integer s ě 0, if 0 ď t ď T δ, then the j-th order coefficients σxjypt, xq, ~uxjypt, xq24

and pxjypt, xq for 1 ď j ď n satisfy25

}pσxjy, ~uxjy, pxjyqptq}Hs ď Cj,nGNpjtq, (4.3)26

and the pn` 1q-th order remainders Ran and San satisfy27

}pRan,
~Sanqptq}Hs ď Cs,nδ

n`1GNppn` 1qtq. (4.4)28



VISCOUS RAYLEIGH-TAYLOR INSTABILITY 15

Proof. We use the induction on n to prove Lemma 4.1. For n “ 1, we choose the normal mode 1

solutions to the linearized equations 2

pσx1y, ~ux1y, px1yqpt, xq “ pσpNq, ~upNq, ppNqqpt, xq. 3

Obviously, the functions σx1y, ux1y and px1y satisfy (4.3). Substituting pσx1y, ~ux1y, px1yq into the left 4

hand side of (2.1), we obtain 5

Ra1 “ ∇pδσx1yqpδ~ux1yq,
~Sa1 “ pδσ

x1yqpδBt~u
x1yq ` pρ0 ` δσ

x1yqpδ~ux1yq ¨∇pδ~ux1yq.
6

Since pσx1y, ~ux1y, px1yq P Hs for any s ě 0, we have that Ra1 and ~Sa1 satisfy (4.4). 7

Assume that we have constructed pσxjy, ~uxjy, pxjyq as well as Raj , S
a
j which satisfy (4.3)-(4.4) for 8

j ă n. We now construct pσxj`1y, ~uxj`1y, pxj`1yq as well as Raj`1,
~Saj`1. Let 9

σxjy “

j
ÿ

h“1

δhσxhy, ~uxjy “

j
ÿ

h“1

δh~uxhy, pxjy “

j
ÿ

h“1

δhpxhy. 10

Substituting pσxjy, ~uxjy, pxjyq into the left hand side of (4.2), we obtain the nonlinear parts 11

fj`1pδq “ ∇σxjy ¨ ~uxjy,

rj`1pδq “ σxjyBt~u
xjy ` pρ0 ` σ

xjyq~uxjy ¨∇~uxjy.
12

For 0 ď t ď T δ, we now expand fj`1pδq and rj`1pδq in terms of δ around δ “ 0. The coefficients 13

of the pj ` 1q-th order term are
f
pj`1q
j`1 p0q

pj`1q! and
r
pj`1q
j`1 p0q

pj`1q! , that are functions on pt, xq. On the other 14

hand, notice that for 0 ď t ď T δ, 15

f
pj`1q
j`1 p0q

pj ` 1q!
“

ÿ

j1`j2“j`1

Aj1,j2∇σxj1y ¨∇~uxj2y,

r
pj`1q
j`1 p0q

pj ` 1q!
“

ÿ

j1`j2“j`1

Bj1,j2σ
xj1yBt~u

xj2y `
ÿ

j1`j2“j`1

Cj1,j2ρ0~u
xj1y ¨∇~uxj2y

`
ÿ

j1`j2`j3“j`1

Dj1,j2,j3σ
xj1y~uxj2y ¨∇~uxj3y,

(4.5) 16

where Aj1,j2 , Bj1,j2 , Cj1,j2 and Dj1,j2,j3 depend on ρ0 and physical parameters. By the induction 17

hypothesis (4.3) for pσxhy, uxhy, pxhyq p1 ď h ď jq, we obtain, for every s ě 0, 18

›

›

›

f
pj`1q
j`1 p0q

pj ` 1q!

›

›

›

Hs
`

›

›

›

r
pj`1q
j`1 p0q

pj ` 1q!

›

›

›

Hs
ď Cj,mpGNpj1tqGNpj2tq `GNpj1tqGNpj2tqGNpj3tqq

ď Cj,mGNppj ` 1qtq.

(4.6) 19

We now define the pj` 1q-th order coefficients σxj`1y, ~uxj`1y and pxj`1y as solutions of the follow- 20

ing inhomogeneous linear system: 21

$

&

%

Btσ
xj`1y `∇ρ0 ¨ ~u

xj`1y “ ´
f
pj`1q
j`1 p0q

pj`1q! ,

ρ0Bt~u
xj`1y `∇pxj`1y ´ µ∆~uxj`1y ´ gσxj`1ye3 “

r
pj`1q
j`1 p0q

pj`1q! ,
22
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with initial data σxj`1yp0, xq “ 0, ~uxj`1yp0, xq “ ~0. It follows from Proposition 2.2 and Duhamel’s1

principle that2

}~uxj`1yptq}Hs ď Cj`1,n

ż t

0
eΛspt´τq

›

›

›

f
pj`1q
j`1 p0q

pj ` 1q!
p0q

›

›

›

Hs
dτ

ď Cj`1,n

ż t

0
eΛspt´τqGNppj ` 1qτqdτ

ď Cj`1,ne
Λst

´

M
ÿ

h“1

|ck|

ż t

0
eppj`1qλk´Λsqτdτ `

N
ÿ

h“M`1

|ck|

ż t

0
eppj`1qΛs

2
´Λsqτdτ

¯

.

(4.7)

3

Here we have used (4.6) and the definition of GN in the last inequality. As 1 ď h ď M, we have4

from (2.12) that5

pj ` 1qλh ě 2λh ą Λs,6

that implies7
ż t

0
eppj`1qλh´Λsqτdτ “

eppj`1qλh´Λsqt ´ 1

pj ` 1qλk ´ Λh
ď

eppj`1qλh´Λsqt

pj ` 1qλh ´ Λs
.8

Plugging the resulting inequality into (4.7), we have9

}~uxj`1yptq}Hs ď Cj`1,n

ż t

0
eΛspt´τqGNppj ` 1qτqdτ ď Cj`1,nGNppj ` 1qtq.10

The same argument gives us the bound of }σxj`1yptq}Hs and }pxj`1yptq}Hs to deduce (4.3).11

Once, we have pσxjy, ~uxjy, pxjyq for 1 ď j ď n, let12

σa “
n
ÿ

j“1

δjσxjy, ~ua “
n
ÿ

j“1

δj~uxjy, pa “
n
ÿ

j“1

δjpxjy.13

They satisfy14

Btσ
a `∇ρ0 ¨ ~u

a “ ´

m
ÿ

j“1

δj`1f
pj`1q
j`1 p0q

pj ` 1q!
,

ρ0Bt~u
a `∇pa ´ µ∆~ua ´ gσa~e3 “ ´

m
ÿ

j“1

δj`1r
pj`1q
j`1 p0q

pj ` 1q!
,

15

Let16

fpδq “ ∇σa ¨ ~ua, rpδq “ σaBt~u
a ` σa~ua ¨∇~ua,17

we thus have pσa, ~ua, paq is a solution of (4.2) with18

Ran “ ´
n
ÿ

j“1

δj`1f pj`1qp0q

pj ` 1q!
` fpδq, ~San “ ´

n
ÿ

j“1

δj`1rpj`1qp0q

pj ` 1q!
` rpδq.19

We now prove that Ran and ~San satisfy (4.4) to complete the proof. Since fpδq and rpδq are quadratic20

in terms of pσa, ~uaq, we have that their pj ` 1q-th order terms are the same as those ones of fj`1pδq21

and rj`1pδq for all 1 ď j ` 1 ď n, respectively. Consequently, Ran and ~San have the form22

ÿ

hěn`1

Cppσxjy, ~uxjy, pxjyq1ďjďnqδ
h.23

Mimicking the proof of (4.6), we obtain (4.4). Lemma 4.1 is proven. �24
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4.2. The difference functions. Let us recall 1

pσd, ~ud, pdq “ pσδ, ~uδ, pδq ´ pσa, ~ua, paq 2

satisfy the nonlinear equations in Ω, 3

$

’

’

’

&

’

’

’

%

Btσ
d `∇pρ0 ` σ

aq ¨ ~ud `∇σd ¨ ~uδ “ ´Ran,
pρ0 ` σ

aqBt~u
d `∇pd ´ µ∆~ud ´ gσde3

“ ´pρ0 ` σ
aqp~uδ ¨∇~ud ` ~ud ¨∇~uaq ´ σdpBt~ua ` ~uδ ¨∇~uδq ´ ~San,

div ~ud “ 0.

(4.8) 4

We will derive the following inequality in this section. 5

Proposition 4.1. Let s ě 3 and pσa, ~ua, qa, Ran, ~S
a
nqpt, xq P L

8
locpH

sq as in Lemma 4.1. Assume 6

that }σδ}H4 ď 1
2ρ´ and }σa}H4 ď 1

2ρ´ There exists a universal constant C0 ą 0 such that the 7

following inequality holds 8

d

dt

`

}σd}2H4 ` }~u
d}2H3

˘

` }∇~ud}2H3 ď C0

˜

1` }Btσ
a}H2 ` }Bt~u

a}2H2

` }σa}2H5 ` }~u
a}4H4 ` }~u

d}4H3

¸

p}σd}2H4 ` }~u
d}2H3q

` C0

`

}Ran}
2
H4 ` }~S

a
n}

2
H3

˘

.
(4.9)

9

To prove Proposition 4.1, we state the following lemma. 10

Lemma 4.2. With the same assumption as in Proposition 4.1, the following inequality holds 11

}Bt~u
d}2H2 À }∇~ud}2H3`

`

1`}Bt~u
a}2H2`}~u

a}4H3`}~u
d}4H3

˘

p}~ud}2H3`}σ
d}2H4q`}~S

a
n}H2 . (4.10) 12

Proof. Multiplying (4.8)2 by Bt~ud and using divBt~ud “ 0, we obtain 13
ż

pρ0 ` σ
aq|Bt~u

d|2 “

ż

Ω
pµ∆~ud ` gσde3q ¨ Bt~u

d ´

ż

Ω
pρ0 ` σ

aqp~uδ ¨∇~ud ` ~ud ¨∇~uaq ¨ Bt~ud

´

ż

Ω
σdpBt~u

a ` ~uδ ¨∇~uδq ¨ Bt~ud ´
ż

Ω

~San ¨ Bt~u
d.

14

Using Sobolev embedding and Cauchy-Schwarz’s inequality, we get further 15

}Bt~u
d}2L2 À }

?
ρ0 ` σaBt~u

d}2L2

À p}~ud}H2 ` }σd}L2q}Bt~u
d}L2 ` p}Bt~u

a}L2 ` }~uδ}H2}∇~uδ}L2q}σd}H2}Bt~u
d}L2

` p1` }σa}H2q
`

}~uδ}L4}∇~ud}L4 ` }~ud}L4}∇~ua}L4

˘

}Bt~u
d}L2 ` }San}L2}Bt~u

d}L2 .

16

That implies 17

}Bt~u
d}L2 À }~ud}H2 ` p}~ud}H1 ` }~ua}H2q}~ud}H2

` p}Bt~u
a}L2 ` }~ua}2H2 ` }~u

d}2H2q}σ
d}H2 ` }~San}L2 .

18

Applying Bi (resp. B2
ij) to (4.8)2, multiplying the resulting equation by Bi~ud (resp. B2

ij) and mimick- 19

ing the above arguments, we obtain 20

}Bt~u
d}H2 À }~ud}H4 ` p}~ud}H3 ` }~ua}H3q}~ud}H3

`
`

1` }Bt~u
a}H2 ` }~uδ}H3}~uδ}H2

˘

}σd}H4 ` }~San}H2

À }~ud}H4 ` p}~ud}H3 ` }~ua}H3q}~ud}H3

`
`

1` }Bt~u
a}H2 ` }~ud}2H3 ` }~u

a}2H3

˘

}σd}H4 ` }~San}H2 .

21
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Applying Cauchy-Schwarz’s inequality, we have1

}Bt~u
d}2H2 À }~u

d}2H4 `

˜

1` }~ua}2H3 ` }Bt~u
a}2H2

` }~ud}2H3 ` }~u
a}4H3 ` }~u

d}4H3

¸

p}~ud}2H3 ` }σ
d}2H4q ` }~S

a
n}H2 .2

The inequality (4.10) thus follows, Lemma 4.2 is proven. �3

We now prove Proposition 4.1.4

Proof. Letting α P N3 with |α| ď 4 and taking the α-derivative of (4.8)1, we obtain that5

1

2

d

dt
}σd}2H4 “ ´

ż

Ω
Bαp∇σd ¨ ~uδq ¨ Bασd ´

ż

Ω
Bαp∇pρ0 ` σ

aq~udqBασd ´

ż

BαRanB
ασd

“ ´

ż

Ω

´

Bαp∇σd ¨ ~uδq ´ ~uδBα∇σd
¯

Bασd ´

ż

Ω
Bαp∇σa ¨ ~udqBασd

´

ż

Ω

`

Bαp∇ρ0 ¨ ~u
dq ` BαRan

˘

Bασd.

(4.11)6

Using Gagliardo-Nirenberg’s inequality, we bound the first integral in the right hand side of (4.11)7

as8

ż

Ω

´

Bαp∇σd ¨ ~uδq ´ uδBα∇σd
¯

Bασd À }σd}H4

´

}∇σd}8}~uδ}H4 ` }∇~uδ}8}∇σd}H3

¯

À }σd}2H4p}~u
d}H4 ` }~ua}H4q.

(4.12)9

For the second integral in the right hand side of (4.11), we use Sobolev embedding to get10

ż

Ω
Bαp∇σa ¨ ~udqBασd

À }∇σa}L4}~ud}L4}σd}L2 `
`

}∇2σa}L4}∇~ud}L4 ` }∇σa}L8}∇2~ud}L2

˘

}∇2σd}L2

`
`

}∇3σa}L4}∇~ud}L8 ` }∇2σa}L4}∇2~ud}L4 ` }∇σa}L8}∇3~ud}L2

˘

}∇3σd}L2

`

˜

}∇5σa}L2}~ud}L8 ` }∇4σa}L2}∇~ud}L8 ` }∇3σa}L4}∇2~ud}L4

` }∇2σa}L4}∇3~ud}L4 ` }∇σa}L8}∇4~ud}L2

¸

}∇4σd}L2

À }σa}H5}~ud}H4}σd}H4 .

(4.13)11

For the last integral in the right hand side of (4.11), we estimate12

ż

Ω

`

Bαp∇ρ0 ¨ ~u
dq ` BαRan

˘

Bασd À p}~ud}H4 ` }Ran}H4q}σd}H4 . (4.14)13

In view of (4.12), (4.13) and (4.14), we get14

d

dt
}σd}2H4 À }σ

d}2H4p}~u
d}H4 ` }~ua}H4q ` }σa}H5}~ud}H4}σd}H4 ` p}~ud}H4 ` }Ran}H4q}σd}H4 .15

Using Young’s inequality, we obtain further16

d

dt
}σd}2H4 ď ν}∇~ud}2H3 ` Cν

`

1` }~ua}H4 ` }σa}2H5 ` }σ
d}2H4

˘

p}σd}2H4 ` }~u
d}2H3q ` }R

a
n}

2
H4 .

(4.15)17



VISCOUS RAYLEIGH-TAYLOR INSTABILITY 19

We proceed to derive energy estimates for the difference of velocity. Applying Bα with |α| ď 3 1

to (4.8)2, we have 2

pρ0 ` σ
aqBtB

α~ud “ ´
ÿ

0‰βďα

Bβpρ0 ` σ
aqBtB

α´β~ud ´∇Bαpd ` µ∆Bα~ud ` gBασd~e3 ´ B
α~San

´ Bαppρ0 ` σ
aqp~uδ ¨∇~ud ` ~ud ¨∇~uaqq ´ BαpσdpBt~ua ` ~uδ ¨∇~uδqq

“ ´
ÿ

0‰βďα

Bβpρ0 ` σ
aqBtB

α´β~ud ´∇Bαpd ` µ∆Bα~ud ` gBασd~e3 ´ B
α~San

´ Bαppρ0 ` σ
aqp~uδ ¨∇~ud ` ~ud ¨∇~uaqq ´ BαpσdpBt~ua ` ~uδ ¨∇~uδqq.

3

Multiplying the resulting identity by Bα~ud to get that 4

1

2

d

dt
}
?
ρ0 ` σaB

α~ud}2L2 ` µ

ż

Ω
|∇Bα~ud|2

“
1

2

ż

Ω
Btσ

a|Bα~ud|2 ´
ÿ

0‰βďα

ż

Ω
Bβpρ0 ` σ

aqBtB
α´βud ¨ Bα~ud ` g

ż

Ω
BασdBαud3 ´

ż

Ω
Bα~San ¨ B

α~ud

´

ż

Ω
Bαppρ0 ` σ

aqp~uδ ¨∇~ud ` ~ud ¨∇~uaqq ¨ Bα~ud ´
ż

BαpσdpBt~u
a ` ~uδ ¨∇~uδqq ¨ Bα~ud.

(4.16)

5

Now, we estimate each integrals in the right hand side of (4.16). It can be seen that 6
ż

Ω
Btσ

a|Bα~ud|2 ` g

ż

Ω
BασdBαud3 ´

ż

Ω
Bα~San ¨ B

αud

À p1` }Btσ
a}H2q}~ud}2H3 ` }σ

d}2H3 ` }~S
a
n}

2
H3 .

(4.17) 7

Next, we estimate the second integral as follows 8

ÿ

0‰βďα

ż

Ω
Bβpρ0 ` σ

aqBtB
α´β~ud ¨ Bα~ud À

ÿ

0‰βďα

p1` }Bβσa}H2q}BtB
α´β~ud}L2}B

α~ud}L2

` p1` }Bασa}L2q}Bt~u
d}H2}B

α~ud}L2

À p1` }σa}H4q}Bt~u
d}H2}~ud}H3 .

9

Using Young’s inequality and thanks to (4.10), we get further 10

ÿ

0‰βďα

ż

Ω
Bβpρ0 ` σ

aqBtB
α´β~ud ¨ Bα~ud

ď ν}∇~ud}2H3 ` Cν
`

1` }Bt~u
a}2H2 ` }~u

a}4H3 ` }~u
d}4H3

˘

p}~ud}2H3 ` }σ
d}2H4q ` Cν}~S

a
n}H2 .

(4.18)

11

Next, we use Gagliardo-Nirenberg’s inequality and Sobolev embedding to have 12
ż

Ω
Bαppρ0 ` σ

aq~uδ ¨∇~udq ¨ Bα~ud

“

ż

Ω

“

Bαppρ0 ` σ
aq~uδ ¨∇~udq ´ pρ0 ` σ

aq~uδ ¨∇Bα~ud
‰

¨ Bα~ud

À }~ud}H3

`

}pρ0 ` σ
aq~uδ}H3}∇~ud}L8 ` }∇ppρ0 ` σ

aq~uδq}L8}∇~ud}H2

˘

À }~ud}2H3p1` }σ
a}H3qp}~ud}H3 ` }~ua}H3q.

13

Arguing similarly to (4.13), we have 14
ż

Ω
Bαppρ0 ` σ

aq~ud ¨∇~uaq ¨ Bα~ud À p1` }σa}H3q}~ua}H4}~ud}2H3 . 15
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Hence, the fifth integral will be bounded as follows1

ż

Ω
Bαppρ0 ` σ

aqp~uδ ¨∇~ud ` ~ud ¨∇~uaqq ¨ Bα~ud À p}~ud}H3 ` }~ua}H4q}~ud}2H3 . (4.19)2

Similarly, for the sixth integral, we have3

ż

Ω
Bαpσd~uδ ¨∇~udq ¨ Bα~ud À }~ud}2H3}σ

d}H3p}~ud}H3 ` }~ua}H3q,4

and5
ż

Ω
Bαpσd~uδ ¨∇~uaq ¨ Bα~ud À }~ua}H4p}~ud}H3 ` }~ua}H3q}~ud}H3}σd}H3 .6

These inequalities imply7

ż

Ω
BαpσdpBt~u

a ` ~uδ ¨∇~uδqq ¨ Bα~ud À p1` }~ua}2H4 ` }~u
d}4H3qp}~u

d}2H3 ` }σ
d}2H3q. (4.20)8

Combining (4.15), (4.17), (4.18) and (4.19) and (4.20) gives us that9

d

dt

`

}σd}2H4 ` }~u
d}2H3

˘

` }∇~ud}2H3

ď Cν}∇~ud}2H3 ` Cν

˜

1` }Btσ
a}H2 ` }Bt~u

a}2H2

` }σa}2H5 ` }~u
a}4H4 ` }~u

d}4H3

¸

p}σd}2H4 ` }~u
d}2H3q

` Cν
`

}~San}
2
H3 ` }R

a
n}

2
H4

˘

.

(4.21)10

Let ν be sufficiently small, we deduce (4.9). Proof of Lemma 4.1 is finished. �11

4.3. Nonlinear instability. Based on the approximate solution pσa, ~ua, qaq in Lemma 4.1, for which12

n will be chosen later (see (4.27)), we now construct a family of solutions pσδ, ~uδq to (2.1) which13

are nonlinearly unstable. For any δ ą 0, we define pσδ, ~uδq to be the unique solution of (2.1) with14

initial data pσap0q, ~uap0qq. We want to bound pσd, ~udq “ pσδ ´ σa, ~uδ ´ ~uaq which is a solution of15

(4.8) satisfying pσdp0q, ~udp0qq “ p0,~0q.16

In what follows, the constants Ci are universal ones depending only on physical parameters, M,N17

and cjpj ě 1q, being refered later.18

Proof of Theorem 2.3. First, we begin the proof with the inequality19

}~upNqptq}L2 ě C1FNptq for all t ě 0. (4.22)20

Indeed, from (2.15), we obtain that21

}~upNqptq}
2
L2 “

N
ÿ

i“jm

c2
i e

2λit}~ui}
2
L2 ` 2

ÿ

jmďiăjďN

cicje
pλi`λjqt

ż

Ω
~ui ¨ ~uj . (4.23)22

It can be seen that23

}~upNqptq}
2
L2 ě

N
ÿ

j“jm

c2
je

2λjt}~uj}
2
L2 ` 2

ÿ

jm`1ďiăjďN

cicje
pλi`λjqt

ż

Ω
~ui ¨ ~uj

´ |cjm |}~ujm}L2

´

N
ÿ

j“jm`1

|cj |}~uj}L2

¯

epλjm`λjm`1qt.

24
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By Cauchy-Schwarz’s inequality, we obtain 1

2
ÿ

jm`1ďiăjďN

cicje
pλi`λjqt

ż

Ω
~ui ¨ ~uj ě ´2

ÿ

jm`1ďiăjďN

|ci||cj |e
pλi`λjqt}~ui}L2}~uj}L2

ě ´epλjm`1`λjm`2qt
´

N
ÿ

j“jm`1

|cj |}~uj}L2

¯2
.

2

This yields 3

}~upNqptq}
2
L2 ě

N
ÿ

j“jm

c2
je

2λjt}~uj}
2
L2 ´ e

pλjm`1`λjm`2qt
´

N
ÿ

j“jm`1

|cj |}~uj}L2

¯2

´ |cjm |e
pλjm`λjm`1qt}~ujm}L2

´

N
ÿ

j“jm`1

|cj |}~uj}L2

¯

.

4

Due to the assumption (2.14), we deduce that 5

}~upNqptq}
2
L2 ě

N
ÿ

j“jm

c2
je

2λjt}~uj}
2
L2 ´

1

4
c2
jme

pλjm`1`λjm`2qt}~ujm}
2
L2

´
1

2
c2
jme

pλjm`λjm`1qt}~ujm}
2
L2 .

6

This yields 7

}~upNqptq}
2
L2 ě c2

jm

´

e2λjm t ´
1

2
epλjm`λjm`1qt ´

1

4
epλjm`1`λjm`2qt

¯

}~ujm}
2
L2

`

N
ÿ

j“jm`1

c2
je

2λjt}uj}
2
L2 .

8

Notice that for all t ě 0, 9

e2λjm t ´
1

2
epλjm`λjm`1qt ´

1

4
epλjm`1`λjm`2qt ě

1

4
e2λjm t. 10

Hence, we have (4.22). 11

Second, we estimate the existence time interval for pσδ, ~uδq. Let ω be a small positive constant 12

which assures the local-in-time existence. Let T ‹ (depending on δ) be the first time t such that 13

either }Btσaptq}H2 ` }Bt~u
aptq}H2 ` }σaptq}H5 ` }~uaptq}H4 “

ω

2

or }σdptq}H4 ` }~udptq}H3 “
ω

2
.

(4.24) 14

Note that σdp0q “ 0, ~udp0q “ ~0 and that 15

}σap0q}Hs ` }~uap0q}Hs “ Opδq, 16

so T ‹ is well-defined for sufficiently small δ. 17
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We now prove that T δ ď T ‹. Suppose that T δ ą T ‹, on one hand, we deduce from the construc-1

tion of approximate solutions in Lemma 4.1 that2

}Btσ
aptq}H2 ` }Bt~u

aptq}H2 ` }σaptq}H5 ` }~uaptq}H4 ď

n
ÿ

k“1

ĄCk,nδ
kp}σxky}H5 ` }~uxky}H4q

ď

n
ÿ

k“1

yCk,nδ
kGNpktq

ď C
n
ÿ

k“1

pδGNptqq
k

ď C
n
ÿ

k“1

Nkεk0 ď
ω

4
.

(4.25)

3

On the other hand, it follows from the definition of T ‹ (4.24) and the inequality (4.9) that4

d

dt

`

}σd}2H4 ` }~u
d}2H3

˘

ď C0

´

1`
ω

2
`
ω2

2
`
ω4

8

¯

`

}σd}2H4 ` }~u
d}2H3

˘

` C0

`

}Ran}
2
H4 ` }~S

a
n}

2
H3

˘

.5

Owing to (4.4), we further get6

d

dt

`

}σd}2H4 ` }~u
d}2H3

˘

ď C2p1` ωq
4
`

}σd}2H4 ` }~u
d}2H3

˘

` C2δ
2pn`1qGNp2pn` 1qtq. (4.26)7

Choosing n sufficiently large such that8

C2pω ` 1q4 ă pn` 1qΛ ă 2pn` 1qλM. (4.27)9

Hence, applying Gronwall’s inequality to (4.26), we have10

}σdptq}2H4 ` }~u
dptq}2H3

ď C2δ
2pn`1q

ż t

0
e´C2p1`ωq4pt´τq

´

M
ÿ

j“1

|cj |e
2pn`1qλjτ `

N
ÿ

j“M`1

|cj |e
pn`1qΛτ

¯

dτ

ď C3δ
2pn`1q

´

M
ÿ

j“1

|cj |e
2pn`1qλjt `

N
ÿ

j“M`1

|cj |e
pn`1qΛt

¯

ď C4Nε
2pn`1q
0 .

11

That implies12

}σdptq}H4 ` }~udptq}H3 ď
a

C4Nε
n`1
0 ď

ω

4
. (4.28)13

The two inequalities (4.25) and (4.28) imply a contradiction to the definition of T ‹ (4.24). Hence,14

we have T δ ď T ‹.15
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Once we have that T δ ď T ‹, we conclude the nonlinear instability. Choosing t “ T δ, it thus 1

follows from (4.1), (4.3) and (4.22) that 2

}~uapT δq}L2 ě δ}~upNqpT
δq}L2 ´

n
ÿ

k“2

δk}~uxkypT δq}L2

ě C1δFNpT
δq ´

n
ÿ

k“2

Ck,nδ
kGNpkT

δq

ě C1δFNpT
δq ´

n
ÿ

k“2

Ck,npδGNpT
δqqk

ě C1ε0 ´

m
ÿ

k“2

Ck,nN
kεk0

ě
C1ε0

2
.

(4.29) 3

Thanks to (4.29), we let t “ T δ in (4.28) to deduce 4

}~uδpT δq}L2 ě }~uapT δq}L2 ´ }~udpT δq}L2 ě
C1ε0

2
´
a

C4Nε
n`1
0 ě

C1ε0
4

. (4.30) 5

The inequality (2.16) is proven. This ends the proof of Theorem 2.3. � 6
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