EXT-GROUPS, DOLD k-INVARIANT AND FORMALITY

Van Tuan PHAM

ABSTRACT. The aim of this paper is to study the formality of a complex in an
abelian category by using k-invariants of Dold. Our main result is a criterion
for the exact functor of abelian categories (enough projective and injective
objects) which induces monomorphisms on Ext-groups.
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INTRODUCTION

In this paper, we study the formality of a chain complex in an abelian category
by using the k-invariants defined by Dold [Dol60]. Let A be abelian category with
enough projectives and injectives. A chain complex C in A is called formal if it
is quasi-isomorphic to a complex whose differentials vanish. Denote by H(C) the
complex whose differentials vanish and H(C); = H;(C) for all i. Then, C is formal if
and only if C is quasi-isomorphic to H(C). Since we are interested in the complexes
up to quasi-isomorphism, naturally, we consider the derived category. Denote by
D?(A) the bounded derived category of A. Then, a complex C' € D? (A) is formal
if and only if C is isomorphic to H(C), in the category D (A). Recall the following
classical result (see Corollary

Theorem. Let A be an abelian category. Suppose that the category A is hereditary,
i.e., we have Ext'y (A,B) = 0 fori > 2 and A,B € A. Then, each complex
C € Db (A) is formal.
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Our main theorem, Theorem [2:3] can be considered as a relative version of the
above theorem.

Theorem (Theorem . Let A, B be two abelian categories with enough pro-
jectives and injectives. Let ¢ : A — B be an exact functor. The two following
conditions on the functor ¢ are equivalent:
(1) The complex C € D (A) is formal if the complex ¢(C) € D (B) is formal.
(2) Fori > 2, the maps Ext’y (A, B) — Ext (¢(A), ¢(B)) induced by ¢ are
monomorphisms.

A consequence of this main theorem is Theorem [3.2] which is a multivariable
version of a result of W. van der Kallen [vdK15]. We note that the proof of van der
Kallen in the one-variable case used spectral sequence. Another application of the
main theorem is Proposition which gives us a relation between the formality of
a complex of strict polynomial functors and parametrized functors.

Acknowledgments. I would like to express my deep gratitude to Antoine Touzé
for many helpful suggestions.

Part of this work was done while the author was visiting the Vietnam Institute
for Advanced Study in Mathematics (VIASM). We would like to thank the VIASM
for hospitality.

1. POSTNIKOV TOWER AND Kk-INVARIANT

In this section, we recall the Postnikov tower of a complex in an abelian category.
Then, the k-invariant of Dold [Dol60] will be presented by using the language of
derived category and its triangulated structure.

Fix abelian categories with enough projectives and injectives.

1.1. Postnikov tower of a complex. A morphism f : C' — D of chain com-
plexes is called quasi-isomorphism if the maps H,(f) : H,(C) — H,(D) are iso-
morphisms. It follows from the definition that a complex C is acyclic if and only
if the morphism 0 — C' is a quasi-isomorphism. We see that an isomorphism is
a quasi-isomorphism and the composite of two quasi-isomorphisms is also a quasi-
isomorphism. However, in general the existence of quasi-isomorphism C' — D does
not deduce the existence of a quasi-isomorphism D — C.

Let two chain complexes C, D. We say that C is quasi-isomorphic to D if there
are chain complexes C' = C1,Csy,...,C,_1,C, = D such that for all 1 <i<n—1,
there is a quasi-isomorphism C; — C;y1 or C;j4+1 — C;. Then, the binary relation
“quasi-isomorphic” is an equivalence relation in the class of chain complexes.

For an integer k and a complex C, we define a new complex C[k] by setting
Clkln = Cpyy, and dg™ = (~1)kd .

We define truncation functors , see for example [Wei94] 1.2.7] or [KS06], Defini-
tion 12.3.1]. If C is a chain complex and n is an integer, denote by 7>, (C) the
subcomplex of C' defined by

0 if 1 < n,
(7>n (C)); = { ker (dff) if i =mn,
C; if i > n.
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The complex 75, (C) is called the truncation of C' below n. The quotient complex
T<n (C) = C/T>n41(C) is called the truncation of C' above n. We obtain the
functors 7>, : Ch(A) — Ch, (A) and 7<,, : Ch(A) — Ch_(A). We see that if n <
m then 7<, 0 T<;, = T<,. The proof of the following proposition is straightforward.

Proposition 1.1. Let C' be a chain complex.

(1) The natural morphism H; (1>, (C)) — H;(C) is an isomorphism for i > n
and H; (15,(C)) = 0 fori < n.
In particular, if H;(C) =0 for i < n then the inclusion 7>,(C) — C is
a quasi-isomorphism.
(2) The natural morphism H;(C) — H; (<, (C)) is an isomorphism for i <n
and H; (T<p(C)) =0 fori > n.
In particular, if H;(C) = 0 for i > n then the projection p, : C —
T<n(C) is a quasi-isomorphism.

Corollary 1.2. Assume f: C — D is a morphism such that H;(f) is an isomor-
phism for i <n and H;(D) =0 for i > n then D is quasi-isomorphic to 1<, (C).

Proof. Consider the commutative diagram

C ! D
pfl lpf
T<n(f)

T<n(c) — T<n(D)

Since H;(D) = 0 for i > n, by Proposition pP is a quasi-isomorphism. Thus, it
remains to show that 7<,, (f) is a quasi-isomorphism. For i > n, since H; (1<, (C)) =
0= H; (t<n(D)), H;(f) is an isomorphism. We next suppose that ¢ <n. From the
above diagram, we have H; (1<, (f)) o H; (pS) = H; (pL) o H;(f). By Proposition
u H; (pg) and H; (pg ) are isomorphisms. Moreover, by hypotheses, H;(f) is an
isomorphism. Hence, H; (1<, (f)) is an isomorphism. O

We also have a similar result to the above corollary for the functor 7>,,.

By definition, for a chain complex C and an integer n, there is an exact sequence
of complexes

0—>72n+1(0)—>0ﬂ>7§n(0)—>0.

Applying this short exact sequence for the complex 7<,(C), there is a short exact
sequence of complexes for each integer n

(1) O—)Tzn(TSn(C))—)TSn(C)q—n>7§n_1(0)*>0

where ¢,, is the composite morphism 7<,,(C) ety T<n—1 (T<n(C)) = T<n—1(C).
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The Postnikov tower for a complex C' € Ch(A) is the commutative diagram:

T§n+1(c)

dn+1

Pn+1

Pn——> T<p (C’)
an

T<n-1(C)

Pn—1

By Proposition the map p, : C — 7<,(C) induces an isomorphism on 4}

homology for ¢ < n and H; (7<,(C)) = 0 for i > n. Otherwise, by definition,
ker(gn) = T>n (T7<n(C)) is a subquotient of C' with

Cnt1 i
— " ifi= 1
o (dgH) ife=n+1,
(TZ"L (Tﬁn (C)))z = ker (dc) ifi= n,
0 otherwise.

We have a natural morphism 7>, (1<, (C)) — Hy,(C)[—n], which is a quasi-isomorphism.
In general, the complex 7<,(C) is not defined (up to quasi-isomorphism) from
T<n—1(C) and H,(C).

1.2. The derived category. We are only interested in the complexes up to quasi-
isomorphism. The quasi-isomorphisms are not isomorphisms, but one would like
to consider them to be isomorphisms. Naturally, we consider the derived category.
Bounded derived category of an abelian category together with its triangulated
structure defined by A. Grothendieck and J-L. Verdier will be recalled briefly here.

Definition 1.3. Let A be an abelian category. The bounded derived category of
A, denoted by D®(A), is defined to be the localization of category K~-*(.A) at the
collection of quasi-isomorphisms, where K—*(A) ...
We call a triangle of category D (A) a diagram of type
X—=Y—Z—-X[-1].

Let X - Y - Z = X[-1] and X' - Y' — Z' — X’[-1] be two triangles. A
morphism of triangles is a commutative diagram:
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Let f: X — Y be a morphism in Ch(.A). We have a short exact sequence
0—Y — Cone(f) —» X[-1] =0

in Ch(A) where Cone(f) is the mapping cone of the morphism f, i.e., Cone(f)" =
ar fnJrl
n n+1 m _ Y
Yre X and déy,.. ;) = (O Zq )

Definition 1.4. A triangle of D® (A) is called distinguished if it is isomorphic to
a triangle of form

X 5y - Cone(f) — X[-1].

Theorem 1.5 ([Wei%4, Collaries 10.2.5, 10.4.3]). Let A be an abelian category.
The category D (A) equipped the distinguished triangles of the above definition is
a triangulated category, i.e., it satisfies the following properties

(TRO): Each triangle of D® (A) isomorphic to a distinguished triangle is a distin-
guished triangle.

(TR1): For each object X of D”(A), the triangle X M X 50— X[-1] s
distinguished.

(TR2): Each morphism u : X — Y of DY (A) is contained in a distinguished
triangle X Y — Z — X[-1].

(TR3): A triangle X =Y 5 Z % X[—1] of Db (A) is distinguished if and only
if the triangle Y % 7 2% X[—1] e, Y[—1] is distinguished.

(TRA4): For each pair of distinguished triangles:

’ ’ ’

X5Y 5725 X[-1], X' 5y 572 5 X [-1]

and all morphisms f : X — X', g:Y — Y’ such that gou = u' o f, there
is a morphism h : Z — Z' such that the following diagram is commutative:

XYy Yz ", X[-1]

T

X ey e 7Y X[

We don’t need the octahedral axiom [Ver96, TRIV, page 94] in the sequel.

Proposition 1.6. Let
0-X—->Y—=>2-0

be a short exact sequence in Ch_’b(A). There is a distinguished triangle
xLy %z x-
in DY(A), and Z is isomorphic to Cone(f) in D° (A).
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1.3. Dold k-invariants. Recall that for each complex C and an integer n, there
is a short exact sequence of complexes , moreover, the complex 7>, (T<,(C)) is
quasi-isomorphic to H, (C)[—n].

Proposition 1.7. There is only one morphism k™ (C) € Homps (4 (T<n—1(C), H,(C)[—n — 1))
such that the below triangle is distinguished in D?(A)

(2) Hy (C)[=1] = 720 (C) “ 721 (C) “5 Ho(€)[-n — 1]

Moreover, k™ is a natural transformation between the functors T<n,_1 and [-n —
1] o H,.

Proof. Applying Proposition for the short exact sequence (IJ), remark that
Ton (T<n(C)) ~ H,(C)[—n] in the category DP (A), there is a morphism k"(C) :
T<n-1(C) = H,(C)[—n — 1] in the category DP (A) such that we have the distin-
guished triangle . O
Definition 1.8. The morphism k"(C) : 7<,,—1(C) = H,(C)[—n—1] in the category
D? (A) is called n*® k-invariant of C.

Since
Hompy (4) (t<n—1(C), H,(C)[=n = 1]) = Ext™ ™ (1<, 1(C), Ha(C))

the n'® k-invariant k”(C) is an element of Ext"** (7<,,_1(C), H,(C)). By (TR4),
the complex 7<,,(C) € DP (A) is well defined up to quasi-isomorphism from the n*®
k-invariant k™(C), but this quasi-isomorphism is not in general canonical. These
k-invariants specify how to construct a complex C' € D? (A) inductively from the
homologies of C.

Note that if C' is quasi-isomorphic to D then k™(C) = k™(D) for all n.

Lemma 1.9. Let A, B be two abelian categories. Let ¢ : A — B be an exact functor
and C be an object of D (A). Then we have ¢ (k"(C)) = k"(¢(C)).
Proof. By definition, there is a distinguished triangle in the category D’ (A)

H, (C)[~n] = 7<n(C) 2 71 (C) 9 1, ()0 — 1.

Since the functor ¢ is exact, we have H, (¢(C)) ~ ¢ (H,(C)) and 7<,(¢(C)) =~
¢ (1<n(C)). By applying the exact functor ¢, we obtain a below distinguished
triangle in D? (B)

Hyy($(C))[=n] = T<n($(C)) = T<n-1(4(C Hy (C)[=n —1].
Then we have k™ (¢(C)) = ¢ (k"(C)). O

) $(k"(C))

2. FORMALITY AND Kk-INVARIANT

2.1. Formality. A complex is called formal if it is quasi-isomorphic to a complex
whose differentials vanish. Denote by H(C) the complex whose differentials vanish
and H(C); = H;(C) for all i. Then, C is formal if and only if C' is quasi-isomorphic
to H(C).

Acyclic complex is formal. A complex C' is formal if H;(C) = 0 for i # n, for
some fixed n. If C; or C;41 vanishes for each i, then C' is formal.

Proposition 2.1. Let C € Db (A) and n be an integer. The compler 7<,(C) is
formal if and only if the complex T<,,—1(C) is formal and the k-invariant k™ (C) = 0.
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Proof. (=). Since the complex 7<,(C) is formal, there exists an isomorphism f :

7<n(C) = H (1<, (C)) = 7<,(H(C)) in Db (A). By applying the functor 7<,_1,
we obtain an isomorphism

T<n-1(f) : Ten-1(C) = Ten—1 (1<n (H(C))) = T<n-1 (H(C)).

Then the complex 7<,,1(C) is formal. The n*® k-invariant k™ (C) of the complex C
is null based on the commutativity of the following diagram in the derived category

D? (A):

k"™ (C)

H, (O] —— 74(C) > 41 (C) ———> Hy(C)-n — 1
H,, ()] —— 1<n(H(C)) 5= mena (H(O)) —> Hy(C)[=n — 1]

(«). Since 7<,, 1 (C) is formal, there is an isomorphism g : 7<,,_1(C) = 7<,,_1(H(C))

in D® (A). Moreover, since k" (C) = 0, the following diagram is commutative where
the two lines are distinguished triangles in the category D’ (A):

Ten-1(C)[~1] —— H,

@l
.
@l

T<n-1(C)

ig
dn

0 — < (H(C)) —— T<n-1(H(C)).

T<n-1(H(C))[=1] —— H,

—n] ——— 1< (C)
n]

By (TR4), there is an isomorphism 7<,(C) ~ 7<,,(H(C)) in the category D? (A).
By definition, the complex 7<,,(C) is formal. O

Proposition 2.2. Let C € D (A). The complex C is formal if and only if k*(C) =
0 for all n.

Proof. (=). Let n be an integer. Since the complex C is formal, the complexes

T<n(C) are also formal. By Proposition [2.1] the k-invariants k™(C) are null.
(«<=). Since C is an object of D? (A), its homology is bounded. Then there is a

strictly positive integer m such that p,, : C — 7<,,(C) is an isomorphism in D’ (A)
and that the complex 7<_,,(C) is acyclic. Then, the complex 7<_,,(C) is formal.
Moreover, by hypothesis, k*(C) = 0 for all n. By using Proposition and an
induction, the complex 7<,,(C) is formal. Hence, the complex C is formal. (]

2.2. Main result. We can now formulate our main result.

Theorem 2.3. Let A, B be two abelian categories. Let ¢ : A — B be an exact
functor. The two following conditions on the functor ¢ are equivalent:
(1) The complex C € D (A) is formal if the complex ¢(C) € D° (B) is formal.
(2) For i > 2, the maps Ext’y (A, B) — Extl (¢(A), #(B)) induced by ¢ are
monomorphisms.

As an application of this theorem, we obtain a multivariable version of a result
of W. van der Kallen [vdK15| in the following section.

Before proving Theorem [2.3] we remark that, under the hypothesis of the theo-
rem, the complex ¢(C) is formal if the complex C' is too. Indeed, since the complex
C is formal, C' ~ H(C). We obtain an isomorphism ¢(C) ~ ¢(H(C)). Otherwise,
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it follows from the exactness of ¢ that the homology of the complex ¢(C) is equal
to ¢(H(C)). Then, we have an isomorphism ¢(C) ~ H(¢(C)) that we wish.

Proof of Theorem 2.3l (2) = (1). Since C is an object of D (A), there are in-
tegers i1, 12 such that H,(C) = 0 for n < 4y or n > iy. Therefore, the morphism
Pn 2 C = 7<,(C) is an isomorphism if n > is and the complex 7<,(C) is acyclic if
n < i1. In particular, the complex 7<,(C) is formal if n < iy, and if the complex
T<n(C) is formal for some n > iy then the complex C is formal. It suffices to show
that the complex 7<,(C) is formal if the complex 7<,_1(C) is formal.

We assume that 7<,_1(C) is formal with n — 1 > 4;. Then, there is an isomor-
phism 7<,,_1(C) =~ @Z":_i H;(C)[—1] in the category D” (A). Since the functor ¢ is
exact, we have an isomorphism 7<,,_1(¢(C)) ~ @;:Zi H;(¢(C))[—1] in the category
D? (B). We obtain a commutative diagram

Homps(4) (T<n-1(C), Hy(C)[-n — 1]) — > Homp ) (r<n—1(9(C). Ha(6(C))[-n — 1)

n— n+l—i on n— 7 —q
i, Bxty ' (Hi(€), Ha(C)) i, Bxti" ' (Hi(#(0)), Ha(6(C)) -
By Assertion (2), the map ¢, is a monomorphism. Otherwise, since the complex
¢(C) is formal, by Proposition we have k"(¢(C)) = 0. By combining with
Lemma we then have k" (C) = 0. By Proposition the complex 7<,,(C) is
formal.

(1) = (2). Let e € Exty (A, B) such that ¢.(e) € Extl (¢(A), #(B)) is null. Since
Exty (A, B) ~ Hompy (4 (A[0], B[—]), we can see e as a morphism A[0] — B[]
in D (A). Then there is a distinguished triangle in the category D? (A)

B[—i+1] — C — A0] < BJi].
Since the functor ¢ is exact, we obtain a distinguished triangle in D? (B)
. ¢ (e) .
¢(B)[—i+1] = ¢(C) = ¢(A)[0] —— o(B)]il.

Since ¢.(e) = 0, the complex ¢(C) is formal. By Assertion (1), the complex C is
also formal. Then the morphism e is null. (I

The following corollary is a direct consequence of Theorem 23] This result is
classic and we can see it in [KS06, Corollary 13.1.20] another proof of this result.
Moreover, Corollary explains the reason that we have the hypothesis “¢ > 2”7 in
Assertion (2) of Theorem

Corollary 2.4. Let A be an abelian category. Suppose that the category A is
hereditary i.e., we have Ext’y (A, B) =0 fori>2 and A,B € A. Let C € D®(A).
There ezists an isomorphism in D° (A):

(3) C ~ @D Hi(C)[-i].

ez
Proof. We define an endofunctor ¢ : A — A by ¢(A) = 0 for all A € A. Tt is
evident that ¢ is an exact functor and that the complex ¢(C') is formal. Moreover,
since the category is hereditary, the maps Ext’y (A, B) — Ext’y (¢A, $B) induced
by ¢ are monomorphisms for i > 2. By Theorem [2:3] the complex C is formal.
Then the complex C' is isomorphic to its homology, this finishes the proof. O
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3. APPLICATION FOR STRICT POLYNOMIAL FUNCTORS

Fix a field k of positive characteristic p. Let Vj denote the category of the k-
vector spaces of finite dimension and the linear maps. For each natural number d,
'V is the Schur category whose objects are those of the category Vi and whose
morphisms are given by Hompay, (V, W) := 'Y Hom(V, W). We know that I'*V is
a k-linear category.

For each n-tuple d = (dy,...,d,) of natural numbers, define the category I'*Vy
the tensor product @;-_, I'%Vy. This is a k-linear category.

Definition 3.1. The category of the k-linear functors from TV to V is called
the category of homogeneous strict polynomial functors of degree d, denoted by Pq.

Then, Pyq is a k-linear abelian category. For more details we refer the reader to
[FS97],[SEB97] [Tould], [Tould] and the references given there.

For a tuple of natural numbers m = (my, ..., my), denote by GLy, i the product
of the group schemes GL,,, x for i = 1,...,n and by k™ the object (k™,... k™).
If F' € P4, the vector space F' (k™) is canonically endowed with an action of GLyy, k.
Moreover, A. Touzé proved [Toul(, Lemma 2.3] that the evaluation map

Ext}, (F,G) — Extg,,, (F&™),GE™)).
is an isomorphism if m > d, i.e., m; > d;,i = 1,...,n. This allows us to perform
Ext-computations in the category of strict polynomial functor, in which computa-
tions are easier.

For each F' € Pq, denote by F(") € P,-q the r*® Frobenius twist of F, see [FS97],
[SFB97]. If M is a GLp x-module, denote by M"T the rth Frobenius twist of M,
see [Jan03), Section 1.9.10]. There is an isomorphism F() (k™) ~ F(k™)I"] natural
in F.

Theorem 3.2. Let C' € Ch(Pq) be a finite complex and r be a natural number.
The complex: C' is formal if the complex C") is formal.

Proof. Denote by ¢ : Pq — Ppra the functor F' — F ("), This functor is exact.
Let m = (mq,...,m,) be a tuple of natural numbers such that m; > d; for
i =1,...,n. The following diagram is commutative

(77)

Extp, (F,G) Exty, , (FT,G0)

l(h) l(b)

* m m (fs) * m)[r m)[r
Extar, . (F(K™), G(k™)) Bxtgy,, . (FE™)I,GE™)M) .

where the vertical arrows (t,), (f5) are induced by the evaluation functor on k™.
Since m > d, the maps (f;), (f5) are isomorphisms. Moreover, by [Jan03l Sec-
tion 11.10.16], the map (f3) is also an monomorphism. Thus, the map (??) is an
monomorphisms. [

The one variable version of this theorem was proved by W. van der Kallen
[vdK15]. This is an important step to study the effect of the Frobenius twist on the
Ext-groups in the category of strict polynomial functors, i.e., to study Ext-groups
of form Extp (F,G™M), see [Tould], [Chald].

As another application of our main theorem [2:3] we give a relation between the
formality of a complex of strict polynomial functors and parametrized functors.
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Proposition 3.3. Let C € Ch(Pq) be a finite complex and r be a natural number.
The three following assertions are equivalent.

(1) The complex C is formal.

(2) The complex Cv is formal for all n-tuples V of objects of V.

(3) There is a n-tuple V of objects of Vx such that V; # 0 for all i and the
complex Cv is formal.

Proof. The implication (2) = (3) is obvious. Since the functor (—)v is exact, we
deduce (1) = (2). It remains to show (3) = (1). Let V be a n-tuple of objects of V
such that V; # 0 for all 4. Since V; is non-null, k is a direct factor of V;. Then, the
functor F is a direct factor of the functor Fy, for all strict polynomial functors F.
Thus, the maps Extp ) (F, G) — Extp, () (Fv,Gv) are always monomorphisms.
By Theorem the complex C is formal. (]
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