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Abstract

We study linear polynomial approximation of functions in weighted Sobolev
spaces W;w(Rd) of mixed smoothness r € N, and their optimality in terms of Kol-
mogorov and linear n-widths of the unit ball W7, , (R?) in these spaces. The approxi-
mation error is measured by the norm of the weighted Lebesgue space L .,(RY). The
weight w is a tensor-product Freud weight. For 1 < p,q < oo and d = 1, we prove
that the polynomial approximation by de la Vallée Poussin sums of the orthonormal
polynomial expansion of functions with respect to the weight w?, is asymptotically
optimal in terms of relevant linear n-widths A, (W;,w (R), Lg,(R)) and Kolmogorov
n-widths d,, (W;w(R),Lq,w(R)) for 1 <g<p<oo Forl<pg<ooandd?>2,
we construct linear methods of hyperbolic cross polynomial approximation based on
tensor product of successive differences of dyadic-scaled de la Vallée Poussin sums,
which are counterparts of hyperbolic cross trigonometric linear polynomial approxi-
mation, and give some upper bounds of the error of these approximations for various
pair p,q with 1 < p,q < oco. For some particular weights w and d > 2, we prove
the right convergence rate of Ay, ( g’w(]Rd), Low(RY)) and d,, ( §7w(Rd), Low(RY))
which is performed by a constructive hyperbolic cross polynomial approximation.

Keywords and Phrases: Weighted approximation; Hyperbolic cross polynomial
approximation; De la Vallée Poussin sums; Kolmogorov widths; Linear widths;
Weighted Sobolev space of mixed smoothness; Right convergence rate.
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1 Introduction

We investigate weighted linear hyperbolic cross polynomial approximations of functions
on R? from weighted Sobolev spaces of mixed smoothness and their optimalities in terms
of Kolmogorov and linear n-widths.



We begin with a notion of weighted Sobolev spaces of mixed smoothness. Let

d
w(x) == wygp(x) = ®w(:ci), x € R,
i=1

be the tensor product of d copies of a generating univariate Freud weight of the form
w(z) :=exp (—alz|*+b), A>1,a>0, beR. (1.1)

The most important parameter in the weight w is A. The parameter b which produces
only a positive constant in the weight w is introduced for a certain normalization for
instance, for the standard Gaussian weight which is one of the most important weights.
In what follows, we fix the parameters A, a, b in the weight w.

Let 1 < p < oo and ©Q be a Lebesgue measurable set on R%. We denote by L, ., (£2)
the weighted Lebesgue space of all measurable functions f on §2 such that the norm

1/p
(folf@ut@irae) ", 1p<oc .

€ss SUPgcq | f (@) w()], p = oo,

1Ny =

is finite.

For r € Nand 1 < p < oo, we define the weighted Sobolev space W}, (£2) of mixed
smoothness r as the normed space of all functions f € L, ,,(€2) such that the weak partial
derivative D* f belongs to L,.,(Q2) for every k € N¢ satisfying the inequality |kl < 7.
The norm of a function f in this space is defined by

1/p
L k
1fllws o -—( > D fH’ip,w(m) -

Ik|oo <1

Let v be the standard d-dimensional Gaussian measure with the density function
vg(®) = (2m) =2 exp(—|[3/2).

The well-known spaces L,(€2;) and W} (£2;) which are used in many applications, are
defined in the same way by replacing the norm (1.2) with the norm

e i= If(w)\pv(dw))l/p = ([ 17@ @) @)raa) "

Thus, the spaces L,(€2;) and W] (€2;) coincide with Ly, ,,(§2) and W), (€2), where w :=
(vg)"/? for a fixed 1 < p < 0.

Let X be a Banach space and F' a central symmetric compact set in X. By linear
approximation we understand an approximation of elements in F' by elements from a fixed
finite-dimensional subspace L. For a given number n € Ny, a natural question arising is
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how to choose an optimal subspace of dimension at most n for this approximation. This
leads to the concept of the Kolmogorov n-width introduced in 1936 [7]. The Kolmogorov
n-width of F' is defined by

d (F. X):=inf inf ||f —
W(F, X) inf f}elg gléan“f 9llx,

where the left-most infimum is taken over all subspaces L,, of dimension < n in X.

The Kolmogorov n-width provides a way to determine optimal approximation n-
dimensional subspaces. Clearly, we would like to use as simple approximation operators
as possible. In particular, the restriction by linear operators leads to the linear n-width of
F in X which was introduced by V.M. Tikhomirov [13] in 1960. This n-width is defined
by

M(F,X) = inf sup [ £ — A, (f)]x.
n feF

where the infimum is taken over all linear operators A,, in X with rank A,, < n. In general,
the Kolmogorov n-width and the linear n-width are different approximation characteri-
zations. However, if X is a Hilbert space, then \,(F, X) = d,,(F, X). In what follows, for
a normed space X of functions on 2, the boldface X denotes the unit ball in X.

There is a large number of works devoted to the problem of (unweighted) linear hy-
perbolic cross approximations of functions having a mixed smoothness on a compact
domain, and their optimalities in terms Kolmogorov and linear n-widths of see for survey
and bibliography in [4], [10], [12]. Here by linear hyperbolic cross approximation we un-
derstand approximation of multivariate periodic functions by trigonometric polynomials
with frequencies from so-called hyperbolic crosses, or their counterpart for multivariate
non-periodic functions.

The weighted polynomial approximation is a classical branch of approximation theory.
There is a huge body of works on different aspects of the univariate weighted polynomial
approximation. We refer the reader to the books [9], [8], [6] for relevant results and
bibliography. In the recent paper [3], we have studied the linear approximation of functions
from Wg(Rd;y) with the error measured in L,(R%~) for 1 < ¢ < p < co. In particular,
we proved in the last paper the right convergence rate

A(WH(RY ), Ly(RY 7)) = do(W5RY 7), La(R% 7)) < n™"/2(logn)" @~ 1/2. (1.3)

In the present paper, we investigate linear hyperbolic cross polynomial approximation
of functions with a mixed smoothness on R?. Functions to be approximated are in
weighted Sobolev spaces W;w(Rd). The approximation error is measured by the norm
of the weighted Lebesgue spaces L,.,(R?). The values of p, ¢ may vary satisfying the in-
equalities 1 < p,q < oo. The results on this approximation will imply upper bounds
of the high dimensional linear n-widths \,(W7} ,(R%), Ly,(R?)) and Kolmogorov n-
widths d, (W7 ,(R%), Ly.w(R?)) (d > 2), the right convergence rate of these linear n-
widths in one-dimensional case (d = 1). We also study the right convergence rate of
A (W5, (RY), Ly o, (R)) and d,, (W5, (RY), Ly, (R?)) for particular weights w.

We briefly describe the main results of the present paper. Throughout the present
paper, for given 1 < p,q < oo and the parameter A > 1 in the definition (1.1) of the
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generating weight w, we make use of the notations

ryi=(1—1/M\)r; (1.4)
_fa-ynap-ye it esa
M /N0 g - 1/p) if p>g

and

T>\7p7q =Ty — (5)\71,7,1.
We also use the abbreviations:
dp = dn(W;,w(Rd)a Lq,w(Rd))7 Ap 1= An(W;,w(Rd)a Lq,w(Rd))-

Let 1 < p,qg < 00, 1ypq > 0 and Ve be the de la Vallée Poussin hyperbolic cross sum
operator (see (3.5) for the definition). Then we prove that

27t if p=gq,

ey § 27wat@0/a i potg<oo, £>1, fe W, (RY).
2 "pag(d=1) if ¢ = oo,

Hf_vngquw(Rd) < Hf”W’

p,w

If &, is the largest number such that rank (Ve,) < n for n € N, as a consequence, we have
that

n~" (log n)(m+Hd-1) if p=gq,

d, <A, < sup ||f—V5anLq o < n~"wa(logn)Meat/OW=1if 5 oL g < oo,
FEWD W ®R) 7 n~ w4 (logn) et d=1) if ¢ = oo.

(1.5)

In the one-dimensional case when d = 1, for 1 < ¢ < p < oo we prove the right
convergence rate

ke fe‘iflgz(R) 1 = Vadllz, ey = 27",

where V,, f is the nth de la Vallée Poussin sum of the orthonormal polynomial expansion
of f with respect to the multivariate weight w?.

The linear polynomial approximation method Vg, performing the upper bounds (1.5)
— a counterpart of hyperbolic cross trigonometric approximation method — is based on
tensor product of successive differences of dyadic-scaled de la Vallée Poussin sums of the
orthonormal polynomial expansion of f with respect to the multivariate weight w?.

For A = 2,4, we prove the right convergence rate
A”( g,w (Rd)v LQ,w (]Rd)) = dn( g,w (Rd)7 L2,w (Rd)) =n " (log TL)T)\(d_l)v

which is a generalization of (1.3).



The paper is organized as follows. In Section 2, we study linear polynomial approx-
imations in the norm L,.,(R) of univariate functions from W7  (R) by de la Vallée
Poussin and Fourier sums of the orthonormal polynomial expansion of functions with
respect to the univariate weight w?. We give some upper bounds of the error of these
approximations for 1 < p,q < oo, and prove their asymptotic optimality in terms of lin-
ear n-widths X, (W7 ,(R), Lq.,(R)) and Kolmogorov n-widths d,, (W7, (R), Lg.(R)) for
1 < g <p<oo. In Section 3, we study linear approximations of multivariate functions
fe W;jw(Rd). We construct linear methods of hyperbolic cross polynomial approxima-
tion. We give some upper bounds of the error of these approximations for various pair p, g
with 1 < p,q < co. In Section 4, for the particular weights w with A = 2,4, we prove the
right convergence rate of n-widths A, (W75 ,(R?), Ly, (R?)) and d,, (W75, (R?), Ly, (R?)).

1/p
Notation. Denote & =: (1, ...,x4) for * € RY; |z|, := (Z?Zl |:7cj|p) (1 <p< )

and |&|o := max;<j<q|z;|. For &,y € RY, the inequality = < y (z < y) means z; < y; (
x; < y;) for every i = 1,...,d. We use letters C' and K to denote general positive constants
which may take different values. For the quantities A, (f, k) and B,(f, k) depending on
neN, feW, ke Zi we write A,(f, k) < B,(f,k), f € W, k € Z* (n € N is
specially dropped), if there exists some constant C' > 0 independent of n, f, k such that
An(f, k) < CB,(f,k) for alln € N, f € W, k € Z* (the notation A,(f, k) > B,(f, k)
has the obvious opposite meaning), and A, (f, k) < B,(f, k) if A,.(f, k) < B,(f,k) and
B,(f, k) < A,(f, k). Denote by |G| the cardinality of the set G. For a Banach space X,
denote by the boldface X the unit ball in X.

2 Approximation by de la Vallée Poussin sums

In this section, we study linear approximations of univariate functions f € W,  (R) by
de la Vallée Poussin and Fourier sums of the orthonormal polynomial expansion with
respect to the univariate weight w?. The approximation error is measured in the norm of
L,.,(R). We give some upper bounds of the error of these approximations and prove their
asymptotic optimality in terms of linear n-widths A, (W} ,(R), Lg.,(R)) and Kolmogorov
n-widths d, (W7 ,(R), L.(R)) for 1 < ¢ <p < .

For a given m € Ny, let (pm)men, be the sequence of orthonormal polynomials with
respect to the univariate weight

w?(z) = exp (—2alz[* + 2b) . (2.1)

The polynomials {py } .y, constitute an orthonormal basis of the Hilbert space Ly ,,(R),
and every f € Ly, (R) can be represented by the polynomial series

F= 3 e with f#):= [ f@) mle)uta)da

keNg



converging in the norm of L, ,(R). Moreover, there holds Parseval’s identity

Ny = D 1R

keNy

Since every polynomial belongs to the space L, ,(R) with 1 < ¢ < oo, we can define
for any k € Ng, m € N and f € L, ,,(R) the kth Fourier coefficient

R
the mth Fourier sum B
Suf =Y f(k)pr;
k=0
and the mth de la Vallée Poussin sum
1 2m
k=m+1

Let P,, denote the space of polynomials of degree at most m. From the definition we
have the following properties of the operator V,, for 1 < p < oo and m € N,

me € P2m—1a .f € Lp,w(R)a

and
Ve =0, ¢ € Pn.

For m € N, let ¢,, be the Freud number defined by
Gm = (mJa))* < m/A,
and a,, the Mhaskar-Rakhmanov-Saff number defined by

L 2T 2

UN =m0 wy ey ,

A = (vAm)

and I is the gamma function. From the definitions one can see that

G = Ay = MM (2.2)

The numbers ¢,, and a,, are relevant to convergence rates of weighted polynomial approx-
imation (see, e.g., [9, 8]).

For 1 <p<ooand f € L,,(R), we define

Enlfpi= il 1S = ¢ltyac0



as the quantity of best approximation of f by polynomials of degree at most m. Then

there holds the inequalities for 1 < p < oo [9, Proposition 4.1.2, Lemma 4.1.5]
||me||Lp,w(R) << ||f||Lp,'Lu(R)7 f 6 prw(R)’

Eon(Fpw < = Vi Fll2p0@) < En(Hpaws [ € Lpuw(R),
and [9, Theorem 4.1.1] taking account (2.2)

En(Ppw <m™ [ fllwg @), [ € W5, (R).

From (2.2), (2.4) and (2.5) it follows that if 1 < p < oo, then for every m € N,

1f = Vifllpwmw < Cm™ | fllwr, @), f€W,,(R).

Bow
For the operators S,,, we have [5]
1Sm 2y < N FllLpwms € Lpw(R), if and only if 4/3 <p <4,
or, equivalently,

If = Smflli,wm® < En(fpw, [ € Lpw(R), if and only if 4/3 < p < 4.

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

For proofs of the following lemmata see [9, Theorem 3.4.2, Theorem 4.2.4], providing

(2.2).
Lemma 2.1. Let 1 < p,q < oo. Then we have the following.
(i) There holds the Markov-Bernstein-type inequality

19 12, 0® <m0l 0@ Vo € Prn, ¥m €N

(ii) For 1 <p < q < o0, there holds the Nikol’skii-type inequality

[l 2y0@ < mEYNUPZVD Y0l gy Vi € Py, ¥m €N

(iii) For 1 < gq < p < o0, there holds the Nikol’skii-type inequality

ol Ly0@ < mIND ) w0 € Py, meN.

We define the one-dimensional operators for m € N and k£ € Ny
Umk = Vka - Vka—17 k> 07 Um0 = va

and
Smk = Omak — Smak-1, k>0, Spo = Sp.

We also use the abbreviations: vy := vy and s := sy 4.

7
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Lemma 2.2. Let 1 < p,q < 00, rrpq > 0 and m € N. Then we have that for every
f €W, ,(R), there hold the series representation

F=> vmf (2.10)

with absolute convergence in the space Ly.,(R) of the series, and the norm estimates

[omaf |1, oy << M2\ flwy @), fE€W,W(R), meN, keN,  (2.11)

Proof. Let f € W} ,(R). Since vy, 1 f € Pporr1-1 by the claims (iii) and (iv) of Lemma 2.1
we have that

||Umka||Lq’w(R) < (ka)éA,pﬂH/Um’kaLp,w(R)7 m e N, ke N(). (212)
By Lemma 2.2 we have that for every f € W} (R) and k € Ny,

omefll., e < 11 = Vinorll o,y + I = Vil ey
< (m2) 7| Fllwe )

which together with (2.12) proves (2.14) and hence the absolute convergence of the series
in (2.10) follows. The equality in (2.10) is implied from (2.6) and the equality

Vka = E 'Um7s.

s<k
d
Theorem 2.3. Let 1 < p,q <00 and ry,q > 0. Then we have
sup Hf — anHL o(®) < n T,
pow(R) -
Proof. By using Lemma 2.2 we derive for every f € W7  (R) and n € Ny,
Hf - anHquw(R) = Zvn,kf
keN Lg,w(R)
< Z an’kf”Lq,w(R) < Z(n2k)_h’p’q”f”W;,w(]Rd)
keN keN
< n " Z Q*U,p,qk = n ",
keN
0
Corollary 2.4. Let 1 < g <p <oo andryp, > 0. Then we have
/\n(W;,w (R)7 Lq,w (R)) =dp (W;,w (R)a Lq,w (R)) =nTp (2'1?))
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Proof. The upper bound of (2.13) can be easily derived from Theorem 2.3. The lower
bound was proven in [2; (2.32)]. 0

Similarly, from (2.8) and (2.5) we deduce the following results for the approximation
by Fourier sums.

Lemma 2.5. Let4/3 <p<4,1<qg<00, T)p, >0 and m € N. Then we have that for
every f € W, (R), there hold the series representation

with absolute convergence in the space Ly.,(R) of the series, and the norm estimates
[smaflly, @ < C2) | fllwy ), meEN, k€N (2.14)
Theorem 2.6. Let 4/3 <p <4, 1<qg<o0andry,, >0. Then we have

Sgp&me'_SthLWAR)gin_mmﬂ

p,w

3 Hyperbolic cross polynomial approximation

In this section, we consider weighted hyperbolic cross linear polynomial approximations of
multivariate functions f € W;’w(Rd). The approximation error is measured in the norm
of Ly.(R?). We construct linear methods of polynomial approximation which are coun-
terparts of linear hyperbolic cross trigonometric approximation for periodic multivariate
functions. We give some upper bounds of the error of these approximations and of linear
n-widths A, (W7 ,(R?), L,.,(R%)) and Kolmogorov n-widths d,, (W7, (R?), L,.,(R%)) for
various pair p,q with 1 < p,q < oco. For the weights w with A = 2,4, we establish the
right convergence rate of n-widths A, (W75 ,(R?), Ly, (R?)) and d,, (W7, (R?), Ly, (R?)).

Recall that (pm,)men, is the sequence of orthonormal polynomials with respect to the
univariate Freud-type weight w? as in (2.1). For every multi-index k € N¢, the d-variate

polynomial pg, we define
d

pr(x) = Hpkj (z;), =€R%

j=1
The polynomials {pg} kend constitute an orthonormal basis of the Hilbert space Lg,,(R?),
and every f € Lo, (R?) can be represented by the polynomial series

f=> f(k)p with f(k):= Rdf(w)pk(zf/‘)w(w)dzc (3.1)

converging in the norm of Ly, (R?). Moreover, there holds Parseval’s identity

N, ey = D 1R (3.2)

keNd



For x € R and e C {1, ...,d}, let ¢ € Rl be defined by (2¢); := z;, and 2° € R*ll
by (z¢); == x;, i € {1,...,d} \ e. With an abuse we write (x°, Z¢) = x.

For the proof of the following lemma, see [1, Lemma 3.2].

Lemma 3.1. Let 1 <p < oo, e C{l,....d} and r € Ni. Assume that f is a function on
RY such that for every k <, D*f € L, (RY). Put for k <7 and ¢ € Rl

g(x€) := D¥" f(xt, &°).
Then D*g € L, (R} for every s < k° and almost every z¢ € RI~Iel.

Based on the operators vy, := vy k € Ny, defined in (2.9), we construct approximation
operators for functions in L, ,,(R?) by using the well-known Smolyak algorithm. We define
for k € Ny, the one-dimensional operators

Enf=f—=Vaf, keNo

For k € N?, the d-dimensional operators Vix, v, and Ej, are defined as the tensor product
of one-dimensional operators:

d d d
‘/Qk = ®‘/2k” Vi = ®fl}ki, Ek = ®Ek”
i=1 i=1 i=1

where 2F := (21 ... 2%4) and the univariate operators Vi, vx; and By, are successively

applied to the univariate functions @), _; Vor; (f), &;; vk (f) and &),_; Ej,, respectively,

by considering them as functions of variable x; with the other variables held fixed. The
operators Vor, v and Ej are well-defined for functions from Lp,w(]Rd) for 1 <p < 0.

Observe that

where k(e) € N? is defined by k(e); = ki, i € e, and k(e); = max(k; —1,0), i € e. We also

have

Lemma 3.2. Let 1 < p,q < oo and ry,, > 0. Then we have that

1Bk, @y < C22 0 fllwy @y, Kk €NG, € Wy, (RY).

Proof. The case d = 1 of the lemma follows from Theorem 2.3. For simplicity we prove the
lemma for the case d = 2. The general case can be proven in the same way by induction
on d. We make use of the temporary notation:

”fHW;,w(R)Q (1) = || f (21, ')||W£,w(R) :
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From Lemma 3.1 it follows that f(-,zo) € W}, (R) for every z, € R. Hence, by using
Theorem 2.3 we obtain that

1Bl = BB )l iy S C2 1B Al o)
< C27wak2 || 27 Ly o () lwy )
= C2 " palkh 1 fllws , 2)-

We say that k — oo, k € N&, if and only if k; — oo for every i = 1,...,d.

Lemma 3.3. Let 1 < p,q < oo andryy, > 0. Then we have that for every f € W;’w(Rd),

F=> uf (3.3)

keNd
with absolute convergence in the space Lq,.,(R?) of the series, and

Hka||Lq7w(Rd) < C27ralkh ||f||W1§"7w(R‘i)a ke Ng- (3.4)

Proof. The operator v can be represented in the form

Therefore, by using Lemma 3.2 we derive that for every f € W;w(Rd) and k € N¢,

HkaHLq,w(Rd) = Z ”E’“(e)fHLq,w(Rd)

eC{l ..... d}
< Y G2l flly ey < C27 M Fl gy,
eC{l ..... d}

which proves (3.4) and hence the absolute convergence of the series in (3.8) follows. Notice
that

f=Vaf= Y (-1)FEf,
ec{1,...,.d}, e#£o
where recall k¢ € Ng is defined by k{ = k;, @ € e, and k{ = 0, @ &€ e. By using Lemma 3.2
we derive for k € N§ and f € W, (R?),

|Lq,w (Rd)

1= Vol < Do 1wt

eC{l,...,d}, e#o

<C max max 2" p.alki]
eCc{l,...,d}, eto 1<i<d

< C max 2 " walki
- 1<i<d

fllwr  @a)

fllwy . @a:
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which is going to 0 when k — oco. This together with the obvious equality

‘/Qkf - Z Usf
keNd: s<k
proves (3.8). 0
For ¢ > 0, we define the linear operator V; for functions f € L,.,(R?) by
Vef = > wf. (3.5)
keNg: |k|1<¢

Notice that the function V¢ f belongs to the polynomial subspace
P&) :=span{ps: s € H(&)},

where

H() = U {seNj:s<2*}.

keNd: k|1 <¢

From (2.3) it follows that V; is a linear bounded operator in L, ,,(R?) for 1 < ¢ < oo, and

rank (Ve) = [H(¢)| = > JJ@%™ —1) < 2%¢*" (3.6)

k|1 <€ j=1

The multi-index set H () consists of the non-negative elements of the step hyperbolic

Cross
H(E) := U {seZ: |s| <2 i=1,..d},
keNd: k|1 <¢

which is similar by the form to the frequency set of trigonometric polynomials used in
the classical hyperbolic cross approximation (see [4] for details). Hence with an abuse,
we call an approximation by elements from subspaces H({) weighted hyperbolic cross
polynomial approximation, and V. f de la Vallée Poussin hyperbolic cross sum of the
orthonormal polynomial expansion of f with respect to the multivariate weight w?.

In what follows, for short we write |k|; < € as k € N& : |k|; < € and etc., if there is
not misunderstanding.

For the proof of the following lemma, see [2, Lemma A.2].
Lemma 3.4. Let 1 < p,q < oo, p#q and f € L,.,(R?) be represented by the series
[ = Z Pk, Pr € Pox
keNd
converging in Ly .,(RY). Then there holds the inequality
1/q

HfHLq,w(Rd) SC Zd ”26>\’p’q‘k|190kquyw(Rd) s
keNd

with some constant C' depending at most on A\, p, q,d, whenever the right side is finite.

12



Theorem 3.5. Let 1 < p,q <00 and ry,, > 0. Then we have that

27! if p=aq,
1 =Veflly, oy < Il 2726400 if pt g <oo, €21, F €W, (RY).
2Tttt if g=oo,
(3.7)
Proof. From Lemma 3.3 we derive that for £ > 1 and f € W), (R?),
f=Vef =Y wef, vif € P, (3.8)

|kf1>¢€

with absolute convergence in the space L, ,,(R?) of the series, and there holds (3.4). If
p # q, applying Lemma 3.4 and (3.4), we obtain (3.7):

1F = Verlly, oy < D 1220 o f] | gay < D 27 ¥ £l o)
k|1 >¢ |k[1>¢€ ’

= 1l D2 27 2T
|k|1>€

If p = q or ¢ = 0o, the upper bound (3.7) can be derived similarly by using (3.8), (3.4)

and the inequality
Hf - VﬁfHLq,w(Rd) < Z HU"’fHLq,w(Rd)'
k|1>¢

For given 1 < p,q < oo and r € N we make use of the abbreviations:
Ap 1= )‘n(W;w(Rd)7 Lq,w(Rd))a dp = dn(W;,w(Rd)a Lq,w(Rd))-

Theorem 3.6. Let 1 < p,q < oo and ry,q, > 0. For every n € N, let &, be the largest
number such that rank (Vg,) < n. Then we have that

n~"x <log n)(rk"rl)(d_l) Zf p=4q,
do <X < sup |[fVe fll; oy < qnes(logn)eaTUOWTD T f p o g < oo,
™ d 9w
FEWT w(RY) n-TApa (10g n)(m\’p,q—{—l)(d—l) Zf q = oo.
(3.9)

Proof. To prove the upper bound (3.9) we approximate a function f € W;w(Rd) by using
the linear operator Ve. Let us prove the case p # ¢ < oo of (3.9). The cases p = ¢ and
g = oo can be proven in a similar manner.
From (3.10) it follows
26971 < rank (V) =< n.
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Hence we deduce the asymptotic equivalences
275 = n~(logn)?!, &, < logn,
which together with Theorem 3.5 yield that

d, <\, < feVS‘EE(Rd) /- VganLq,w(Rd)

< 027 e@D/0 < = (log ) et/ D@1
The upper bound in (3.9) for the case p # ¢ < oo is proven. 0

For k € N?, the d-dimensional operators sj, are defined as the tensor product of one-

dimensional operators:
d

Sk - — ®3ki-

For € > 0, we define the linear operator S for functions f € La,,(RY) by
ng = Z Skf.
k|1 <€

Notice that the function S¢f belongs to the polynomial subspace
P1(€) :=span{ps : s € H(£)},

where
0= |J {seNj:s<2*}.

keNd: |k|1<¢

Notice that by (2.7) S is a linear bounded operator in L, (R?) for 4/3 < ¢ < 4, and

rank (S¢) = [Hi($)] = > (2% — 1) < 2%, (3.10)

|kl1<€ j=1
In a way similar to the proofs of Lemma 3.3 and Theorem 3.6 we can prove the
following results.

Lemma 3.7. Let 4/3 <p < 4,1 <qg <00 andry,, > 0. Then we have that for every

few;,(RY),
F=> sf
keNd
with absolute convergence in the space Lqy.,(R?) of the series, and

”Skf”Lq,w(]Rd) < 27 walMl| flly ey, ko€ N,

Theorem 3.8. Let 4/3 <p <4, 1< q <00 and ry,, > 0. For everyn € N, let &, be
the largest number such that rank (Se,) < n. Then we have that

n_r)\ (log n) (TA+1)(d_1) ’Lf p = q’
dn S )\n S sup ||f—S§anLq (Rd) << nfrkpyq (10g n)(rk,p,Q‘i’l/Q)(d*l) Zf p 7£ q < 00,
T d »W
feWP»w (R ) nfr)\,p,q (log n) (rk,p,q+1)(d71) Zf q = OO

14



4 Right convergence rate of n-widths

In this section, we prove the right convergence rate of A, (W73, (R?), Ly, (R?)) and
dn (W5, (RY), Ly ,(R?)) in the case when the generating weight w is given as in (1.1)
with A = 2,4.

For r € N and k € N¢, we define

d
Park = H (kj + 1)“ )

j=1

where recall, 7y is given as in (1.4) and \ as in (1.1). Denote by H"»(R?) the space of all
functions f € Ly, (R?) represented by the series (3.1) for which the norm

1/2

HfHHZf‘(R‘i) = Z ’p)\,r,kf(k)|2

keNd
is finite.

For functions f € H"(R?), we construct a hyperbolic cross polynomial approximation
based on truncations of the orthonormal polynomial series (3.1). For the hyperbolic cross

GE)={keNg: =&}, €21,
the truncation S{(f) of the series (3.1) on this set is defined by
Se(f) =Y fk)p.
keG(¢)

Notice that S¢ is a linear projection from Ly(R?,~) onto the linear subspace L(¢) spanned
by the orthonormal polynomials pg, k € G(&), and dim L(§) = |G(§)|.

We will need the following Tikhomirov lemma which is often used for lower estimation
of Kolmogorov n-widths [13, Theorem 1].

Lemma 4.1. If X is a Banach space and U the ball of radius p > 0 in a linear n + 1-
dimensional subspace of X, then

d, (U, X) = p.

Theorem 4.2. We can construct a sequence {&,}. -, with |G(&,)| < n so that
sup || f = S, (D], gy = Aa(HLRY), Law(RY))
feH, (RY) ’ (4.1)
= d(H:,(RY), Ly (RY)) < ™™ (logn)™ 4=,

Proof. Since Ly ,,(RY) is a Hilbert space, we have the equality

An(H,(RY), Ly, (RY) = du(H,(RY), Lz (RY)).
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To prove the upper bounds in (4.1) it is sufficient to construct a sequence {&,}, -, so that
|G(&n)| < nand

sup | f =S¢ (], gy < 07 Qog ). (42)
fEHL(RY) ’

From Parseval’s identity (3.2) we have that for every f € H! (R?) and & > 1,
1 = SeH,, ey <€ (4.3)

Indeed, A
Hf—SﬂfW;wmd—-E:tf P Y paf (k)P

k¢G(¢ k¢G(£)
<<€ 27",\ HfHH"A(Rd < 6_2”'

Let {&,}.-, be the sequence of &, defined as the largest number satisfying the condition
|G(£,)| < n. From the relation |G(&,)| < &,(log&,)?71, see, e.g., [11, page 130], we derive
that £, =< n~™(logn)™@Y which together with (4.3) yields (4.2).

To show the lower bounds of (4.1) we will apply Lemma 4.1. If

U©) = {f € L& Il @ <1}

and f € U(€), then by Parseval’s identity (3.2) and the definition of H! (R?), similarly
to (4.3), we deduce that || f[| ge) < ™. This means that C{™U(E) C H! (RY) for
some C' > 0. Let {&,}.°, be the sequence of &/, defined as the smallest number satisfying
the condition |G(&))] > n+ 1. Then dim L(&,) = |G(&],)| > n+ 1, and similarly as in the
upper estimation, (¢/)™™ < n™"(logn)@~Y™. By Lemma 4.1 for the smallest quantity
d, in (4.1) we have that

dn(H,(RY), Lo (RY) 2 du(C(&,) U (€ 41)s Low(RY) = C(&,) 7™ = n " (log n) Y.

0

Theorem 4.3. Let A = 2,4 for the generating univariate weight w as in (1.1). Then we
have the norm equivalence

||f“w2jw(Rd) = ||fHHf,}(Rd)a fe Wg,w(Rd>- (4.4)

This theorem has been proven in [3, Lemma 3.4] for A = 2, and in [2] for A = 4.

Due to the norm equivalence (4.4) in Theorem 4.3, we identify WJ , (R?) with H[} (R%)
for the cases A = 2,4 and r € N. In these cases, Theorem 4.2 gives the following result
on right asymptotic order of linear n-widths A, (W73, (R?), Ly, (R?)) and Kolmogorov
n-widths d,, (W75, (R?), Ly, (R?)).

Theorem 4.4. We have for A = 2,4,

AW (RY), Low(RY)) = d(W, ,(RY), Ly,u(R?)) = 0" (log )71, (4.5)
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We conjecture that the right convergence rate (4.5) is still holds true at least for every
even 7.
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