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Abstract

We studied optimal linear approximations in terms of Kolmogorov, linear and
sampling n-widths, of functions with mixed smoothness on R? endowed with a
measure u. We proved the right convergence rates of these n-widths of the pu-
measure-based function classes with Sobolev mixed smoothness W;(]Rd; w) in the
p-measure-based Lebesgue space Lq(Rd; w) for some cases of p, ¢ satisfying the con-
dition 1 < ¢ < p < oo. The underlying measure p is defined via a density function of
tensor-product exponential weight. We introduced a novel method for constructing
linear algorithms which achieve the convergence rates of the Kolmogorov and lin-
ear n-widths. The right convergence rates of the sampling n-widths are established
through non-constructive methods.
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1 Introduction

The aim of this paper is to study optimal linear approximations in terms of of Kolmogorov,
linear and sampling n-widths for functions with mixed smoothness on R?, endowed with
an exponential positive measure. In particular, we emphasize the right convergence rates
for classes with Sobolev mixed smoothness and constructive methods of optimal linear
approximation and sampling recovery.

We first introduce measure-based Sobolev spaces of mixed smoothness of functions on
R?. Let

w(z) == ®w(xi), x € RY, (1.1)

i=1



be the tensor product of d copies of the generating univariate exponential weight
w(z) == exp (—a|z|* +b), (1.2)
where
A>0, a>0, beR.

In what follows, we fix the weight w and hence the parameters A, a, b.

Let € be a Lebesgue-measurable set on R?. Let i be the positive measure on €2 defined
by

for any measurable subset A in (), i.e., the weight w is the density function of p. With
an abuse, we also write u in the tensor product from as:

d

pulx) = ®u(mi), x € R (1.3)

=1

Let 1 < ¢ < co. We denote by L,(€2; ) the p-measure-based Lebesgue space of all
measurable functions f on 2 such that the norm

o= |f(:v)|qdu(w))1/q - ([ r@iu@a) T

for 1 < p < oo, and assuming f is continuous on €2,
[l @) = Il = Sup |f ()] (1.5)

is finite.

For 7 € N and 1 < p < oo, the p-measure-based Sobolev space W) (€2; ) of mixed
smoothness 7 is defined as the normed space of all functions f € L,(€; u) such that the
weak partial derivative D¥ f belongs to L,(€2; i) for every k € N¢ satisfying the inequality
|k|oo < 7. The norm of a function f in this space is defined by

1/p
1 lwg @i i—( > HD'“fHZ,(QW)) : (1.6)

|Fe|oo <1

The well-known Gaussian-measure-measured spaces L,(R% ) and W] (R?; ) are used
in many applications. Here the standard Gaussian measure « is defined via the density
function wg(x) := (27) 42 exp(—|x|2/2).

Next, we introduce concepts of various n-widths, characterizations of optimal linear
approximations and sampling recovery of functions.



Let n € N and let X be a normed space and ® a central symmetric compact set in X.
Then the Kolmogorov n-width of ® is defined by

d(®.X)= inf inf ||f— M
W (@, X) . i‘gg nf |f n()llxs

where M,,(X) denotes the set of all operators M, in X such that M,(X) is a linear
subspace in X of dimension at most n. The linear n-width of the set ® which is defined
by
M (@, X) =  inf - A, ;
(@, X) =, Bf sl = Aa(f)llx
where A, (X) denotes the set of all linear operators A, in X of rank at most n.

The concepts of Kolmogorov n-widths and linear n-widths are related to linear ap-
proximation. Namely, d,,(®, X) characterizes the optimal approximation of elements from
X by linear subspaces of dimension at most n, and \,(®, X) by linear methods of rank
at most n.

Let X be a normed space of functions on €. Given sample points xq,...,x; € €,
we consider the approximate recovery of a continuous function f on €2 from their values
f(x1), ..., f(xk) by a linear sampling algorithm Sy on € of the form

k

Sk(f) == fl@:)hi, (1.7)

=1

where hq, ..., h; are given continuous functions on €. For convenience, we assume that
some of the sample points ; may coincide. The approximation error is measured by the
norm || f — Sk(f)|x. Denote by S, (£2) the family of all linear sampling algorithms S}, of
the form (1.7) with k < n.

Let & C X be a set of continuous functions on 2. To study the optimality of linear
sampling algorithms from S,,(€2) for ® and their convergence rates we use the (linear)
sampling n-width

n(®,X):= inf - S, ) 1.8
on(®, X) = Inf igng (Hllx (1.8)
Obviously, we have the inequalities

0(®, X) < Au(®, X) < 0,(D, X). (1.9)

A substantial strand of research is devoted to the problem of optimal unweighted linear
approximations and sampling recovery for functions with mixed smoothness on compact
domains. A central issue is the determination of optimal convergence rates for various
n-widths in linear approximation and sampling recovery of such functions, with particular
emphasis on the right convergence rate of these n-widths. For a comprehensive overview
and bibliography, see, for example, [3, 9, 17, 20, 5].

Furthermore, the problem of optimal linear approximation and sampling recovery in
terms of linear, Kolmogorov and sampling n-widths, of functions on R¢ equipped with



standard Gaussian measure has been investigated in [8, 6, 19]. In that context, we have
established in [8], in a constructive manner, the right convergence rate of the Kolmogorov
and linear n-widths for 1 < ¢ < p < o0,

dn (W (R% ), Ly(R% 7)) < A (Wi (RY ), Ly(R%; 7)) < n"(logn) @1, (1.10)
and
dn(W5(R%7), La(R% 7)) = Aa(W5(RY ), La(R% 7)) =< n "2 (logn)™"D/2 - (1.11)

Here and in what follows, for a normed space X of functions on 2, the boldface X
denotes the unit ball in X. In that context, for 2 < p < oo, we have established in [8], in
a non-constructive manner, the right convergence rate of the sampling n-widths

on (W1 (R%:5), Lo(R% 7)) < n"(logn)" Y, (1.12)

and
on(W5(R%7), Lo(R% 7)) < n~"?(logn) @Y% (1 > 2). (1.13)

In the present work, we extend and generalize the results (1.10) and (1.11) as well as
(1.12) and (1.13) associated with the standard Gaussian measure v to the measure p with
density function of tensor-product exponential weight w.

The main results of the present paper are the right convergence rates of Kolmogorov,
linear and sampling n-widths of W7 (R?; ) in the space Lg(R% ) in some particular cases
of p, q satisfying the condition 1 < ¢ < p < oco. More precisely, we prove in constructive
manner, for 1 < g < p < oo,

dn (W (R 1), Ly(R% 1)) < n™"(log n) @, (1.14)
and for 1 < g < p < o0,

A (WH(RY 1), Lo(R% 1)) =< n™"(log n) @=L, (1.15)
and in a non-constructive manner, for 1 < ¢ <2 < p < o0,

00 (WhH(R? 1), Ly(R% 1)) < n”" (log n)™* ). (1.16)

The linear approximation algorithms that achieve the upper bounds in (1.14) and
(1.15) are constructed through a process of assembling linear algorithms which are de-
signed for the related Sobolev spaces on the integer-shifted d-cubes which cover RY. This
is a novel method for constructing linear algorithms for approximation of functions on R?
endowed with measure. It crucially differs from classical methods of weighted polynomial
approximation functions based on orthonormal polynomial expansions, see, e.g., [13] for
a survey and bibliography on weighted polynomial approximation of function on R.

The convergence rate (1.8) is established in a non-constructive way by using (1.14)
and a result on sampling n-widths in the space Ly(R%; ) proven in [11]. Concerning
constructive way, in [7], some sparse-grid linear sampling algorithms which achieve the
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worse upper bound o, (W;(Rd; 1), Ly(RY; u)) < n"(logn) /26D for 1 < ¢ < p < oo,
have been constructed.

Notice that the right convergence rates of the n-widths in (1.14)—(1.8) coincide with
those of the same unweighted n-widths for functions defined on a compact domain (see,

e.g., [9, 5]).

It is worth emphasizing that in the results (1.14)—(1.8), the primary parameter A\ — the
most influential factor shaping the properties of the associated weight w and measure p
— is treated merely as a positive number. This substantially distinguishes our framework
from the classical theory of weighted approximation (see, e.g., [15], [14], [13]), where it is
typically assumed that A > 1 in the weight w (Freud-type weight).

The problem of determining the right convergence rate of the sampling n-widths
gn(W;,Lp(Td)) for 1 < p < oo has long remained open (see Outstanding open prob-
lem 1.4 in [9, Page 12]). From recent results of [11] on inequality between the sampling
and Kolmogorov n-widths in reproducing kernel Hilbert spaces (RKHS) one can solve in
a non-constructive manner this problem in the case p = 2. This result allowed also to
establish the right convergence rate (1.13). In the present paper, extending the result
(1.13) to the measure p generated from the Freud-type weight

w(x) = exp (—am4 + b) ,a>0,beR, (1.17)
we prove the right convergence rate
0n(WH(R? 1), Ly(RY 1)) =< n="*(log n)* =D/, (1.18)

for 1 < ¢ < 2. A key role playing in the proof of this result is a RKHS structure of the
space W (R?; 1), which is derived from some old results [1, 2, 12] on properties of the
orthonormal polynomials associated with the weight w?.

The paper is organized as follows. In Section 2, we prove the convergence rates of the
linear and Kolmogorov n-widths in (1.14) and (1.15). In Section 3, we prove the right
convergence rate of the sampling n-widths o,(W}(R% 1), Ly(R% p)) for 1 < ¢ <2 <p <
cand 1 <g<p=2.

Notation. Denote & =: (z1,...,24) for x € R% 1 := (1,...,1) € R? for 0 < A\ < oo and
1

x € RY |x|y = (Z?Zl |33j|>‘> and |x|o = maxj<;j<q|z;|. We use letter C' to denote
general positive constants which may take different values. For the quantities A, (f,k)
and B, (f, k) dependingonn € N, f € W, k € Z¢, we write A, (f, k) < B.(f, k), f € W,
k € Z¢ (n € N is specially dropped), if there exists some constant C' > 0 independent
of n, f,k such that A,(f, k) < CB,(f,k) for alln € N, f € W, k € Z% (the notation
A.(f, k) > B,(f, k) has the obvious opposite meaning), and A,(f, k) =< B,(f, k) if
A, (f, k) < B,(f,k) and B,(f, k) < A,(f, k). Denote by |G| the cardinality of the set
G. For a Banach space X, denote by the boldface X the unit ball in X.



2 Optimal linear approximations

In this section, we prove the convergence rates in (1.14) and (1.15). We develop linear
sampling algorithms that attain the upper bounds for these convergence rates by assem-
bling a collection of linear methods, each tailored to the corresponding Sobolev spaces
defined on the unit d-cubes shifted by integers to cover R?. Notably, established linear
schemes such as Smolyak-type algorithms based on hyperbolic-cross trigonometric ap-
proximations have been explicitly constructed for periodic functions with Sobolev mixed
smoothness (see, for example, [9, Section 4]). Adapting these constructions to generate
linear algorithms for functions on R? with Sobolev smoothness requires modifying and
extending the underlying framework to fit the non-periodic measure-based setting.

Denote by C(1¢), L,(1¢) and W;(Hd) the subspaces of C(I), Ly(I?) and W (I), re-
spectively, of all functions f on the d-unit cube 1% := [0, 1]¢, which can be extended to the
whole R? as 1-periodic functions in each variable (denoted again by f). Let 1 < ¢ < p < 00
and a > 0, B > 0. We use §,(F, X) to denote either d,(F,X) or A\, (F,X), F.(X) to
denote either M,,(X) or F,(X), and F, € F,(X) to denote elements M, € M,(X) or

A, € F.(X), respectively. Let I, € F, <l~)q(]ld)). Assume it holds that

1f = Fa()llz,00) < Cn~*Qogn)’ || flliy ey f € Wy (IY). (2.1)

Then based on Fj,, we will construct an operator belonging to F, (Lq(Rd; ,u)), which ap-
proximates f € W) (R n) with the same error bound as in (2.1) for the approximation
error measured in the norm of L,(R%; ). Such an operator will be constructed by assem-
bling operators which are designed for the related Sobolev spaces on the integer-shifted
d-cubes which cover R%. Let us present this construction.

Fix a number # > 0 and put I¢ := [—6,1 + 6]%. Denote by C(I9), L,(I¢) and W;(]Ig)
the subspaces of C(I§), Ly(I§) and W) (I§), respectively, of all functions f which can be
extended to the whole R? as (1 + 26)-periodic functions in each variable (denoted again

by f). A sampling algorithm F,, € F, (Eq(ﬂd)> induces the operator Fy,, € F, (Eq(ﬂg))
defined for a function f € C(I4) by

Fpu(f)(@) = Fo(f(2/(1+20) +01)), a€Tj. (2.2)
From (2.1) it follows that
If = FoulDllz, o < Cr(ogn) I flhgscgys F € WEID).
We define for n € N,
My 1= (5_1alogn)1//\, (2.3)
and for k € Z9,

“SRR 1) i [k <
N ::{Lgne P+ 1] afkl <m, (2.4)



where an appropriate fixed value of parameter § > 0 will be chosen below,
-1 ._ de d _—0 X
o =V s% o < oo,
s=0

and V/\d denote the volume of the set
Bf := {wERd: |:c])\§1}.

We write I§ , := k 4 If for k € Z¢, and denote by fy the restriction of f on If , for a
function f on R%.

It is well-known that one can constructively define a unit partition {¢} ..z such that
(i) or € CP(RY) and 0 < pp(x) <1, =€ RY ke Z%
(ii) supp pg are contained in the interior of I[g{k, k c 7%
(i) > peze or(®) =1, = €RY
(iv) HSOk:HWI;'(]Ig’k) < Crap, kel
(see, e.g., [18, Chapter VI, 1.3]).
We define the (1 4 26)-periodic functions fy, on I¢ for k € Z% by
for = for(- + k)ou(- + k).

For n € N, taking the sequence (ng)gecze given as in (2.4) and satisfying the condition

Z ng < n,

|k|>\<mn

we define the linear sampling algorithm Fy', € F, (Ly(R% ) generated from F, by

(Ff) @) = D (Fomsfor) (@— k). (2.5)

|k|<mn

where Fy,, € F, (iq(ﬂg)> are defined by (2.2).

Theorem 2.1 Let 1 <g<p<ocoanda >0, >0,60>0. Assume that for any n € N,
there is an operator F,, € F, (Eq(ﬂd)> such that the convergence rate (2.1) holds. Then for

any n € N, based on this operator, one can construct an operator Fé‘fn e F, (Lq(Rd;u))
of the form (2.5) so that

||f - Féfn(f)”[;q(Rd;y) < Cniaaogn)6||f”W;(Rd;u)7 f € W;<Rd7:u) (26>



Proof. This theorem can be established in a manner analogous to [7, Theorem 2.1], with
a few necessary modifications. For completeness, we present the proof. We auxiliarily
present a function in WJ (R%; i) as a sum of functions on R¢ having support contained in
integer translations of the d-cube I¢. A suitable sampling algorithm for for Wy (R%; 1) can
be constructed as the sum of integer-translated dilations of F,,. From the items (ii) and
(iii) in the definition of unite partition it follows that

f= Z Jo.kr: (2.7)

kezd
where fp ) denotes the restriction of f to If ;. Hence we obtain

1 = B g < 2 | fonon = Fome (o) € = )|

|k|A<mn

+ Z ||f9,k90k||Lq(]Ig’k§N)'

|k‘)\2mn

Lq (Hg,kjﬂ)

(2.8)

With the fixed 6, there exists a constant C' depending p, A, a, # only such that w=/?(z) <
w™'/?(k) for every « € If ;. Consequently,

-+ )iy gy < Cw™ PR Fllwyag ) < Cwo™ P (R)IF vy as- (2.9)

Because W (I¢) is a multiplication algebra (see [16, Theorem 3.16]), from (2.9) and prop-
erty (iv) of the unit partition {¢g}czq, we derive for = for(- +k)or(- + k) € W;(]Ig),
and ~

||f«9,kHW5(Hg) < O for(-+ k)HVV;(Hg) loor (- + k)“W;(ug)

(2.10)
< Cw P (k)| fllwy rety-

Analogously,

< Cwl/q(k;) erk — Fyn, (f@k)‘

er,kSOk — Fyn, <f9,k) (- — k)’ _ o (211)

Lq(Hg,kW) Lq(ﬂg)

Since ¢ < p, from the definition of the weight w in (1.2) it follows that there are numbers
C and 0 < ¢ < a(l/q—1/p) such that

wiVP (k) < Ce R ke 79, (2.12)

We select a number 4 in (2.3), satisfying the condition
dmax (1,a/a) < §'. (2.13)
Firstly, with this selection of d, let us verify that Fj, € F, (Ly(R% ). Indeed,

putting
Bi(s) :={x e R: |z|\ < s},



and denoting by Vi(s) the volume of B¢(s), we have

Lmn | Lmn |

m < Z nE < Z Qne_%é‘k& < no Z Z _ajsk

k| x <mrm, |k|=1 s=0 keBi(s) (2.14)

Lmn |

<ng 3 VA H <ngVi S st i <

s=0 s=0

Secondly, we establish the upper bound (2.6). By (2.4), (2.1) (2.10) and (2.11) we
deduce the estimates

er,kSOk — Fo <f9,k> (- — k)‘

< w'(k Hf@k_Ft?nk (f@k)‘

Lq(I§ 4im) La(tj)
< w (k) (log ) || (- + K)or (- + K lliry gy
< w!?(k)yw 7 (k)n~=*(log n) e s ¥IR|| ||y
where the numbers ny, k € Z¢, are defined as in (2.4). Hence, by (2.12) we get

er,kSOk: — Fony, (fe,k) (- — k)‘ < e *Rp = (log n)fBHfHWIg(RdW),

Lq(Hg’kW')
where € := ¢’ — da/a > 0 due to (2.13). This in a similar manner as (2.14) implies that

er,kSOk — Fyn,, <f0,k> (-— k)’ << Z ~ERn = (log n)” 1 lwry ey

[k|A<mp [k[x<mn
_ _ A
< *(logn)? | flwymeyy Y, €0
|k|<mn
< 0 (log )| fllwy et -

Again in an analogous manner as (2.14) we have by (2.3), (2.12) and the inequality
d'/d > 1 provided with (2.13),

Z Hf@:kSOk“Lq(ﬂ << Z I/q 71/p(k)||fHWg(Rd;,u)

[k[x=mn |k[=mn

_ st A
< [ f llwp (@t Z e I

‘k|>\2mn

_ /S)\
< ||fHW;;(Rd,;L) Z V/\d(s)e °

s> [mn]
ST oA
< ”fHWpT(Rd;u) V)xd Z Sde o

52 [mn]

0

_ A _ad

< ”f”W;(Rd;u)m:lLe o'ma ste a®
s=0

Lq(I§ jin

A

—d6'alogn = _as
< HfHWg(Rd;H)OOgn)d/)‘e §'alog /528 o
s=0

< n_o‘(log n)ﬁ ||f||W;(Rd;u)'



From the last two estimates and (2.8) we prove (2.6). O

Lemma 2.2 Let 1 < q < p < oo For every n € N, one can construct an operator
F, e F, (f/q(]ld)> such that
Sa(Wh(I), L) < sup  [1f = Fu(f)llg, o) = 0" (logn) @ (2.15)
FEW, (1)

Moreover, the statement still holds true if 5n(W;(]Id), L,(1%) = dn(W;(Hd),iq(Hd)) and
p = o0.

Such an operator F,, € F, (iq(ﬂd)> in this lemma can be constructed via Smolyak al-

gorithms based on hyperbolic cross approximations. For detail on the proof of Lemma 2.2
and the hyperbolic cross approximation see, e.g., in [9, Section 4].

Theorem 2.3 Let1 < g <p < oo, 8 > 0. Then for any n € N, based on the operator
F, e F, (Eq(]ld)) in Lemma 2.2, one can construct the operator Fy!, € F, (Ly(R% ) as
in (2.5) so that there holds the right convergence rate

Sn(Wi(R% ), Ly(R% ) =< sup || f = Ffy ()l gy =< n”"(logn) D7 (2.16)
FEWL(RY;p)

Moreover, the statement still holds true if 6,(W (R 1), Ly(R% 1)) = dp (W (R% 1), Lg(R%; 1))

and p = 0.

Proof. The upper bounds in (2.16) follow from Lemma 2.2 and Theorem 2.1 with oo = r
and 3 = (d —1)r. Let us prove the lower bound in (2.16). If f is a 1-periodic function on
R? and f € W} (I%), then one can immediately derive that

[ fllwy gy < ||f||W;(11d)
for 1 < p < oo. On the other hand,
1112 gy << M Nlzg ety
Hence we get by Lemma 2.2
On(W(RY 1), Ly(RY 1)) > 6, (W, (1), Ly(I7)) > n™" (log )™=V,

3 Convergence rate of sampling widths

In this section, we prove the right convergence rate of the sampling n-widths
on(W(RY ), Lg(R% 1)) for d > 2 and 1 < ¢ < 2 < p < co. We also prove the
RKHS structure of the space W5 (R4 1), and the right convergence rate of the sampling
n-widths 0,(WH(R% i), L,(R% 1)) (d > 2) for 1 < ¢ < p = 2 in the particular case of
measure ;4 when w is the univariate Freud-type weight given by (1.17).
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Assumption 3.1 Let F be a class of complex-valued functions on the measurable set
Q c RY. We say that F satisfies Assumption 3.1, if there is a metric on F such that
F is continuously embedded into the separable space with measure Ly(S2; 1), and for each
x € Q, the evaluation functional f — f(x) is continuous on F.

The following lemma is a consequence of [11, Corollary 4].

Lemma 3.2 Assume that F' satisfies Assumption 3.1 and that

do(F, La(Q ) < n*log ™" n (3.1)
for some o > 1/2 and € R. Then

on(F, Ly(Q 1)) < n“log ™’ n. (3.2)

Theorem 3.3 Letr e Nand1 < g <2 < p < oo. Then there holds the right convergence
rate

0n(WH(RY: 1), Ly(RY; 1)) =< ™" (log m) 41" (3.3)

Proof. The lower bound in (3.3) is implied from the inequalities (1.9) and Theorem 2.3 .
By the norm inequality || - ||, ey < || - [|Loray for 1 < g < 2, it is sufficient to prove
the upper bound in (3.3) for ¢ = 2. By (2.16) we have that

dp(W(R% 1), Lo(RY; 1)) < 0" (log )@=V (3.4)

Notice that the separable normed space Wj (R4 ) is continuously embedded into
Ly(R%; 1), and the evaluation functional f ~ f(x) is continuous on the space Wy (R%; 1)
for each € R?. This means that the set W] (R? p) satisfies Assumption 3.1. By
Lemma 3.2 and (3.4) we prove the upper bound:

on(Wi(RY 1), La(R% 1)) < dy(W(RY 1), Ly(R% 1)) < ™" (logm)“@ 1"
0

Let (¢ )men, be the sequence of orthonormal polynomials with respect to the univari-
ate Freud-type weight

v(z) == w’(z) = exp (—2a|z|* + 2b) . (3.5)
For every multi-degree k € N¢, the d-variate polynomial ¢y, we define

d

dr() =[] on,(z)), =R

j=1

The polynomials {¢g} keNd constitute an orthonormal basis of the Hilbert space Ly(R%; 1),
and every f € Ly(R% 1) can be represented by the polynomial series

f= X foon with f) = [ (@) onleui@)ia (3.6)

keNgd

11



converging in the norm of Lo(R%; 11). Moreover, there holds Parseval’s identity

sy = D 1R

keNgd

For r > 0 and k € N4, we define

d

Prrk 1= H (kj+1)™.

J=1

Denote by H"™ (R%) the space of all functions f € Ly(R?; i) represented by the series (3.6)
for which the norm

1/2
HfHHU(Rd) = Z ’p)\,r,kf(k)‘Q
keNd
is finite. Notice that for r > ﬁ, we have ry > 1/2 and therefore, H™ (R?) is a separable
RKHS with the reproducing kernel
K(z,y) = Z P;ik%(@')%(y) (3.7)
keNd
Theorem 3.4 We have for any A > 1 and r > ﬁ,
on(H™(RY), Ly(RY; 1)) = n™™ (log )Y, (3.8)

Proof. The proof of theorem is similar to the proof of [8, Theorem 3.5|]. For com-
pleteness, we shortly perform it. We need the following result on Kolmogorov widths
dp(H™ (RY), Ly(R%; 1)) (see, e.g., [9, page 45] for the definition of Kolmogorov widths)
which can be proven in the same manner as the proof of [8, (3.18)]. We have for r > 0,

dn(H™(RY), Ly(RY 1)) = n™" (log n) ™71 (3.9)
The lower bound of (3.8) follows from (3.9) and the inequality
0 (HP (RY), Ly(R% 1)) > d (HP (RY), Ly(RY; ).
We check the upper bound of (3.8). By (3.9) we get
dp(H™(RY), Ly(RY: 1)) < n~™ (log n)™ @), (3.10)

From the orthonormality of the system {¢k}keNg it is easy to see that K(x,y) satisfies
the finite trace assumption

K(z,z)w(x)de < oc. (3.11)

Hence by (3.10) and [11, Corollary 2] we obtain
on(H™ (RY), Ly(RY; 1)) < d(H™(R?), Ly(R 1)) < 07" (logm)™ 71,

12



Lemma 3.5 Let A be an even integer. Then we have the inequality
I sy << Wy > € Wa(R; ). (3.12)

Proof. We will use the following representation of the derivative of the polynomials ¢,,
for m € N, which was proven in [1, Lemma 3J:

m—1
G = D it (3.13)
k=m—X+1
where
Ak 2= )\/ G () Pp(2) 2w (z)de (3.14)
R

satisfying the inequalities

|| < Cm!HA (3.15)

for some positive constant C' independent of m, k.

We first prove the lemma for 7 = 1. Given f € W} (R;pu), we denote g := f’. From
Parseval’s identity and the equality (3.13) we have

m—1 k+A—1
g=>_ fm)d,, =D fm) Y amste=> ¢ > amif(m),  (3.16)
meNg meNy k=m—X\+1 keN m=k+1
and consequently, for every k € N,
k+X—1 .
gk) =D ampf(m). (3.17)
m=k+1
Hence, by (3.15)
kA—1 ) k+A—1 )
GRP <A =1) D lampf(m)P <CA=1) D> |m"f(m)]. (3.18)
m=k+1 m=k+1
This and Parseval’s identity yield
k+X—1 .
1917, @ = D 6B <CO=1) Y >~ [m A f(m))?
keNo keNg m=k+1
<G R (3.19)
keNy
< ot B = 1 e »
keNp

13



which implies

Hf”Wg(R,;U = HfHLg(]R;u) + ||g||L2(R;u) < ||f||H1(]R) : (320)
This proves the lemma in the case » = 1. In the general case it can be obtained by
induction on r. Assuming that (3.12) is true for r — 1, we prove it for r. Again, given
f € Wi (R; i), we denote g := f' € Wi ' (R; ). From the induction assumption, in a way
similar to (3.19) we derive

2 .
||9HW2’"*1(R;M) = ||g||’HT*1(R) = Z |P>\,r—1,k9k’2

1-1/X o ¢ 2 2 (3'21>
< Z K2 o5 f (B[P < 1 Fma my -
keNp
Hence,
HfHWZT(R“u) = ||fHL2(R;y,) + ||g||W2T_1(R;,u) < ||f||’HT>\(R) : (322>
O

We show the equivalence between the norm of the space WJ(R; 1) and the norm of
H™(R?) in the case A = 4 in the weight (1.2) by proving the inequality inverse to (3.12).
In order to achieve this, it is necessary to employ certain properties of the polynomials
¢ for this particular case. Denote by ~,, > 0 the leading coefficient of the polynomial
Om, 1.€., Op(T) = Yaz™ + ¢ for some ¢ € P,,_1. We put o, := Vpm_1/7m for m € N.
Then we have the following equalities for A = 4.

/ m

¢m = (bmfl + 4a O O — 10y —2 ¢m73- (323)
(i)
da o, (o +ap, + ap,y) = m. (3.24)
(i)
12\ /4
lim (—) am = 1. (3.25)
m—oo \ M

Here the parameter @ is the same as in (1.2). The claims (i) and (ii) were proven in [2],
the claim (iii) in [12].

Theorem 3.6 Let A = 4. Then we have the norm equivalence

||f||W2T(R;M) = ||f||Hu(1R)7 f e W3 (R; p). (3.26)

Proof. Without loss of generality we can assume a = 1. Otherwise, we can achieve this
by changing variable y = a'/4z and considering an equivalent norm of W3 (R; x). By the
inequality (3.12) of Lemma 3.5, to prove the theorem it is sufficient to show the inverse
inequality

Hf”WQ(R;u) > ||fH7—[TA(]R)7 fe W3 (R; p). (3.27)

14



We first prove this inequality for r = 1. Given f € W} (R; i), we denote g := f’. Put
k

by == —, ¢ = 4agop_10p_9,
ag,

where recall, a is the parameter in the definition (1.2) of the generating univariate weight

w. For any fixed mg € Z, from the equality lim,, . ®E™ =1, (3.24) and (3.25) it follows
that 31 "
12 12
lim (—) boime = 12, lim (—) Conpmy = 4, (3.28)
m—00 m m—00 m
and
bimtmo = Cmamo = M4, k€ Ny. (3.29)

By using the equality (3.23) and
9= fm)¢,. (3.30)

meENy

we have for every k € Ny,
G(k) = bp1 f(k+1) + crpsf(k+3), keN. (3.31)

By (3.24) there exists ko € N such that for any k > ko,

12\ 34 12\ 34

Hence by Parseval’s identity and (3.29) we obtain

1/2 1/2
190 Ly @) = (Z\bkf(k)l2> - (Z‘Ckf(k)’2>

= 1/2 = 1/2 1/2
> (Z rbkf<k>|2> - (Z |ckf<k>\2> - (Z \ckf<k>|2>
k>ko k>ko k<ko
1/2 1/2
> 3(12)7 (Z |k3/4f(k)|2> — max ey (Z |f(k‘)l2> (3.53)
1/2 -
> 3(12)7%/* (Z |k3/4f<k>l2)
keNg
1/2 1/2
—3(12) "k (Z If(k‘)l2> — max || (Z If(k‘)|2>
k<ko - k<ko

> Ch ||f||H1(R) -Gy ||f||L2(]R;u) ’

where
Cy=3(12)¥* >0, Cy:=3(12)"*%¥* + max |cx] > 0.
0<k<kq
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This yields that

Hf“WQl(R,p,) = 02 ||f||L2(R;p) + ||g||L2(R;p,)

(3.34)
2 Co Al oy + Crllf @y = C2 If Loy = Crllf g, ) -

This and (3.20) prove the theorem in the case r = 1. In the general case it can be
established by induction on r. Assuming that (3.27) is true for r — 1, we prove it for r.
Again, given f € WJ(R;p), we denote g := f' € Wi '(R;p). From the induction
assumption and (3.31), in a way similar to (3.33) we derive

1/2
||9”W2T—1(R;u) = ||g||w71(R) = (Z PA,r—l,k|§(k)|2>

keNp

1/2 1/2
> (Z p)\,rl,k|bkf(k)‘2> - (Z/)A,r1,k!€kf(k)|2>

k>1 k>3

1/2
> 3(12)*3/4 <Z p,\,rl,k|k3/4f(k)‘2>

keNy

(3.35)

1/2
a1 I (z \f(k)ﬁ)

k<ko

1/2
P2
— Prr—1,ko Og}@éﬂ |k ( E | f(R)] >

k<ko

> C HfHH’"A(R) — Coprr—1ko HfHLQ(R;M) )

where ko, C; and Cy are the same constants as in (3.33). Hence, similarly to (3.34) we
obtain that

HfHW;(R;“) = C2pxr—1,ko ||fHL2(R;M) + HQHWZT*(R;“)
2 Coprr—ko 1 | Ly + Crllf gy = Coprr—1mo Il pymyy — (3:36)
=0 HfHH’"A(]R) :

0

For z € R? and e C {1, ...,d}, let ¢ € Rl be defined by (z¢); := z;, and 2° € R* Il
by (z¢); == x;, i € {1,...,d} \ e. With an abuse we write (¢, °) = . For the proof of
the following lemma, see [4, Lemma 3.2].

Lemma 3.7 Let 1 <p<oo, e C{l,...d} and r € Nd. Assume that f is a function on
R such that for every k <, DEf € L,(R% p). Put for k <7 and ¢ € Rl

g(x®) = Dkﬁf(:ve, x°).

Then D*g € L,(RI¥; 11) for every s < k° and almost every z¢ € RI~Iel.

16



Theorem 3.8 Let A\ be an even integer. Then we have the inequality

1 g ey << W lpura ey > € W3 (R pa). (3.37)

Moreover, we have the norm equivalence for A = 4,
£ llwy ey = N Fllpgragay > f € Wy (R o). (3.38)

Proof. In the case d = 1, this theorem combines Lemma 3.5 and Theorem 3.6. Both the
relations (3.37) and (3.38) can be proven in the same way. For simplicity we prove (3.38)
for the case d = 2. The general case can be proven by induction on d.

Since the linear combinations of the polynomials ¢, k = (ki,ks) € N2, are dense
in the normed spaces Wy ,(R*) and H"™(R?), it is sufficient to prove the case d = 2 for
polynomials f of the form

N
f= Z fk¢k-
k1,k2=0

Let f € W5 ,(R?) be such a polynomial. From Lemma 3.7 it follows that f(-,z3) €
W3 (R; 1), and consequently, by Theorem 3.6 f(-,x2) € H™(R) for almost everywhere
x9 € R. We make use of the temporary notation:

(1) = /R £ (1, 22) iy (22)dp(2).

By applying successively the case d = 1 of the lemma with respect to variables x5 and z1,

17



and using Fubini’s theorem, we obtain

g = 30 [ [ 1D D0 (o, ) Pian)duan)

s1,52=0

- Z/RZ/R|D(0782)<D(81’O)f($1,5E2))‘2d,u($2) dp(zy)

s1=0 s2=0

— Z/R||D(51’°)f($17')Hivg(n%;m dp(zy)

s1=0

<3 [

s1=0

T

s1=0“ R =0

N
< Z pi,r,kg
ko=0

N
2
= Z piﬂ”,kz Hth HWQ”"(R;;L)

s1=0

ko=0
N N
<Y Brks D 1o s (k)P
ko=0 k1=0

N N
¢ 2
= Pk D orm flr k)2 = [ f 1 5ms g -

ko=0 k1=0

2
HA(R) d,[t(ﬂ?l)
N
<3 3 1oaria DO Oy ()P dpa()

3 / DOy, ()| dule)

0

Notice that the norm equivalence (3.38) for A = 2 has been proven in [8, Lemma 3.4]

(see also [10, pages 687-689)]) .

Due to the norm equivalence (3.38) in Theorem 3.8, we identify Wi (R% u) with
H™ (RY) for the case when A = 4 and r € N. From Theorem 3.4 and the norm in-
equality ||| Ly@iy < C [ £, ra,y,y for 1 < p < 2, we derive the following result on right

convergence rate of sampling n-widths.

Theorem 3.9 We have for 1 <q<2,r €N and \ =4,

3(d—1)r

0n(W5(R% 1), Ly(R% 1)) < n~ % (logn) ™ 1 .

We finish this section with some conjectures.

Conjecture 3.10 We have for any r € N and even integer A > 4,

[ Rdy) = ||fH7-m(Rd) , € W;(Rd;,u).
5 (
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If Conjecture 3.10 holds true, then from this conjecture and Theorems 3.8 and 3.4 we
can deduce the following results.

Conjecture 3.11 We have for any r € N and even integer A > 4,

£ llwg ey = N Fllpgragay | € Wi (R o). (3.41)
Conjecture 3.12 We have for any d > 2, r € N and even integer A > 4,

on(Wh(R? ), Lao(RY; 1)) = n ™" (log ) Y.
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