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Abstract

We establish a type of Lojasiewicz inequality for the Fubini-Study
distance in the projective space Pn(C) and give its applications to
Nevanlinna theory.
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1 Introduction

The Lojasiewicz inequality [15] gives an upper bound for the Euclidean dis-
tance of a point to the nearest zero of a given real analytic function. Let
f : U → R be a real analytic function on an open set U in Rn. If the zero
locus Z of f is not empty, then for any compact set K in U, there exist
positive constants α and C such that, for all x ∈ K

dist(x, Z)α 6 C|f(x)|.

Each complex analytic set Z ⊂ Cn defining by complex analytic functions
f1, . . . , fk can be viewed as a real analytic set in R2n defined by f := |f1|2 +
· · · + |fk|2. Thus the Lojasiewicz inequality applies to complex analytic sets
too.

If the defining equations fi are polynomials one would like to estimate
the exponent α in terms of degrees of the polynomials. The problem of
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determining the sharpness of the  Lojasiewicz exponent is a hard problem
and has an answer only in the case of two variables [5, 9, 13].

If the set K is not compact, the classical Lojasiewicz inequality does
not necessarily hold. There are various versions of the classical  Lojasiewicz
inequality on non-compact domains. For example, Kurdyka and Spodzieja
[14] showed that for each polynomial f ∈ R[x1, . . . , xn] of degree d, there
exists a positive constant c such that

c

(
dist(x, Z)

1 + ‖x‖2

)d(6d−3)n−1

6 |f(x)| for all x ∈ Rn.

The cases of algebraic sets in Rn and in Cn have been intensively studied,
for example, in [1, 6, 8, 14] for the real case, and in [2, 3, 4, 11, 17] for the
complex case. It seems that the difference in method and result between
these cases mainly comes from the fact that a polynomial has more complex
zeros than real ones.

In this paper we shall examine the case of algebraic sets in the complex
projective space P n(C) with the Fubini-Study distance. As a corollary, we
also obtain that the complement of the ε−neighborhood of a hypersurface in
P n(C) does not contain any non-constant entire curves. It is worth notic-
ing that, the connection between small and big Picard theorems, Montel’s
theorem and hyperbolicity has been seen. In the dimensional one case, for
three distinct points a, b, c in P 1(C), we have that every holomorphic map
f : C → P 1(C) \ {a, b, c} is constant (Small Picard Theorem); every holo-
morphic map g from a punctured disk 4 \ {0} into P 1(C) \ {a, b, c} can be
extended to a holomorphic map from 4 into P 1(C) (Big Picard Theorem);
and the space of holomorphic maps Hol(4, P 1(C) \ {a, b, c}) is relatively
compact in Hol(4, P 1(C)) (Montel’s Theorem). In the general case, the
pair (P 1(C), P 1(C) \ {a, b, c}) is replaced by (X, Y ), where Y is a submani-
fold of a complex manifold X. The relation between the above theorems and
Kobayashi hyperbolicity is as follows: the big Picard theorem is true if X is
hyperbolic and Y = X or Y is relatively compact and hyperbolically embed-
ded in X; the true of Montel’s theorem for the pair (X, Y ) is equivalent to
that Y is hyperbolically embedded in X. In the case Y = X is a compact
manifold, then all three theorems are equivalent to the hyperbolicity of X.

Acknowledgements: This research is supported by Vietnam National Foun-
dation for Science and Technology Development (NAFOSTED) under grant
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2 Preliminaries

We define an equivalence relation on Cn+1 \ {0} by declaring that two non-
zero vectors −→u and −→v in Cn+1 are equivalent if there exists a non-zero com-
plex scalar c such that −→u = c−→v . The set of all such equivalence classes is
denoted by P n(C) and is called the complex projective space of dimension n.
The class containing a non-zeo vector (ω0, . . . , ωn) ∈ Cn+1 is called a point
in P n(C) and denoted by (ω0 : · · · : ωn).

The Fubini-Study metric is given in homogeneous coordinates ω = (ω0 :
· · · : ωn) by

ds2 =

〈
dω, dω

〉〈
ω, ω

〉
− |
〈
ω, dω

〉
|2〈

ω, ω
〉2

where
〈
·, ·
〉

stands for the standard Hermitian product in Cn+1.
If −→u and −→v are two unit vectors in Cn+1 representing points U , V

in P n(C) then the Fubini-Study distance dFS(U, V ) between the two these
points is

dFS(U, V ) = ‖−→u ∧ −→v ‖.
For each positive constant ε and each non-empty subset S ⊂ P n(C), the

ε−neighborhood of S, denoted by Sε, is the set of points whose Fubini-Study
distance to S is less than ε.

Let f be a holomorphic mapping of C into P n(C), with a reduced repre-
sentation f := (f0 : · · · : fn). The characteristic function Tf (r) of f is defined
by

Tf (r) :=
1

2π

2π∫
0

log ‖f(reiθ)‖dθ − 1

2π

2π∫
0

log ‖f(eiθ)‖dθ, r > 1,

where ‖f‖ := max{|f0|, . . . , |fn|}.
Let ν be a divisor on C. The counting function of ν is defined by

Nν(r) :=

r∫
1

log

∑
|z|<t ν(z)

t
dt, r > 1.
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For a meromorphic function ϕ ( 6≡ 0, 6≡ ∞) denote by (ϕ)0 the zero divisor of
ϕ, and set Nϕ(r) := N(ϕ)0(r). We have the following Jensen’s formula for the
counting function:

Nϕ(r)−N 1
ϕ

(r) =
1

2π

∫ 2π

0

log
∣∣ϕ(reiθ)

∣∣ dθ +O(1).

LetQ be a homogeneous polynomial in C[x0, . . . , xn]. IfQ(f) := Q(f0, . . . , fn) 6≡
0, the counting function Nf (r,Q) of f for Q is defined by

Nf (r,Q) := NQ(f)(r).

3 Estimates of the distance from a point two

a subvariety

We begin with the linear case, which will be used later as a lemma in the
non-linear case. The following formula was showed in [10] for the case of
hyperplanes.

Theorem 3.1. Let p(a0 : · · · : an) be a point in P n(C) and α be a sub-
space of P n(C) of dimension m, generated by m + 1 points p1(p00 : · · · :
p0n), . . . , p1(pm0 : · · · : pmn). Then

dFS(p, α) =
‖−→p ∧ −→p0 ∧ · · · ∧ −→pm‖
‖−→p ‖ · ‖−→p0 ∧ · · · ∧ −→pm‖

, (2.1)

where −→p = (a0, . . . , an) and −→pi = (pi0, . . . , pin) are vectors in Cn+1.

Proof. By changing the coordinates if necessary, we may assume that

α = {(ω0 : · · · : ωn) ∈ P n(C) : ωm+1 = · · · = ωn = 0}.

Then −→pi = (pi0, . . . , pim, 0, . . . , 0). Denote by (−→e0 , . . . ,−→en) the standard or-
thonormal basis of Cn+1. Each point ω(ω0 : · · · : ωm : 0 · · · : 0) ∈ α (|ω0|2 +
· · · + |ωm|2 = 1) corresponds to an unit vector −→ω = (ω0, . . . , ωm, 0, . . . , 0) ∈
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Cn+1, and we have

dFS(p, ω) =
1

‖−→p ‖
‖−→p ∧ −→ω ‖

=
1

‖−→p ‖
‖ (a0
−→e0 + · · · an−→en) ∧ (ω0

−→e0 + · · ·+ ωm
−→em) ‖

=
1

‖−→p ‖

∥∥∥ m∑
i=0

am+1ωi
−−→em+1 ∧ −→ei + · · ·+

m∑
i=0

anωi
−→en ∧ −→ei

+
∑

06s<k6m

(asωk − akωs)−→es ∧ −→ek
∥∥∥

=
1

‖−→p ‖

( ∑
m+16t6n,06i6m

|atωi|2 +
∑

06s<k6m

|asωk − akωs|2
)1/2

(2.2)

≥ 1

‖−→p ‖

( ∑
m+16t6n,06i6m

|atωi|2
)1/2

=
1

‖−→p ‖
(
|am+1|2 + · · ·+ |an|2

)1/2 (|ω0|2 + · · ·+ |ωm|2
)1/2

=
1

‖−→p ‖
(
|am+1|2 + · · ·+ |an|2

)1/2
.

Now we take ω = (a0 : · · · : am : 0 : · · · : 0) ∈ α and

−→ω = (
a0

(|a0|2 + · · ·+ |am|2)1/2
, . . . ,

am
(|a0|2 + · · ·+ |am|2)1/2

, 0, . . . , 0) ∈ Cn+1.

Then, by (2.2) we have

dFS(p, ω) =
1

‖−→p ‖

( ∑
m+16t6n,06i6m

|atai|2∑n
s=m+1 |as|2

)1/2

=
1

‖−→p ‖
(
|am+1|2 + · · ·+ |an|2

)1/2
.

Therefore

dFS(p, α) =
1

‖−→p ‖
(
|am+1|2 + · · ·+ |an|2

)1/2
. (2.3)
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We have

−→p ∧ −→p0 ∧ · · · ∧ −→pm =

(
n∑
i=0

ai
−→ei

)
∧

(
m∑
i=0

p0i
−→ei

)
∧ · · · ∧

(
m∑
i=0

pmi
−→ei

)

=
n∑

i=m+1

ai det(pst)06s,t6m
−→ei ∧ −→e0 ∧ · · · ∧ −→em

Therefore

‖−→p ∧ −→p0 ∧ · · · ∧ −→pm‖ = |det(pst)06s,t6m|
(
|am+1|2 + · · ·+ |an|2

)1/2
= ‖−→p0 ∧ · · · ∧ −→pm‖ ·

(
|am+1|2 + · · ·+ |an|2

)1/2
.

Combining with (2.3), we have

dFS(p, α) =
‖−→p ∧ −→p0 ∧ · · · ∧ −→pm‖
‖−→p ‖ · ‖−→p0 ∧ · · · ∧ −→pm‖

,

Remark 3.2. If α is a hyperplane generated by a linear form L(x0, . . . , xn) =
b0x0 + · · ·+ bnxn, then (2.3) can be written as

dFS(p, α) =
|L(p)|

‖p‖ · (|b0|2 + · · ·+ |bn|2)1/2
.

Corollary 3.3. Let α be a subspace of dimension m (0 6 m 6 n − 1)
in P n(C), and let ρ be a positive constant. Let f be an entire curve f in
P n(C) \ αρ. Then the following assertions hold:

a) If m < n−1, then for each set of (m+1) independent points p0, . . . , pm
in α,

Tf∧p0∧···∧pm(r) = Tf (r) +O(1).

b) If m = n− 1 then f is a constant curve.

Proof. Assume that α is generated bym+1 points p0(p00 : · · · : p0n), . . . , pm(pm0 :
· · · : pmn). We do with a reduced representation (f0 : · · · : fn) of f. Set
−→pi = (pi0, . . . , pin) ∈ Cn+1, and for each z ∈ C, set

−−→
f(z) = (f0(z), . . . , fn(z)) ∈

Cn+1.
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Case 1: m < n− 1. By Theorem 3.1, we have

ρ 6 dFS(f(z), α) =
‖
−−→
f(z) ∧ −→p0 ∧ · · · ∧ −→pm‖
‖
−−→
f(z)‖ · ‖−→p0 ∧ · · · ∧ −→pm‖

.

Therefore

log ‖
−−→
f(z) ∧ −→p0 ∧ · · · ∧ −→pm‖ ≥ log ‖

−−→
f(z)‖+ log (ρ · ‖−→p0 ∧ · · · ∧ −→pm‖) .

Then by integrating, we get

1

2π

∫ 2π

0

log ‖
−−−−→
f(reiθ) ∧ −→p0 ∧ · · · ∧ −→pm‖dθ ≥

1

2π

∫ 2π

0

log ‖f(reiθ)‖dθ +O(1).

Then

Tf∧p0∧···∧pm(r) ≥ Tf (r) +O(1). (2.4)

On the other hand,

‖f(z) ∧ p0 ∧ · · · ∧ pm‖ 6 ‖f(z)‖ · ‖p0‖ · · · ‖pm‖
(
n+ 1

m+ 1

)1/2

.

Then by integrating, we get

1

2π

∫ 2π

θ=0

log ‖f(reiθ) ∧ p0 ∧ · · · ∧ pm‖dθ 6
1

2π

∫ 2π

θ=0

log ‖f(eriθ)‖dθ +O(1).

Then

Tf∧p0∧···∧pm(r) 6 Tf (r) +O(1).

Combining with (2.4), we have

Tf∧p0∧···∧pm(r) = Tf (r) +O(1).

Case 2: m = n−1. Denote by det
(−−→
f(z),−→p0 , . . . ,−→pm

)
the determinant of the

matrix of coordinates of vectors
−−→
f(z),−→p0 , . . . ,−→pm. By Theorem 3.1 we have∣∣∣det

(−−→
f(z),−→p0 , . . . ,−→pm

)∣∣∣ ≥ ρ‖
−−→
f(z)‖ · ‖−→p0 ∧ · · · ∧ −→pm‖.
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Then

log
∣∣∣det

(−−→
f(z),−→p0 , . . . ,−→pm

)∣∣∣ ≥ log ‖f(z)‖+ log ρ‖−→p0 ∧ · · · ∧ −→pm‖.

Therefore, by integrating and by using Jensen’s Lemma, we get that

Nf (r, α) = N
det
(−−→
f(z),−→p0,...,−→pm

)(r) ≥ Tf (r) +O(1).

On the other hand, Nf (r, α) = 0. Hence, f is a constant curve.
We have completed the proof of Corollary 3.3

The following example shows that the assertion b) in Corollary 3.3 is not
valid to the case where m < n− 1.
Example 1: α := {(ω0 : · · · : ωn) ∈ P n(C) : ωm+1 = · · · = ωn = 0}, and
f = (0 : · · · : 0 : fm+1 : · · · : fn) is an arbitrary nonconstant curve in the
subspace β := {(ω0 : · · · : ωn) ∈ P n(C) : ω0 = · · · = ωm = 0}. It is easy to
see that dFS(pα, pβ) = 1 for all points pα ∈ α, pβ ∈ β, hence, dFS(α, β) = 1
and dFS(f(z), α) = 1, for all z ∈ C.

For m + 1 points a0, . . . , am in P n(C), we denote by dFS(a0, . . . , an) the
minimum of the Fubini-Study distances from each point to the subspace
generated by these m other points.

Lemma 3.4 ([10], Corollary 14). Let P0(ω00 : · · · : ω0n), . . . , Pn = (ωn0 : · · · :
ωnn) be n+ 1 independent points in P n(C). Then

dnFS(P0, . . . , Pn) 6
|det(P0, . . . , Pn)|
‖P0‖ · · · ‖Pn‖

6 dFS(P0, . . . , Pn),

where ‖Pj‖ = (|ωj0|2 + · · ·+ |ωjn|2)
1
2 and det(P0, . . . , Pn) := det(ωji)06i,j6n.

Corollary 3.5. Let f 0, . . . , fm be (m+ 1) entire curves in P n(C), and let α
be a subspace of dimension (n −m − 1) in P n(C) (n ≥ 2, 1 6 m < n − 1).
Assume that there is a positive constant ρ such that for all z ∈ C,

a) dFS(f 0(z), . . . , fm(z)) ≥ ρ;
b) The Fubini-Study distance between α and

〈
f 0(z), . . . , fm(z)

〉
is not less

than ρ.
Then f 0, . . . , fm are constant curves.
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Proof. Assume that α is generated by (n − m) independent points pi(pi0 :
· · · : pin), i = m + 1, . . . , n. For each z ∈ C, it is clear that f 0(z), . . . , fm(z),
pm+1, . . . , pn are independent.
Claim: There exists a positive constant ε such that

dFS(f 0(z), . . . , fm(z), pm+1, . . . , pn) ≥ ε,

for all z ∈ C.
Indeed, otherwise there is a subsequence {zk} ⊂ C, such that

lim
k→∞

dFS(f 0(zk), . . . , f
m(zk), pm+1, . . . , pn) = 0.

We may assume (by replacing by subsequences if necessary) that each se-
quence {f i(zk} (i = 0, . . . ,m) converges to a point pi in P n(C). Then

dFS(p0, . . . , pm) = lim
k→∞

dFS(f 0(zk), . . . , f
m(zk)) ≥ ρ.

Therefore, p0, . . . , pm are independent. Furthermore, by assumption b), dis-
tance between α and

〈
p0, . . . , pm

〉
is not less than ρ. Therefore, α and

〈
p0, . . . , pm

〉
have no common point. Therefore, p0, . . . , pn+1 are dependent. This contra-
dicts to the fact that

dFS(p0, . . . , pn+1) = lim
k→∞

dFS(f 0(zk), . . . , f
m(zk), pm+1, . . . , pn+1) = 0.

Let (f i0 : · · · : f in) be a reduced representation of f i (i = 0, . . . ,m). Set

D(z) =

∣∣∣∣∣∣∣∣∣∣∣∣

f 0
0 (z) f 0

1 (z) . . . f 0
n(z)

· · · · · ·
fm0 (z) fm1 (z) · · · fmn (z)
p(m+1)0 p(m+1)1 · · · p(m+1)n

· · · · · ·
pn0 pn1 · · · pnn

∣∣∣∣∣∣∣∣∣∣∣∣
.

From the claim and by Lemma 3.4, we have

|D(z)|
‖f 0(z)‖ · · · ‖fm(z)‖ · ‖pm+1‖ · · · ‖pn‖

≥ εn.

Then

log |D(z)| ≥ log ‖f 0(z)‖+· · ·+log ‖fm(z)‖+log ‖pm+1‖+· · ·+log ‖pn‖+n log ε.
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Hence, by integrating and by using Jensen’s Lemma we get that

0 = ND(r) ≥ Tf0(r) + · · ·+ Tfm(r) +O(1).

This implies that f 0, . . . , fm are constant curves.

The following example points out the necessity of assumption a) in Corol-
lary 3.5.
Example 2: α := {(ω0 : · · · : ωn) ∈ P n(C) : ω0 = · · · = ωm = 0}, and
f 0, . . . , fm are arbitrary nonconstant curves in β := {(ω0 : · · · : ωn) ∈ P n(C) :
ωm+1 = · · · = ωn = 0}. We have dFS(α, β) = 1 and

〈
f 0(z), . . . , fn(z)

〉
⊂ β,

for all z ∈ C. Hence, the distance between α and
〈
f 0(z), . . . , fm(z)

〉
is not

less than 1.
The following example shows that condition b) cannot be replaced by the

condition b’): The Fubini-Study distance from each point f 0(z), . . . , fm(z)
to α is not less than a constant positive ρ, for all z ∈ C.
Example 3: α := {(ω0 : · · · : ωn) ∈ P n(C) : ω0 = · · · = ωm = 0}, and

f 0(z) ≡(1 : 0 : 0 : · · · : 0),

f 1(z) ≡(0 : 1 : 0 : · · · : 0),

· · ·
fm−1(z) ≡(0 : · · · : 0 : 1 : 0 : · · · : 0),

fm(z) =(z : · · · : z : z : 1 + z : z : 0 : · · · : 0),

S(1 : · · · : 1 : 1 : 1 : 0 : 0 : · · · : 0),

T (0 : · · · : 0 : 0 : 1 : 0 : 0 : · · · : 0).

Denote by ∆ the straight line passing through two points S and T. Then
=(fm) = ∆\{S}. For each pointM ∈ ∆, it is clear thatM, f 0(z), . . . , fm−1(z)
are projective independent, and hence, dFS(f 0(z), . . . , fm−1(z),M) > 0. On
the other hand, ∆ is compact, and f 0, . . . , fm−1 are constant. Hence, there
is a positive constant ρ such that dFS(f 0(z), . . . , fm−1(z),M) > ρ, for all
M ∈ ∆. This implies that f 0, . . . , fm satisfy condition a).

We have ∆ ∩ α = ∅. Hence, dFS(fm(z), α) ≥ dFS(∆, α) > 0. There-
fore, the Fubini-Study distance from each point f 0(z), . . . , fm(z) to α is not
less than δ := min{dFS(∆, α), dFS(f 0(z), α), . . . , dFS(fm−1(z), α)} > 0. Then
condition b’) is satisfied.
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Theorem 3.6. Let D be an irreducible hypersurface of degree d in P n(C),
defined by a homogeneous polynomial Q ∈ C[x0, . . . , xn], degQ = d. Then
there exists a positive constant c such that

ddFS(p,D) 6
|Q(p)|
c · ‖p‖d

(2.5)

for all point p = (a0 : · · · : an) ∈ P n(C), where ‖p‖ = |a0|2 + · · · + |an|2)1/2,
Q(p) = Q(a0, . . . , an).

Proof. For a generic point S, each straight line ∆ passing through S will
meet D at d points P1, . . . , Pd include multiplicites. We fix a such point
S 6∈ D. We may assume (by changing the coordinates if necessary) that
S(1 : 0 : · · · : 0). Since S 6∈ D, the coefficient c of xd0 in Q is different from
0. Now we consider a generic point p(a0 : · · · : an) 6= S(1 : 0 : · · · : 0).
Then the straight line ∆ passing through S and p meets D at d points
P1(a0 + z1 : a1 : . . . , an), . . . , P1(a0 + zd : a1 : · · · : an) (with multiplicites),
where z1, . . . , zd are d roots of the polynomial R(z) := Q(a0 + z, a1, · · · , an).
We can write R(z) = c(z−z1) · · · (z−zd). Denote by (−→e0 , . . . ,−→en) the standard

orthonormal basis of Cn+1. Set −→p = (a0, . . . , an),
−→
Pj = (a0 + zj, a1, . . . , an) ∈

Cn+1, j = 1, . . . , d. Then
−→
Pj = −→p + zj

−→e0 . For j = 1, . . . , d, we have

dFS(p,D) 6 dFS(p, Pj) =
‖−→p ∧

−→
Pj‖

‖−→p ‖ · ‖
−→
Pj

=
‖−→p ∧ zj−→e0‖
‖−→p ‖ · ‖

−→
Pj‖

=
‖zja1−→e1 ∧ −→e0 + ·+ zjan

−→en ∧ −→e0‖
‖−→p ‖ · ‖

−→
Pj‖

=
|zj|(|a1|2 + · · ·+ |an|2)1/2

‖p‖(|a0 + zj|2 + |a1|2 + · · ·+ |an|2)1/2

6
|zj|
‖p‖

.

Then

ddFS(p,D) 6
d∏
j=1

dFS(p, Pj) 6
|z1| · · · |zd|
‖p‖d

=
|R(0)|
|c| · ‖p‖d

=
|Q(p)|
|c| · ‖p‖d

. (2.6)

for all generic point p 6= S. Then by the continuity, (2.5) holds for all p.
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Corollary 3.7. Let D be a hypersurface in P n(C), and let ε be a positive
constant. Then every entire curve f in P n(C) \Dε is constant.

Proof. Let f be an entire curve in P n(C)\Dε, with a reduced representation
f = (f0 : · · · : fn). Assume that D is defined by a homogeneous polynomial
Q ∈ C[x0, . . . , xn], degQ = degD. By the assumption and by Lemma 3.6,
there exists a positive constant c such that

εdegQ 6 ddegQFS (f(z), D) 6
|Q(f(z))|

c · ‖f(z)‖degQ

for all z ∈ C. Hence

degQ log ‖f(z)‖ 6 log |Q(f(z))|+O(1).

Hence, by integrating and by using Jensen’s Lemma, we get that

degQ · Tf (r) = degQ ·
(

1

2π

∫ 2π

0

log ‖f(reiθ)‖dθ +
1

2π

∫ 2π

0

log ‖f(eiθ)‖dθ
)

6
1

2π

∫ 2π

0

log |Q(f(reiθ)|dθ +O(1)

= Nf (r,Q) +O(1).

On the other hand, =f ∩D = ∅. Hence,

degQ · Tf (r) 6 Nf (r,Q) +O(1) = O(1).

This implies that f is constant.

Lemma 3.8. Let ε be a positive constant, let A be a point and H be a
hyperplane in P n(C), A 6∈ H. There exists a positive constant c (depending
on A,H, ε) such that for two arbitrary distinct points p, q in P n(C), if the
Fubini-Study distance from A to the straight line pq (passing through p and q)
is not less than ε, then dFS(p, q) 6 c ·dFS(p′, q′), where p′, q′ are, respectively,
images of p, q by the central projection from A onto the hyperplane H.

Proof. We may assume (by changing the coordinates if necessary) that A(1 :
0 : · · · : 0). Assume that H has equation

H : x0 − a1x1 − · · · − anxn = 0.
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Assume that p(p0 : · · · : pn) and q(q0 : · · · : qn), where |p0|2 + · · · + |pn|2 =
|q0|2 + · · ·+ |qn|2 = 1. Then p′(a1p1 + · · ·+ anpn : p1 : · · · : pn), q′(a1q1 + · · ·+
anqn : q1 : · · · : qn). Denote by (−→e0 , . . . ,−→en) the standard orthonormal basis
of Cn+1. Set −→p = (p0, . . . , pn),−→q = (q0, . . . , qn) ∈ Cn+1.
We have

dFS(p, q) =

( ∑
06i<j6n

|piqj − pjqi|2
)1/2

(2.7)

By the assumption and by Theorem 3.1, we have

ε 6 dFS(A, pq) =
‖−→e0 ∧ −→p ∧ −→q ‖
‖−→p ∧ −→q ‖

=

(∑
16i<j6n |piqj − pjqi|2

)1/2
(∑

06i<j6n |piqj − pjqi|2
)1/2 (2.8)

We have

dFS(p′, q′) =
‖
(
(
∑n

k=1 akpk)
−→e0 +

∑n
i=1 pi

−→ei
)
∧
(
(
∑n

s=1 asqs)
−→e0 +

∑n
j=1 qj

−→ej
)
‖

‖(
∑n

k=1 akpk)
−→e0 +

∑n
i=1 pi

−→ei ‖ · ‖(
∑n

s=1 asqs)
−→e0 +

∑n
j=1 qj

−→ej ‖

≥

(∑
16i<j6n |piqj − pjqi|2

)1/2
(|
∑n

i=1 aipi|2 +
∑n

s=1 |xs|2)
1/2 · (|

∑n
i=1 aiqi|2 +

∑n
s=1 |ps|2)

1/2

≥

(∑
16i<j6n |piqj − pjqi|2

)1/2
(1 + |a1|2 + · · ·+ |an|2) (

∑n
s=1 |ps|2)

1/2 · (
∑n

s=1 |qs|2)
1/2

≥

(∑
16i<j6n |piqj − pjqi|2

)1/2
1 + |a1|2 + · · ·+ |an|2

.

Combining with (2.7) and (2.8), we get that

dFS(p′, q′) ≥ ε

1 + |a1|2 + · · ·+ |an|2
dFS(p, q).

This completes the proof of Lemma 3.8.
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Lemma 3.9. Let V ⊂ P n(C) be an irreducible subvariety of degree d. Then
there exist finitely many homogenous polynomials Q1, . . . , Qm in C[x0, . . . , xn]
of degree at most d, vanishing on V and a positive constant ρ such that

ddPS(p, V ) 6 max

{
|Qj(p)|

ρ · ‖p‖degQj
: 1 6 j 6 m

}
(2.9)

for all point p = (a0 : · · · : an) ∈ P n(C), where ‖p‖ = |a0|2 + · · · + |an|2)1/2,
Qj(p) = Qj(a0, . . . , an).

Proof. We consider a generic projection P defined by a subspace L1 ⊂ P n(C),
from P n(C)\L1 into a subspace L2, where dimL1 = n−dimV −1, L1∩V = ∅,
dimL2 = dimV, L1 ∩ L2 = ∅. For each point p ∈ P n(C) \ L1, denote by〈
L1, p

〉
the subspace generated by L1 ∪ {p}. Then P(p) is the intersection

point of
〈
L1, p

〉
and L2. The restriction PV : V → L2 is finite of degree d

and surjective.
Claim: Then there exist finitely many homogenous polynomials Q1, . . . , Qm

in C[x0, . . . , xn] of degree at most d, vanishing on V and a positive constant
c such that for all generic point p = (a0 : · · · : an) ∈ P n(C) \ (L1 ∪ V ) ,

min{ddFS(p, Pj) : 1 6 j 6 s} 6 max

{
|Qj(p)|

c · ‖p‖degQj
: 1 6 j 6 m

}
, (2.10)

where {P1, . . . , Ps} :=
〈
L1, p

〉
∩ V = P−1V (P(p)) (as sets), s 6 d.

We prove the claim by induction on the codimension of V. If codimV = 1,
then V is an irreducible hypersurface generated by a single homogeneous
polynomial Q ∈ C[x0, . . . , xn] of degree d. In this case, s = d and by (2.6),
there is a positive constant c such that

min{ddFS(p, Pj) : 1 6 j 6 d} 6
d∏
j=1

dFS(p, Pj)

6
|Q(p)|
c · ‖p‖d

.

all point p = (a0 : · · · : an) ∈ P n(C) \ L1.
In the case where codimV > 1, we fix d + 1 generic points A0, . . . , Ad in

L1, and a hyperplane H containing L2, but not passing through any point
Ai.
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We now prove that there is a positive constant ε such that for each straight
line ∆ having nonempty intersection with V , there exists at most one point
Ai (0 6 i 6 d) such that dFS(Ai,∆n) 6 ε. Indeed, otherwise, there exist
two points Ai2 , Ai2 (0 6 i1 < i2 6 d) such that for each positive integer
n, there is a straight line ∆n satisfying ∆n ∩ V 6= ∅ and dFS(Ai1 ,∆n) <
1
n
, dFS(Ai2 ,∆n) < 1

n
. For each n, take a point Xn ∈ ∆ ∩ V . Then {∆n}

converges to the straight line Ai1Ai2 (passing through Ai1 , Ai2). On the other
hand, ∆n meets V for all n, hence, Ai1Ai2 also meets V. This is impossible
by the fact that L1 ∩ V = ∅ and Aj1Aj2 ⊂ L1.
By the above argument, there exists a positive constant ε, such that for each
point Pj (1 6 j 6 s), there exists at most one point Aj′ (0 6 j′ 6 d) which
satisfies dFS(Aj′ , pPj) < ε. On the other hand, s < d+ 1, hence, there exists
i0 ∈ {0, . . . , d} (depending on p) such that

dFS(Ai0 , pPj) ≥ ε, (2.11)

for all j ∈ {1, . . . , s}.
Let L′1 = L1∩H and denote by V ′, p′, P ′1, . . . , P

′
s the images of V, p, P1, . . . , Ps,

respectively, by the central projection from Ai0 onto hyperplane H. In sub-
space H ≡ P n−1(C), we have {P ′1, . . . , P ′s} =

〈
L′1, p

′〉 ∩ V ′. We may assume
that H : x0 = 0, Ai0(α0 : · · · : αn), α0 6= 0. Then the central projection
from Ai0 onto hyperplane H ≡ P n−1(C) sends each point X(x0 : · · · : xn) ∈
P n(C) \ {A0} to the point X ′(ω1 − α1

α0
ω0 : · · · : ωn − αn

α0
ω0) ∈ P n−1(C).

By induction hypothesis, there arem homogeneous polynomialsQ′1, . . . , Q
′
m

in C[x1, . . . , xn] of degree at most d, vanishing on V ′ such that

min{ddFS(p′, P ′i ) : 1 6 i 6 s} 6 max

{ |Q′j(p′)|
‖p′‖degQ′j

: 1 6 j 6 m

}
, (2.12)

for all p = (a0 : · · · : an) ∈ P n(C) \ (L1 ∪ V ), and hence, p′ = (a1 − α1

α0
a0 :

· · · : an − αn
α0
a0) ∈ P n−1(C) \ (L′1 ∪ V ′).

Denote by BFS(Ai0 , ε) the open ball of radius ε, centered at Ai0 . Let h :
P n(C)→ R be the continue function which sends each point X(ω0 : · · · : ωn)
to the value (

|ω1 − α1

α0
ω0|2 + · · ·+ |ωn − αn

α0
ω0|2

)1/2
(|ω0|2 + · · ·+ |ωn|2)1/2

.

It is clear that h(X) = 0 if and only if X ≡ Ai0 . Therefore

c1 := min{h(X) : X ∈ P n(C) \BFS(Ai0 , ε)} > 0.
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On the other hand, dFS(Ai0 , p) ≥ dFS(Ai0 , pPj) ≥ ε. Hence,(
|a1 − α1

α0
a0|2 + · · ·+ |an − αn

α0
a0|2

)1/2
(|a0|2 + · · ·+ |an|2)1/2

= h(p) ≥ c1. (2.13)

Set Qj(x0, . . . , xn) = Q′j(x1 − α1

α0
x0, . . . , xn − αn

α0
x0) ∈ C[x0, . . . , xn]. Since Q′j

vanish on V ′, we have that Qj vanish on V. Therefore, by (2.13)

|Q′j(p′)|
‖p′‖degQ′j

=
|Qj(p)|
‖p′‖degQj

6
|Qj(p)|

(c1 · ‖p‖)degQj
(2.14)

for all j ∈ {1, . . . ,m}.
By Lemma 3.8 and by (2.11), there exists a positive constant c2 such that

dFS(p, Pi) 6 c2 · dFS(p′, P ′i ), (2.15)

for all i ∈ {1, . . . , s}.
From (2.12), (2.14), (2.15), we get the claim.
By the claim and by the fact that ddFS(p, V ) = min{ddFS(p, Pj) : 1 6 j 6 s},
we get (2.9) for all p = (a0 : · · · : an) ∈ P n(C) \ (L1 ∪ V ) . Hence by the
continuity, (2.9) holds for all p ∈ P n(C).

LetQ = {Q1, . . . , Qm} be a set ofm homogeneous polynomials in C[x0, . . . , xn].
Denote by dj the degree of Qj, and assume that d1 ≥ d2 ≥ · · · ≥ dm. LetM
denote the maximal homogeneous ideal; that is, M = (x0, . . . , xn). Set

NQ := min
(e0,...,eµ,P1,...,Ps)

{e0 + e1 degP1 + · · ·+ es degPs}

where the minimum is taken over all set {e0, . . . , es,P1, . . . ,Ps} satisfying
that e0 is a nonnegative integer, e1 . . . , es are positive integers, P1, . . . , Ps are
homogeneous prime ideals containing the homogenous ideals I = (Q1, . . . , Qm),
and

Me0Pe11 · · · Pess ⊂ (Q1, . . . , Qm).

- If all dj are different from 2, then by ([12], Theorem 1.5), we have

NQ

deg
√
I
6


d1 · · · dm if m 6 n

d1 · · · dn−1 · dm if m > n > 1

d1 + dm − 1 if m > n = 1
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Removing the assumption that all dj are different from 2, by ([16], Corollary
1.4), we have

NQ

deg
√
I
6

{
d1 · · · dm if m 6 n+ 1

d1 · · · dn · dm if m > n+ 1

- If all dj are not less than 3, then by ([2], Theorem 1 and Remark 2), we
have that NQ 6 d1 · · · dmin{n,m}−1 · dm.

We would like to note that a “primary decomposition” version of the
Nullstellensatz also has been given by Ein and Lazarsfeld [7].

Theorem 3.10. Let Q = {Q1, . . . , Qm} be a set of m homogeneous polynomi-
als in C[x0, . . . , xn] such that the common zero set V ⊂ P n(C) of these poly-
nomials is nonempty, deg V = d. Then there is a positive integer N 6 NQ
and a positive constant c such that

dNFS(p, V ) 6 max{ |Qj(p)|
c · ‖p‖degQJ

: 1 6 j 6 m}

for all p(a0 : · · · : an) ∈ P n(C), where ‖p‖ = |a0|2 + · · · + |an|2)1/2, Qj(p) =
Qj(a0, . . . , an).

Proof. Let e0 be a nonnegative integer, e1, . . . , es be positive integers, and let
P1, . . . ,Ps be homogeneous prime ideals containing the homogenous ideals
I = (Q1, . . . , Qm), such that e0 + e1 degP1 + · · ·+ es degPs = NQ and

Me0Pe11 · · · Pess ⊂ (Q1, . . . , Qm). (2.16)

Denote by Zi the irreducible variety defined by Pi. We have V = Z1 ∪
· · · ∪ Zs. By Lemma 3.9, for each i ∈ {1, . . . , s}, there exist finitely many
homogenous polynomials Qi1, . . . , Qimi in C[x0, . . . , xn] of degree at most
degZi (= degPi), vanishing on Zi and a positive constant Ci such that

ddegPiPS (p, Zi) 6 max

{
|Qiki(p)|

Ci · ‖p‖degQiki
: 1 6 ki 6 mi

}
for all p = (a0 : · · · : an) ∈ P n(C). Therefore, there exists a positive constant
C such that

de1 degP1+···+es degPs
PS (p, V ) 6

s∏
i=1

dei degPiPS (p, Zi)

6 max

{ ∏s
i=1 |Q

ei
iki
|

C · ‖p‖
∑s
i=1 ei degQiki

: 1 6 k1 6 m1, . . . , 1 6 ks 6 ms

}
(2.17)
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for all p = (a0 : · · · : an) ∈ P n(C). For each κ = (k1, . . . , ks) (1 6 ki 6 mi)
and each ` ∈ {0, . . . , n}, by Lemma 2.16, we have

xe0` ·
s∏
i=1

Qei
iki
∈ (Q1, . . . , Qm).

Therefore, we can write

xe0`

s∏
i=1

Qei
iki

=
m∑
j=1

Pκ`jQj,

where Pκ`j ∈ C[x0, . . . , xn] is a homogeneous polynomial of degPκ`j = e0 +
e1 degQ1k1 + · · ·+ es degQsks − degQj.
On the other hand, for each j ∈ {1, . . . ,m}, there is a positive constant C ′j
such that

|Pκ`j(p)|
‖p‖e0+e1 degQ1k1

+···+es degQsks−degQj
6 C ′j,

for all p = (a0 : · · · : an) ∈ P n(C).
Hence,

|a`|e0
∣∣∣∣∣
s∏
i=1

Qei
iki

(p)

∣∣∣∣∣ 6
m∑
j=1

C ′j · ‖p‖e0+e1 degQ1k1
+···+es degQsks−degQj |Qj(p)|.

for all ` ∈ {0, . . . , n}.
This implies that∣∣∣∣∣

s∏
i=1

Qei
iki

(p)

∣∣∣∣∣ 6 (n+ 1)e0
m∑
j=1

C ′j · ‖p‖e1 degQ1k1
+···+es degQsks−degQj |Qj(p)|.

Then ∣∣∣∣
∏s

i=1Q
ei
iki

(p)

C · ‖p‖
∑s
i=1 ei degQiki

∣∣∣∣ 6 m∑
j=1

(n+ 1)e0C ′j · |Qj(p)|
C · ‖p‖degQj

.

Combining with (2.17), there exists a positive constant c such that

de1 degP1+···+es degPs
PS (p, V ) 6

m∑
j=1

(n+ 1)e0C ′j · |Qj(p)|
C · ‖p‖degQj

6 max{ |Qj(p)|
c · ‖p‖degQj

: 1 6 j 6 m}.
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