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ABSTRACT. In this paper, we consider a nonhomogeneous incompressible magnetohydrodynamic fluid
in a horizontally periodic domain, being bounded above by a free moving boundary and bounded below
by a fixed bottom. The governing equations are the gravity-driven incompressible Navier-Stokes equa-
tions interacting with a magnetic field and after using the Lagrangian transformation, we write the main
equations in a perturbed form in a fixed domain. The goal of this paper is to study the influence of the
vertical magnetic field on the nonlinear Rayleigh-Taylor (RT) instability result of a smooth increasing
RT density profile. Precisely, we prove that the nonlinear problem departing from the hydrostatic equi-
librium is nonlinearly unstable under L2-norm as the strength |m| of the steady vertical magnetic field
is lower than the critical value mc, improving the nonlinear RT instability result of F. Jiang and S. Jiang
[12] under H2-norm. Our nonlinear result refines the abstract framework of Guo and Strauss [5] and
also of Grenier [8] with a wide class of initial data for the nonlinear problem, based on the finding of
infinitely many normal modes to the linearized equations via the operator method initiated by Lafitte
and Nguyen [22].
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1. INTRODUCTION

The Rayleigh–Taylor (RT) instability, studied first by Lord Rayleigh in [28] and then Taylor [29] is
well known as a gravity-driven instability in two semi-infinite inviscid and incompressible fluids when
the heavy one is on top of the light one. It has attracted much attention due to both its physical and
mathematical importance. Two applications worth mentioning are implosion of inertial confinement
fusion capsules [23] and core-collapse of supernovae [27]. For a detailed physical comprehension of
the linear RT instability, we refer to three survey papers [19, 33, 34]. Mathematically speaking, the
nonlinear study of classical RT instability is proven by Desjardins and Grenier [3]. For the inviscid
and incompressible fluid with a smooth density profile, the classical RT instability was investigated
by Lafitte [21], by Guo and Hwang [4] and by Helffer and Lafitte [15]. For the viscous linear RT
instability, one of the first studies can be seen in the book of Chandrasekhar [2, Chapter X]. He
considers two uniform viscous fluid separated by a horizontal boundary and generalize the classical
result of Rayleigh and Taylor. We refer the readers to mathematical viscous linear/nonlinear RT
studies for two (in-)compressible channel flows in [6], [32] and [10]. For the incompressible fluid
with a smooth density profile, we mention the results of Jiang et al. [13], of Lafitte and Nguyen [22],
and of Nguyen [26] respectively.

In this paper, we study the magnetohydrodynamic (MHD) influence on the RT instability of an
increasing RT density profile. Owing to the presence of the magnetic field, numerous results the RT
instability of continuous incompressible fluids cannot be extended straightforwardly. Let us mention
some previous results on the effect of magnetic field to linear Rayleigh-Taylor instability. In 1954,
Kruskal and Schwarzschild [20] investigated the effect of the horizontal magnetic field M “ me1

(e1 “ p1, 0, 0q
T ) to the linear instability problem for stratified MHD fluids on a horizontally periodic

domain. After that, the linear RT instability influenced by a vertical magnetic field M “ me3 (e3 “

p0, 0, 1qT ) was proven for a continuous incompressible MHD fluid by Hide [16] (see also the book
of Chandrasekhar [2, Chapter 4]). Considering the linearized problem in a bounded domain, Jiang
and Jiang [11] obtained the threshold mc of the vertical magnetic field for the linear instability as
|m| ă mc and stability as |m| ą mc.

One of the first nonlinear study on the continuous incompressible magnetic RT instability, was
given by Hwang [17] for the inviscid case. Then, Jiang, Jiang and Wang [14] extended Hwang’s result
to the viscous case by following the framework of Guo and Strauss [5]. Such magnetic RT instability
was also investigated by Wang for stratified incompressible MHD fluids [31]. For MHD fluids in a
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horizontally periodic domain with finite height, Jiang and Jiang [12] studied the stabilizing effect of
the vertical magnetic field in the supercritical regime |m| ą mc and for MHD fluids in a bounded
domain, they proved the nonlinear instability under H2-norm of the vertical magnetic field in the
subcritical regime |m| ă mc, extending [11].

This motivates us to show in this paper an improved result of the nonlinear RT instability in the
subcritical regime |m| ă mc under L2-norm. Let us present the precise formulation as follows.

We consider the fluid lying on a vertical gravity field, below some smooth interface separating it
from air. That means, at time t, the fluid occupies a horizontally periodic domain

Ωptq “ tx “ px1, x2, x3q : px1, x2q P p2πLTq2,´h ă x3 ă dpt, x1, x2qu, (1.1)

where d is smooth enough function of its arguments. We denote the upper free surface

Γptq “ tx3 “ dpt, x1, x2q, px1, x2q P p2πLTq2u

and the fixed bottom Γh “ p2πLTq2 ˆ tx3 “ ´hu. The fluid dynamic is described by the gravity-
driven incompressible Navier-Stokes equations interacting with the magnetic field M̃ , that read as

$

’

’

’

&

’

’

’

%

Btρ̃` divpρ̃ũq “ 0 in Ωptq,

Btpρ̃ũq ` divpρ̃ũb ũq ` divS̃ “ ´gρ̃e3 in Ωptq,

BtM̃ “ ∇ˆ pũˆ M̃q in Ωptq,

divũ “ 0, divM̃ “ 0 in Ωptq.

The unknowns ρ̃ :“ ρ̃pt, yq, ũ :“ ũpt, yq and p̃ :“ p̃pt, yq denote the density, the velocity and the
pressure of the fluid, respectively. In the second equation, ´gρ̃e3 is the gravity field with g ą 0 the
acceleration of gravity and e3 the vertical unit vector. The stress tensor S̃ consist of both fluid and
magnetic parts is given by

S̃ “ ´µp∇ũ` p∇ũqT q ` p̃Id`
|M̃ |2

2
Id´ M̃ b M̃.

On the free surface Γptq, we have the dynamic boundary condition without any effect of surface
tension (patm is the given atmospheric pressure)

S̃ñ “ patmñ,

and the kinematic boundary condition

Btd “ ũ3 ´ ũ1B1d´ ũ2B2d.

At the fixed bottom Γh, we enforce the condition that the fluid velocity vanishes, ũ “ 0. We formulate
the governing equations

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

Btρ̃` ũ ¨∇ρ̃ “ 0 in Ωptq,

ρ̃pBtũ` ũ ¨∇ũq ` divS̃ “ ´gρ̃e3 in Ωptq,

BtM̃ ` ũ ¨∇M̃ “ M̃ ¨∇ũ in Ωptq,

divũ “ 0, divM̃ “ 0 in Ωptq,

S̃ñ “ patmñ on Γptq,

Btd “ ũ3 ´ ũ1B1d´ ũ2B2d on Γptq,

ũ “ 0 on Γh.

(1.2)

To complete the statement of the problem (1.2), we must specify the initial conditions. We suppose
that the initial surface Γp0q is given, i.e. d|t“0 “ d0 is given on p2πLTq2, which yields the open set
Ωp0q. Hence, on Ωp0q, we specify the initial data for the density ρ̃p0q : Ωp0q Ñ R, the velocity
ũp0q : Ωp0q Ñ R3 and the magnetic field M̃p0q : Ωp0q Ñ R3.
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We now construct an equilibrium state to the system (1.2). Let d ” 0, we define the equilibrium
surface

Γ0 “ p2πLTq2 ˆ t0u,
yielding d ” 0 and ñ ” e3, and thus define the fixed domain

Ω “ p2πLTq2 ˆ p´h, 0q.

Hence, let m is an arbitrary constant, we have that a density profile ρ0px3q, a zero velocity u ” 0 and
a vertical magnetic field M̄ “ me3 (m is a constant) define a hydrostatic equilibrium with pressure
gradient balancing out the gravity field,

p0p0q “ patm and ∇p0 “ ´gρ0e3, i.e. p10 “ ´gρ0p
1
“

d

dx3

q. (1.3)

We assume that
ρ10 ą 0 (1.4)

and denote by
0 ă ρ´ “ ρ0p´hq ă ρ0p0q “ ρ` ă `8. (1.5)

In that way, we have heavier fluid above lighter one, and we are thus in the situation of Rayleigh-Taylor
instability occurs. The goal of this paper is to show that under the assumptions (1.4), (1.5) and under
the effect of magnetic field, the nonlinear RT instability in MHD flows happens in the subcritical
regime of vertical magnetic number

|m| ă mc :“

g

f

f

e max
φPH1pp´h,0qq

g
ş0

´h
ρ10φ

2 ´ gρ`φ2p0q
ş0

´h
pφ1q2

. (1.6)

That means, we construct initial data of small size δ, giving rise to a solution defined up to some time
T δ, and which at that time has L2-norm bounded from below by a fixed constant (independent of δ).
We refer to Section 2 for the precise statement of our main theorems and describe here our strategy of
the proof.

The first step in our proof is to construct a solution of the linearization at this stationary solution
of the nonlinear equations. We want this solution of the linearized equations (2.14) to have growing
normal modes and we look for it schematically as Upt, xq “ eλtV pxq, where λ is positive. The profile
V is taken as an oscillatory function of the horizontal variables px1, x2q, with mode k “ pk1, k2q, the
x3-dependence being given in terms of unknown functions of pk, x3q. Then U is a solution of the
linearized equations if some function x3 Ñ φpk, x3q (from which U maybe reconstructed) solves a
fourth order ODE on the interval p´h, 0q, depending on k and λ. Our first theorem asserts that, as
|m| ă mc, one may find infinitely many solutions to that ODE and thus get infinitely many normal
mode solutions of the linearized equations. The line of investigation is the same as in [22], where the
case of a viscous nonhomogeneous incompressible fluid in the whole space has been treated.

The second part of the paper is to devoted to the proof of nonlinear instability. The spectral analysis
allows us to study the fully nonlinear perturbation equations (2.13). To this purpose, we follow the
same procedure as in [24] for RT problem in an infinite strip with Navier-slip boundary conditions,

Step 1. establish some a priori energy estimates to the nonlinear equations,
Step 2. formulate a linear combination of normal modes to the linearized equations (2.14) to set its

value at initial time t “ 0 of size 0 ă δ ! 1 as an initial datum to the nonlinear perturbation
equations,

Step 3. obtain the difference between the local exact solution and the approximate solution in Step 2
and exploit some energy estimates for the difference,

Step 4. deduce the bound in time of the difference functions and prove the nonlinear instability.
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Our nonlinear study is inspired by the abstract frameworks of Guo and Strauss [5] and of Grenier
[8]. In the above frameworks, only the maximal normal mode was used in Step 2 to approximate the
nonlinear equations. Let us emphasize that, our nonlinear results show that a wide class of initial
data (related to a linear combination of normal modes) to the nonlinear problem departing from the
equilibrium is formulated in Step 2 and it gives rise to the nonlinear instability.

To finish the introduction part, we introduce the organization of this paper. In Section 2, from
the formulation in Eulerian coordinates of the governing equations (1.2), we derive the formulation
in Lagrangian coordinates, see (2.13). We introduce our main results, Theorem 2.1 describing the
spectral analysis of the linearized equations (2.14) and Theorem 2.2 proving the linear instability in
the subcritical regime |m| ă mc. The proof of Theorems 2.1, 2.2 will be shown in Section 3. In
Section 4, we construct the a priori energy estimates to the nonlinear equations and in the last part,
Section 5, we conclude the nonlinear instability, Theorem 2.3, still in the subcritical regime |m| ă mc.

2. REFORMULATION IN LAGRANGIAN COORDINATES AND MAIN RESULTS

2.1. Reformulation in Lagrangian coordinates. The movement of the free boundary Γptq and the
domain Ωptq raises numerous mathematical difficulties. To handle that, we will switch to coordinates
in which the domain stay fixed in time. Since we are interested in the nonlinear instability of the
equilibrium state, we will use Ω as the equilibrium domain. We assume that there exists an invertible
mapping ζ0 : Ω Ñ Ωp0q such that

Γ0 “ ζ0pΓq and detp∇ζ0q “ 1.

Define the flow maps ζ as the solution to
#

Btζpt, xq “ upt, ζpt, xqq,

ζp0, xq “ ζ0pxq.
(2.1)

We think of the Eulerian coordinates as pt, yq P R` ˆ Ωptq with y “ ζpt, xq, whereas we think
of Lagrangian coordinates as the fixed pt, xq P R` ˆ Ω. In order to switch back and forth from
Lagrangian to Eulerian coordinates we assume that ζpt, ¨q are invertible and

Ωptq “ ζpt,Ωq, Γptq “ ζpt,Γ0q, Γh “ ζpt,Γhq.

If ζ ´ Id is sufficiently small in an appropriate Sobolev norm, then ζ is a diffeomorphism, i.e.

J “ detp∇ζq ‰ 0.

This allows us to switch back and forth from Lagrangian to Eulerian coordinates and transform the
problem (1.2) to one in the fixed spatial domain Ω. To this purpose, we define the matrix A “

pAijq1ďi,jď3 via its transpose AT :“ p∇ζq´1 and define the following differential operators

∇Af :“ pA1kBkf,A2kBkf,A3kBkfq
T , divApX1, X2, X3q

T :“ AlkBkXl, ∆Af :“ divA∇Af,

where we have used the Einstein convention of summation over repeated indices. We write

N “ B1ζ ˆ B2ζ|Γ0 “ JAe3|Γ0 (2.2)

for the non-unit normal to Γptq and

SApp, uq :“ ´µDAu` pId, pDAuqij “ AikBkuj `AjkBkui.

With the above notations, we define the Lagrangian unknowns on pρ̃, ũ, p̃, M̃q by the compositions

pρ, u, p,Mqpt, xq “ pρ̃, ũ, p̃`
|M̃ |2

2
, M̃qpt, ζpt, xqq
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and derive from (1.2), the evolution equations for pρ, u, p,Mq in Lagrangian coordinates as follows
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

Btζ “ u, Btρ “ 0 in Ω,

ρBtu´ µ∆Au`∇Ap “M ¨∇AM ´ gρe3 in Ω,

BtM ´M ¨∇Au “ 0 in Ω,

divAu “ divAM “ 0 in Ω,

SApp, uqN “ pM ¨N qM on Γ0,

u “ 0 on Γh.

(2.3)

Clearly, (2.3)2 implies that ρpt, ¨q is constant along time. We expect that converges to the equilib-
rium density profile ρ̄px3q as tÑ 8. Hence,

ρpt, xq “ ρ0px3q for any pt, xq. (2.4)

Next, we eliminate M by expressing it in terms of ζ , and this can be achieved in the same manner as
in [12, 31]. From a direct computation, we have that

BtJ “ JdivAu “ 0. (2.5)

That implies J ” 1 in Ω. Next, applying AT to (2.3)4, we obtain

AjiBtMj “ AjiMkAklBluj “ AjiMkAklBtpBlζjq “ ´BtAjiMkAklBlηj “ ´MjBtAji.

This yields

BtpATMq “ 0, (2.6)

hence AjlMj “ A0
jlM

0
j . We get further

Miptq “ BlζiptqAjlp0qMjp0q, i.e. Mptq “ ∇ζptqAT
p0qMp0q. (2.7)

To obtain the asymptotic stability of the magnetic RT equilibrium state in time, we naturally expect
that

pζ,Mq converges to px, M̄q as tÑ 8.

Thus, we formally obtain from (2.7) that AT p0qMp0q “ M̄ , yielding

M “ M̄ ¨∇ζ (2.8)

and

M ¨∇AM “MjAjkBkM “ M̄kBkpM̄lBlζq “ pM̄ ¨∇q2ζ. (2.9)

Note that, it follows from (2.2), (2.5) and (2.6) that

BtdivAM “ J´1
BtdivpJATMq “ 0

and

BtpM ¨N q “ BtpM ¨ JAe3q “ BtpJM
TAe3q “ 0 on Γ0.

Hence,

divAM “ divM̄ “ 0 in Ω and M ¨N “ M̄ on Γ0. (2.10)

Summing up the above calculations (2.4) (2.8), (2.9) and (2.10), and letting

η “ ζ ´ x, AT
“ pId`∇ηq´1,
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we can transform (2.3) into a Navier–Stokes system in Ω with two force terms induced by the flow
map and the equilibrium density profile ρ0:

$

’

’

’

’

’

&

’

’

’

’

’

%

Btη “ u in Ω,

ρ0Btu´ µ∆Au`∇Ap “ m2B2
3ζ ´ gρ0e3 in Ω,

divAu “ 0 in Ω,

SApp, uqN “ m2B3η on Γ0,

u “ 0 on Γh.

(2.11)

Let

ρ̃0 “ ρ0px3 ` η3q and p̃0 “ p0px3 ` η3q,

the equilibrium state (1.3) in Lagrangian coordinates reads as ∇Ap̃0 “ ´gρ̃0e3. That implies

∇Ap0 “ ´gρ̃0e3 ´∇App̃0 ´ p0q

“ ´gρ̃0e3 ´∇App
1
0px3qη3q `Qp

“ ´gρ̃0e3 ` g∇Apρ0η3q `Qp,

where the quadratic term Qp is given by

Qp :“ ´∇A

´

η2
3

ż 1

0

p1´ sq
d2

ds2
p0px3 ` sη3qds

¯

.

We now define the modified pressure

q “ p´ p0 ` gρ0η3

and obtain that

∇Ap` gρ0e3 “ ∇Aq ` gpρ0 ´ ρ̃0qe3 ´Qp “ ∇Aq ´ gρ
1
0η3e3 ´Qp ´Qg,

where the quadratic term Qg is given by

Qg :“ g
´

η2
3

ż 1

0

p1´ sq
d2

ds2
ρ0px3 ` sη3qds

¯

e3.

We deduce the evolution equations for pη, u, qq as
$

’

’

’

’

’

&

’

’

’

’

’

%

Btη “ u in Ω,

ρ0Btu´ µ∆Au`∇Aq ´m2B2
3η ´ gρ

1
0η3e3 “ Qp `Qg in Ω,

divAu “ 0 in Ω,

SApq, uqN “ m2B3η ` gρ`η3N on Γ0,

u “ 0 on Γh.

(2.12)

Hence, around the trivial state U “ pη, u, qq ” 0, we consider from now on the following homoge-
neous linear form

$

’

’

’

’

’

&

’

’

’

’

’

%

Btη “ u in Ω,

ρ0Btu´ µ∆u`∇q ´m2B2
3η ´ gρ

1
0η3e3 “ Q1 in Ω,

divu “ Q2 in Ω,

Spq, uqe3 “ m2B3η ` gρ`η3e3 `Q3 on Γ0,

u “ 0 on Γh,

(2.13)
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where the nonlinear terms Q1,Q2 and Q3 are given by

Q1 :“ µp∆Au´∆uq ´ p∇Aq ´∇qq `Qp `Qg,

Q2 :“ divu´ divAu,

Q3 :“ pq ´ gρ`ηqId ¨ pe3 ´N q ´ µSue3 ` µpSAuqN

To investigate the nonlinear RT instability to (1.2) in the subcritical regime of vertical magnetic num-
ber, we move to prove the nonlinear instability of the trivial state U “ pη, u, qq ” 0 to the nonlinear
equations (2.13) in the above regime.

2.2. The linear instability. The linearized equations of (2.13) are
$

’

’

’

’

’

&

’

’

’

’

’

%

Btη “ u in Ω,

ρ0Btu´ µ∆u`∇q ´m2B2
3η “ gρ10η3e3, in Ω,

divu “ 0 in Ω,

pqId´ µSuqe3 “ m2B3η ` gρ`η3e3 on Γ0,

u “ 0 on Γh.

(2.14)

As in [2, Chapter XI], we seek normal modes Upt, xq “ eλtV pxq of (2.14), which are

pη, u, qqpt, xq “ eλtpω, v, rqpxq. (2.15)

We deduce the following system on pω, v, rq,
$

’

’

’

’

’

&

’

’

’

’

’

%

λω “ v in Ω,

λρ0v ´ µ∆v `∇r ´m2B2
3ω ` gρ

1
0ω3e3 “ 0 in Ω,

divv “ 0 in Ω,

prId´ µp∇v `∇vT qqe3 “ m2B3ω ` gρ`ω3e3 on Γ0,

v “ 0 on Γh.

(2.16)

That implies ω “ 1
λ
v and
$

’

’

’

&

’

’

’

%

λ2ρ0v ` λ∇r ´ λµ∆v ´m2B2
3v “ gρ10v3e3 in Ω,

divv “ 0 in Ω,

pλrId´ λµp∇v `∇vT qqe3 “ m2B3v ` gρ`v3e3 on Γ0,

v “ 0 on Γh.

(2.17)

Let k “ pk1, k2q P pL
´1Zzt0uq2, we further assume that

$

’

’

’

&

’

’

’

%

v1pxq “ sinpk1x1 ` k2x2qψpk, x3q,

v2pxq “ sinpk1x1 ` k2x2qϕpk, x3q,

v3pxq “ cospk1x1 ` k2x2qφpk, x3q,

rpxq “ cospk1x1 ` k2x2qπpk, x3q.

(2.18)

Denote by k “ |k| “
a

k2
1 ` k

2
2 , we deduce from (2.17) the system

$

’

’

’

&

’

’

’

%

λ2ρ0ψ ´ λk1π ` λµpk
2ψ ´ ψ2q ´m2ψ2 “ 0 in p´h, 0q,

λ2ρ0ϕ´ λk2π ` λµpk
2ϕ´ ϕ2q ´m2ϕ2 “ 0 in p´h, 0q,

λ2ρ0φ` λπ
1 ` λµpk2φ´ φ2q ´m2φ2 “ gρ10φ in p´h, 0q,

k1ψ ` k2ϕ` φ
1 “ 0 in p´h, 0q,

(2.19)
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with the boundary conditions
$

’

’

’

&

’

’

’

%

λµpk1φp0q ´ ψ
1p0qq “ m2ψ1p0q,

λµpk2φp0q ´ ϕ
1p0qq “ m2ϕ1p0q,

λπp0q ´ gρ`φp0q ´ 2λµφ1p0q “ m2φ1p0q,

ψp´hq “ ϕp´hq “ φp´hq “ 0.

(2.20)

Note that

π “
1

k2

`

´ λρ0φ
1
´ µpk2φ´ φ2q `

m2

λ
φ3

˘

. (2.21)

That implies the fourth-order ordinary differential equation

λ2
pk2ρ0φ´ pρ0φ

1
q
1
q ` λµpφp4q ´ 2k2φ2 ` k4φq “ gk2ρ10φ´m2

pφp4q ´ k2φ2q, (2.22)

with the boundary conditions
$

’

&

’

%

φp´hq “ φ1p´hq “ 0,

λµpφ2p0q ` k2φp0qq “ ´m2φ2p0q,

λµpφ3p0q ´ 3k2φ1p0qq `m2pφ3p0q ´ k2φ1p0qq “ λ2ρ`φ
1p0q ` gk2ρ`φp0q.

(2.23)

The finding of normal modes of the form (2.15) to Eq. (2.14) relies on the investigation of the
characteristic values λpkq P C (Reλ ą 0q as k fixed such that (2.22)-(2.23) has a nontrivial solution
φ living at least in H4pp´h, 0qq.

Following [24, Lemma 2.1], we have that all characteristic values λ are real. Since our goal is to
study the instability, we only consider positive λ and look for functions φ being real in what follows
in the linear analysis.

Lemma 2.1. For any k ą 0, all characteristic values λ are always real. Let L0 :“ p}
ρ10
ρ0
}L8pp´h,0qqq

´1

be the characteristic length of density profile, all characteristic values λ satisfy that λ ď
b

g
L0

.

As k is fixed, we state the following k-subcritical regime of magnetic field to investigate the exis-
tence of infinitely many characteristic values, thanks to the operator method initiated by Lafitte and
Nguyễn [22]. We state our first theorem solving the ODE (2.22)–(2.23).

Theorem 2.1. Let k be fixed and let ρ0 satisfying (1.4)–(1.5). We define

mcpkq :“

g

f

f

e max
φPH2

‹ pp´h,0qq

gk2
ş0

´h
ρ10φ

2 ´ gk2ρ`φ2p0q
ş0

´h
ppφ2q2 ` k2pφ1q2q

. (2.24)

Hence, let c‹ :“ π
2h
pgmaxp´h,0q ρ

1
0q
´1{2 and

0 ă |m| ă mcpkq ´
1

c‹k
Õ mc as k Ñ `8. (2.25)

there exists an infinite sequence pλn, φnqně1 with λn P p0
b

g
L0
q and φn P H8pp´h, 0qq satisfying

(2.22)–(2.23).

In view of (2.25), we prove the linear instability in the subcritical regime of magnetic field (1.6),
showing the existence of infinitely many normal mode solutions to the linearized equations (2.14).

Theorem 2.2. Let |m| ă mc. For some wave number k “ pk1, k2q P pL
´1Zq2zt0u, there exists

infinitely many normal mode solutions to the linearized equations (2.14).
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To close the linear section, we show that Λ defined by

0 ă Λ :“ sup
kPpL´1Zq2zt0u

λ1pkq ď

c

g

L0

, (2.26)

is the maximal growth rate of the linearized equations, see Proposition 3.6.

2.3. Nonlinear instability. The spectral analysis allows us to study fully nonlinear perturbation equa-
tions (2.13). To prove the nonlinear instability, we follow the procedure as in [24], explained below to
make our paper self-contained.

In the first step, we construct the a priori energy estimates in low regularity regime. To do that, we
introduce the following anisotropic Sobolev norm,

} ¨ }m,k,Σ :“
ÿ

α1`α2ďk

}B
α1
1 B

α2
2 ¨ }HmpΣq.

Let us recall the perturbation terms U “ pη, u, qq and let ε P p0, 1q be arbitrary, but fixed. We define
the energy functional Eptq “ EpUptqq ą 0 such that

Eptq “ E1ptq ` εE2ptq, (2.27)

where E1, E2 are given by

E1ptq :“ }ηptq}1,4,Ω ` }B3ηptq}0,4,Ω ` }uptq}0,4,Ω ` }Btuptq}0,2,Ω,

E2ptq :“ }ηptq}H5pΩq `

2
ÿ

j“0

`

}B
j
tuptq}

2
H4´2jpΩq ` }B

j
t B3ηptq}L2pΩq

˘

` }qptq}H3pΩq ` }Btqptq}H1pΩq.

We also define the dissipation term Dptq “ DpUptqq ą 0 such that

Dptq “ D1ptq ` εD2ptq, (2.28)

where D1,D2 are given by

D1ptq “ }B3ηptq}0,4,Ω ` }uptq}1,4,Ω ` }Btuptq}0,2,Ω,

D2ptq “ }ηptq}H5pΩq ` }uptq}
2
H5pΩq ` }Btuptq}

2
H3pΩq ` }B

2
t uptq}

2
H1pΩq

` }qptq}2H4pΩq ` }Btqptq}
2
H2pΩq.

The local existence of regular solution to (2.13) follows from [7, Theorem 6.3]. That means, there
exists δ0 ą 0 sufficiently small such that for any δ P p0, δ0q, Eq. (2.13) with the initial data pη0, u0q

satisfying the appropriate compatibility conditions and E1p0q ` E2p0q ď δ, has a unique solution
pη, u, qq existing on the time interval r0, Tmaxq and η is a C2-diffeomorphism for each t P r0, Tmaxq.
With that regular solution pη, u, qq of (2.13) on a finite time interval r0, Tmaxq, we aim at showing the
a priori energy estimates for the nonlinear equations (2.13).

Proposition 2.1. Let ε P p0, 1q be arbitrary, but fixed. If sup0ďsďtpE1 ` E2qpsq ! 1, there exists
C0 ą 0 independent of ε such that the following inequality holds

E2
ptq `

ż t

0

D2
psqds ď CεE2

p0q ` CεE3
ptq ` C0ε

ż t

0

E2
psqds

` C0ε
´8

ż t

0

}pη, uqpsq}2L2pΩqds` Cε

ż t

0

EpE2
`D2

qpsqds.

(2.29)
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In the second step, in view of getting infinitely many characteristic values of the linearized equa-
tions (2.14), we formulate appropriate initial data to Eq. (2.13). Thanks to (2.26), we define the
non-empty set

SΛ :“
!

k P pL´1Zq2zt0u : λ1pkq ą
2Λ

3

)

.

We further fix a k P SΛ. Hence, there is a unique P P N‹ such that

Λ ě λ1pkq ą λ2pkq ą ¨ ¨ ¨ ą λPpkq ą
2Λ

3
ą λP`1pkq ą . . . . (2.30)

In view of getting infinitely many characteristic values of the linearized problem, we consider a linear
combination of normal modes

UN
pt, xq “

N
ÿ

j“1

cje
λjtVjpxq pfor any natural number Nq (2.31)

to be an approximate solution to the nonlinear equations (2.13), with constants cj being chosen such
that

at least one of cj p1 ď j ď Nq is non-zero (2.32)
and

1

2
|cjm |}ujm}L2pΩq ą

ÿ

jějm`1

|cj|}uj}L2pΩq pjm :“ mintj : 1 ď j ď N, cj ‰ 0uq. (2.33)

We would like to use UNp0, xq as the initial data for the nonlinear equations (2.13). Unfortunately,
UNp0, xq does not satisfy the compatibility conditions in general due to the incompressibility of the
linearized equations. Hence, using an abstract argument from [9, Section 5C], which was also used in
[32, 31], we obtain the modified initial data UNp0, xq.

Proposition 2.2. There exist a number δ0 ą 0 and a family of initial data

U δ,N
0 pxq “ δUN

p0, xq ` δ2U δ,N
‹ pxq (2.34)

for δ P p0, δ0q such that

(1) EpU δ,N
‹ ptqq ď C‹N ă 8, with C‹N being independent of δ,

(2) U δ,N
0 satisfies the nonlinear compatibility conditions required for a solution U δ,N to the non-

linear problem (2.13) to exist in the norm } ¨ }E :“ Ep¨q.

In the third step, with the solution U δ,N, we now define the difference function

Ud
“ U δ,N

´ δUN.

Since U δ,N solves the nonlinear equations (2.13) and UN solves the linearized equations (2.14), we
obtain that Ud is a solution to the nonlinear equations

$

’

’

’

’

’

&

’

’

’

’

’

%

Btη
d “ ud in Ω,

ρ0Btu
d ´ µ∆ud `∇qd ´m2B2

3η
d ´ gρ10η

d
3e3 “ Q1pU

dq in Ω,

divud “ Q2pU
dq in Ω,

pqdId´ µSpudqqe3 “ m2B3η
d ` gρ`η

d
3e3 `Q3pU

dq on Γ0,

ud “ 0 on Γh,

(2.35)

with the initial data
Ud
p0q “ pηd, ud, qdqp0q “ δ2U δ,N

‹ . (2.36)
For t small enough, we deduce the following bound in time (see Proposition 5.1),

}pζd, udqptq}2L2pΩq À δ3
´

N
ÿ

j“jm

|cj|e
λjt `maxp0,N´ Pq max

P`1ďjďN
|cj|e

2
3

Λt
¯3

,
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That relies on some energy estimates of Eq. (2.35) and the bound in time of a suitable Sobolev norm of
U δ,Mptq (see Lemma 5.1), which we obtain thanks to the a priori energy estimate (2.29). Combining
those estimates, we obtain the following nonlinear instability result.

Theorem 2.3. Let ρ0 satisfy (1.4)–(1.5) and let |m| ă mc. Let N be an arbitrary integer, there exist
two positive constants ν0, δ0 sufficiently small and another constantm0 ą 0, so that for any δ P p0, δ0q

the nonlinear equations (2.13) with the initial data (2.34), i.e.

δ
N
ÿ

j“1

cjVjpxq ` δ
2U δ,N
‹ pxq,

satisfying (2.32)-(2.33) admits a unique local strong solution U δ,N such that

}uδ,NpT δq}L2pΩq ě m0ν0, (2.37)

where T δ P p0, Tmaxq is given by

δ
N
ÿ

j“1

|cj|e
λjT

δ

“ ν0.

3. THE LINEAR INSTABILITY

3.1. Auxillary operators. We begin with some useful operators.

Proposition 3.1. Let us define the function space

H2
‹ pp´h, 0qq “ tϑ P H

2
‹ p´h, 0q : ϑp´hq “ ϑ1p´hq “ 0u,

and the bilinear form on H2
‹ pp´h, 0qq

Bk,λpϑ, %q “ λ

ż 0

´h

ρ0pk
2ϑ%` ϑ1%1q ` µ

ż 0

´h

`

pϑ2 ` k2ϑqp%2 ` k2%q ` 4k2ϑ1%1q

`
m2

λ

ż 0

´h

pϑ2%2 ` k2ϑ1%1q `
gk2ρ`
λ

ϑp0q%p0q.

(3.1)

Let pH2
‹ pp´h, 0qqq

1 be the dual space of H2
‹ pp´h, 0qq, which is associated with the norm

a

Bk,λp¨, ¨q,
there exists a unique operator

Yk,λ P LpH2
‹ pp´h, 0qq, pH

2
‹ pp´h, 0qqq

1
q,

that is also bijective, such that for all ϑ, % P H2
‹ pp´h, 0qq,

Bk,λpϑ, %q “ xYk,λϑ, %y. (3.2)

The proof of Proposition 3.1 is straightforward thanks to Riesz’s representation theorem, hence we
omit details. The next proposition is to devoted to studying the properties of Yk,λ.

Proposition 3.2. For all ϑ P H2
‹ pp´h, 0qq, we have

Yk,λϑ “ λpk2ρ0ϑ´ pρ0ϑ
1
q
1
q ` µpϑp4q ´ 2k2ϑ2 ` k4ϑq `

m2

λ
pϑp4q ´ k2ϑ2q in D1pp´h, 0qq.

Let f P L2pp´h, 0qq be given, there exists a unique ϑ P H2
‹ pp´h, 0qq such that

Yk,λϑ “ f in pH2
‹ pp´h, 0qqq

1. (3.3)

Moreover, ϑ P H4pp´h, 0qq and satisfies the boundary conditions (2.23).

The proof of Proposition 3.2 is due to a bootstrap argument, which is followed by [22, Proposition
3.3]. Hence we refer the details to [25, Proposition 3.3]. We have the following proposition on Y ´1

k,λ .
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Proposition 3.3. The operator Y ´1
k,λ : L2pp´h, 0qq Ñ L2pp´h, 0qq is compact and self-hdjoint.

We prove Proposition 3.2 thanks to the continuous injection from H4pp´h, 0qq to L2pp´h, 0qq, in
the same line of [22, Proposition 3.4].

Let M be the multiplication by
a

ρ10. We now study the operator Sa,k,λ :“ MY ´1
k,λM. Owing to

Proposition 3.3, we obtain the following.

Proposition 3.4. The operator Sk,λ : L2pp´h, 0qq Ñ L2pp´h, 0qq is compact and self-adjoint.

3.2. A sequence of characteristic values. As a result of the spectral theory of compact and self-
adjoint operators, the point spectrum of Sk,λ is discrete, i.e. is a positive sequence tγnpλ, kquně1 of
eigenvalues of Sk,λ decreasing towards 0 as n Ñ 8, associated with normalized orthogonal eigen-
functions t$nuně1 in L2pp´h, 0qq. That means

γnpλ, kq$n “ Sk,λ$n “MY ´1
k,λM$n.

So that with φn “ Y ´1
k,λM$n P H

4pp´h, 0qq satisfying (2.23), one has

γnpλ, kqYk,λφn “ ρ10φn. (3.4)

In order to verify that φn is a solution of (2.22)-(2.23), we are left to look for real values of λn
satisfying

γnpλ, kq “
λ

gk2
. (3.5)

To solve (3.5), we need the three following lemmas.

Lemma 3.1. There holds

max
θPH1pp´h,0qq,θp´hq“0

k2
ş0

´h
θ2

ş0

´h
pθ1q2

“
4h2

π2
. (3.6)

The proof of Lemma 3.1 is due to Lagrangian multiplier method. Hence, we omit the details here.

Lemma 3.2. For each n, γnpλ, kq and φn are differentiable in λ.

The proof of Lemma 3.2 is the same as [22, Lemma 3.2], we omit the details here.

Lemma 3.3. For each n, γnpλ, kq is strictly decreasing in λ ą 0.

Proof. Let zn “ dφn
dλ

, it follows from (3.4) that

Yk,λzn ` k
2ρ0φn ´ pρ0φ

1
nq
1
´

m2

λ2
pφp4qn ´ k2φ2nq “

1

γn
ρ10zn `

d

dλ

` 1

γn

˘

ρ10φn.

That implies
ż 0

´h

pk2ρ0φn ´ pρ0φ
1
nq
1
qφn ´

m2

λ2

ż 0

´h

pφp4qn ´ k2φ2nqφn `

ż 0

´h

pYk,λznqφn

“
1

γn

ż 0

´h

ρ10znφn `
d

dλ

` 1

γn

˘

ż 0

´h

ρ10φ
2
n.

(3.7)

Note that
$

’

’

’

&

’

’

’

%

znp´hq “ z1np´hq “ 0,

λµpz2np0q ` k
2znp0qq `m2z2np0q “ ´µpφ

2
np0q ` k

2φnp0qq,

λµpz3n p0q ´ 3k2z1np0qq `m2pz3n p0q ´ k
2z1np0qq ´ λ

2ρ`z
1
np0q ´ gk

2ρ`znp0q

“ 2λρ`φ
1
np0q ´ µpφ

3
np0q ´ 3k2φ1np0qq.

(3.8)
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Using the integration by parts and (2.23)-(3.8), we have
ż 0

´h

pYk,λznqφn “

ż 0

´h

pYk,λφnqzn `
´

µpz3n ´ 3k2z1nqφn ´ µpz
2
n ` k

2znqφ
1
n ´ λρ0z

1
nφn

¯

p0q

´

´

µpφ3n ´ 3k2φ1nqzn ´ µpφ
2
n ` k

2φnqφ
1
n ´ λρ0φ

1
nzn

¯

p0q

`
m2

λ

`

pz2n ´ k
2znqφn ´ z

2
nφ
1
n

˘

p0q ´
m2

λ

`

pφ3n ´ k
2φ1nqzn ´ φ

2
nz
1
n

˘

p0q

“
1

γn

ż 0

´h

ρ10znφn ` 2ρ`φ
1
np0qφnp0q ´

µ

λ
pφ3np0q ´ 3k2φ1np0qqφnp0q

`
µ

λ
pφ2np0q ` k

2φnp0qqφ
1
np0q.

In the same manner, we have
ż 0

´h

pk2ρ0φn ´ pρ0φ
1
nq
1
qφn ´

m2

λ2

ż 0

´h

pφp4qn ´ k2φ2nqφn

“

ż 0

´h

ρ0pk
2φ2

n ` pφ
1
nq

2
q ´ ρ`φnp0qφ

1
np0q ´

m2

λ2

ż 0

´h

pk2
pφ1nq

2
` pφ2nq

2
q

´
m2

λ2

`

pφ3np0q ´ k
2φ1np0qqφnp0q ´ φ

2
np0qφ

1
np0q

˘

Combining those above integrals, we deduce
ż 0

´h

pk2ρ0φn ´ pρ0φ
1
nq
1
qφn ´

m2

λ2

ż 0

´h

pφp4qn ´ k2φ2nqφn `

ż 0

´h

pYk,λznqφn

“ ρ`φ
1
np0qφnp0q ´

µ

λ
pφ3np0q ´ 3k2φ1np0qqφnp0q `

µ

λ
pφ2np0q ` k

2φnp0qqφ
1
np0q

´
m2

λ2

`

pφ3np0q ´ k
2φ1np0qqφnp0q ´ φ

2
np0qφ

1
np0q

˘

`

ż 0

´h

ρ0pk
2φ2

n ` pφ
1
nq

2
q ´

m2

λ2

ż 0

´h

pk2
pφ1nq

2
` pφ2nq

2
q

“ ´
gk2ρ`
λ2

φ2
np0q `

ż 0

´h

ρ0pk
2φ2

n ` pφ
1
nq

2
q ´

m2

λ2

ż 0

´h

pk2
pφ1nq

2
` pφ2nq

2
q.

From the definition of mcpkq, we get further

λ2 d

dλ

` 1

γn

˘

ż 0

´h

ρ10φ
2
n “ λ2

ż 0

´h

ρ0pk
2φ2

n ` pφ
1
nq

2
q ´

´

gk2ρ`φ
2
np0q `m2

ż 0

´h

ppφ2nq
2
` k2

pφ1nq
2
q

¯

ě λ2

ż 0

´h

ρ0pk
2φ2

n ` pφ
1
nq

2
q ` pm2

cpkq ´m2
q

ż 0

´h

ppφ2nq
2
` k2

pφ1nq
2
q

´ gk2

ż 0

´h

ρ10φ
2
n.

Now, using Lemma 3.1, we obtain
ż 0

´h

ppφ2nq
2
` k2

pφ1nq
2
q ě k2

ż 0

´h

pφ1nq
2
ě
π2k4

4h2

ż 0

´h

φ2
n ě c2

‹

ż 0

´h

gk2ρ10φ
2
n.

Consequently,

λ2 d

dλ

` 1

γn

˘

ż 0

´h

ρ10φ
2
n ą

`

c2
‹pm

2
cpkq ´m2

qk2
´ 1

˘

ż 0

´h

gk2ρ10φ
2
n.
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For m satisfying (2.25), we deduce that

λ2 d

dλ

` 1

γn

˘

ż 0

´h

ρ10φ
2
n ą 0.

That implies γn is a decreasing function in λ ą 0. �

Now we are in position to solve (3.5).

Proposition 3.5. For each n ě 1, there exists a unique λn ą 0 solving (3.5). In addition, λn decreases
towards 0 as n goes to8.

Proof. Using (3.4), we know that

1

γnpλ, kq

ż 0

´h

ρ10φ
2
ndx3 “

ż 0

´a

pYk,λφnqφndx3 “ Bk,λpφn, φnq,

Keep in mind (3.1), we deduce that

1

γnpλ, kq

ż 0

´h

ρ10φ
2
ndx3 ě λ

ż 0

´h

k2ρ0φ
2
ndx3 ` µ

ż 0

´h

k4φ2
ndx3,

that implies

1

L0γnpλ, kq
ě λk2

`
µk4

ρ`
.

Hence

lim
λÑ

b

g
L0

λ

γnpλ, kq
ą gk2. (3.9)

Since γnpλ, kq is a decreasing function, we have that γnpλ, kq ě γnp
1
2

b

g
L0
, kq for all λ ď 1

2

b

g
L0

. It
yields,

lim
λÑ0

λ

γnpλ, kq
ď lim

λÑ0

λ

γnp
1
2

b

g
L0
, kq

“ 0. (3.10)

Combining (3.9), (3.10) and the fact that γn is decreasing in λ, we obtain a unique λn solving (3.5).

We prove that the sequence pλnqně1 is decreasing. Indeed, if λm ă λm`1 for some m ě 1, we have
γmpλm, kq ą γmpλm`1, kq. Meanwhile, we also have γmpλm`1, kq ą γm`1pλm`1, kq. That implies

λm
gk2

“ γmpλm, kq ą γm`1pλm`1, kq “
λm`1

gk2
.

That contradiction tells us that pλnqně1 is a decreasing sequence.

To conclude Proposition 3.5, we prove that limnÑ8 λn “ 0. Indeed, suppose that limnÑ8 λn “
c0 ą 0, one has that λn ě c0 for all n ě 1. This yields

γnpc0, kq ě γnpλn, kq “
λn
gk2

ě
c0

gk2
.

Letting nÑ 8, we obtain that 0 ě c0
gk2

, which is a contradiction. Hence, limnÑ8 λn “ 0. Proposition
3.5 is proven. �
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3.3. Proof of Theorems 2.1, 2.2. Thanks to Proposition 3.5, we are able to prove our linear result.

Proof of Theorem 2.1. For each λn being found in Proposition 3.5, let φn “ Y ´1
k,λn

Mwnpx3q. There-
fore, the function φn P H4pp´h, 0qq is a solution of (2.22) satisfying (2.23) as λ “ λn for each n ě 1.
Using a bootstrap argument, we have φn P H8pp´h, 0qq. Proof of Theorem 2.1 is complete. �

Once we get infinite many solutions pλn, φnqně1 to (2.22)-(2.23), we go back to the linearized
equations (2.14).

Proof of Theorem 2.2. For each solution λn P p0,
b

g
L0
q of (3.5), we have a solution φn inH4pp´h, 0qq

of (2.22) as λ “ λn, being found in Theorem 2.1. Furthermore, φn P H8pp´h, 0qq. We find uniquely
πn P H

8pp´h, 0qq from (2.21) such that

πnpk, x3q “
1

k2
p´λnρ0φ

1
n ´ µpk

2φ1n ´ φ
3
nq `

m2

λ
φ3nqpk, x3q.

To look for ψn, we rewrite (2.19) as a second order ODE,

´µψ2n ` pλnρ0ψn ` µk
2ψn ´ k1πnq “ 0.

By the ODE theory on a bounded interval, we obtain a unique solution ψn P H8pp´h, 0qq, where
the solution ψn depends on the known functions φn and πn. We get ϕn in a similar way. Hence,
pψn, ϕn, φn, πnq P pH

8pp´h, 0qqq4 is a solution of (2.19)-(2.20).

Following (2.18), we now construct the functions
v1,npk, xq “ sinpk1x1 ` k2x2qψnpk, x3q,

v2,npk, xq “ sinpk1x1 ` k2x2qϕnpk, x3q,

v3,npk, xq “ cospk1x1 ` k2x2qφnpk, x3q,

rnpk, x3q “ cospk1x1 ` k2x2qπnpk, x3q,

ωnpk, xq “
1

λn
vnpk, xq.

Hence, for each n ě 1,

pηnpt,k, xq, unpt,k, xq, qnpt,k, xqq “ eλnpkqtpωn, vn, rnqpk, xq

is a real-valued and smooth solution to (2.14). The proof of Theorem 2.2 is finished. �

3.4. Maximal growth rate. We state the following property on the largest characteristic value λ1

found in Theorem 2.2, whose proof is followed by using the self-adjointness of Sk,λ and is similar to
[24, Lemma 4.2].

Lemma 3.4. Let us recall the bilinear form Bk,λ on H2pp´h, 0qq (3.1) and pλ1, φ1q from Theorem
2.2. We have that

1

gk2
“ max

φPH2pp´h,0qq

ş0

´h
ρ10φ

2

λ1Bk,λ1pφ, φq
, (3.11)

and the extremal problem (3.11) is attained by φ1 restricted on p´h, 0q up to a constant.

Taking horizontal Fourier transform and using (3.11) and the definition of Λ (2.26), we follow [32,
Lemma 2.6] or [25, Lemma 3.7] to get the following inequality.

Lemma 3.5. For any u such that divu “ 0, there holds
ż

Ω

gρ10|u3|
2
´ m2

ż

Ω

|B3u|
2
ď

ż

Γ0

gρ`|u3|
2
` Λ2

ż

Ω

ρ0|u|
2
`

1

2
Λ

ż

Ω

µ|Su|2. (3.12)
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Thanks to Lemmas 3.4, 3.5, we are able to get that Λ is the maximal growth rate of the linearized
equations (2.14) in the following sense:

Proposition 3.6. For arbitrary solution pζ, u, ηq of the linearized equations (2.14), the following
inequality holds

}pη, uqptq}2H1 ` }Btuptq}
2
L2pΩq `

ż t

0

}upsq}2H1pΩqds ď Cp}Btup0q}
2
L2pΩq ` }up0q}

2
H1pΩqqe

2Λt, (3.13)

for some universal constant C ą 0.

The line of proving (3.13) is as same as that one in [32, Theorem 2.7], [11, Proposition 5.2] or [25,
Proposition 3.8]. Hence, we omit details.

4. A PRIORI ENERGY ESTIMATES

We employ the Einstein convention of summing over repeated indices. Throughout this section, we
will employ the notation a À b to mean that a ď Cb for a universal constant C ą 0 independent.
When a constant C depends on ε, we will write C “ Cε or a Àε b.

4.1. Temporal estimates. In this section, we establish the temporal estimates for the velocity. Ap-
plying the temporal differential operator Bjt pj ě 0q to (2.12), the resulting equations are

$

’

’

’

’

’

&

’

’

’

’

’

%

B
j`1
t η “ Bjtu in Ω,

ρ0B
j`1
t u`∇AB

j
t q ´ µ∆AB

j
tu´m2B2

3B
j
t η ´ gρ

1
0B
j
t η3e3 “ F 1,j in Ω,

divAB
j
tu “ F 2,j in Ω,

pB
j
t qId´ µSAB

j
tuqN “ gρ`B

j
t η3N ` F 3,j on Γ0,

B
j
tu “ 0 on Γh,

(4.1)

where

F 1,j
i “ B

j
t pQp `Qgqi `

ÿ

0ălďj

C l
jµpAlkBkpB

l
tAlmB

j´l
t Bmuiq ` B

l
tAlkB

j´l
t BkpAlmBmuiqq

´
ÿ

0ălďj

B
l
tAikB

j´l
t Bkq,

F 2,j
“ ´

ÿ

0ălďj

C l
jB
l
tAikBkpB

j´l
t uiq,

F 3,j
“ µ

ÿ

0ălďj

C l
jpB

l
tpAikNmqBkB

j´l
t um ` B

l
tpAmkNmqBkB

j´l
t uiq `

ÿ

0ălďj

C l
jB
l
tNiB

j´l
t pgρ`η ´ qq.

Proposition 4.1. For j “ 0 or 1, the following inequality holds

}B
j
tuptq}

2
L2pΩq ` }B

j
t B3ηptq}

2
L2pΩq `

ż t

0

}B
j
tupsq}

2
H1pΩqds

ď CεE2
p0q ` C

ż t

0

}pη3, u3qpsq}
2
L2pΩqds` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.2)

We also have

}B
2
t uptq}

2
L2pΩq ` }B

2
t B3ηptq}

2
L2pΩq `

ż t

0

}B
2
t upsq}

2
H1pΩqds

ď CεE2
p0q ` CεE3

ptq ` C

ż t

0

}pη3, u3qpsq}
2
L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.3)
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To prove Proposition 4.1, we need the two following lemmas.

Lemma 4.1. For any j ě 0, one has

1

2

d

dt

´

ż

Ω

ρ0|B
j
tu|

2
` m2

ż

Ω

|B3B
j
t η|

2
`

ż

Γ0

gρ`|B
j
t η3|

2
¯

`
1

2

ż

Ω

µ|SAB
j
tu|

2

“

ż

Ω

gρ10B
j
t η3B

j
tu3 `

ż

Ω

F 1,j
¨ B

j
tu`

ż

Ω

F 2,j
¨ B

j
t q ´

ż

Γ0

F 3,j
¨ B

j
tu´

ż

Γ0

gρ`B
j
t η3B

j
tu ¨ pN ´ e3q.

(4.4)

Proof. For j ě 0, we multiply (4.1)2 by Bjtu to get that

1

2

d

dt

ż

Ω

ρ0|B
j
tu|

2
`

ż

Ω

p∇AB
j
t q ´ µ∆AB

j
tuq ¨ B

j
tu

´m2

ż

Ω

B
2
3B

j
t η ¨ B

j
tu´

ż

Ω

gρ10B
j
t η3B

j
tu3 “

ż

Ω

F 1,j
¨ B

j
tu.

(4.5)

For any scalar function ϑ P R and any vector function % P R3 such that %|Γh “ 0, there holds
ż

Ω

p∇Aϑq ¨ % “

ż

Γ0

ϑpN ¨ %q ´

ż

Ω

ϑdivA%, (4.6)

due to the integration by parts and the identities Ai3%i “ N ¨ % and BjAij “ 0. One deduces from
(4.5) that

ż

Ω

∇AB
j
t q ¨ B

j
tu´

ż

Ω

µdivASAB
j
tu ¨ B

j
tu

“

ż

Γ0

pB
j
t qId´ µSAB

j
tuqN ¨ B

j
tu´

ż

Ω

µpdivAB
j
tuqB

j
t q `

1

2

ż

Ω

µ|SAB
j
tu|

2

“

ż

Γ0

gρ`B
j
t η3N ¨ B

j
tu`

ż

Γ0

F 3,j
¨ B

j
tu´

ż

Ω

F 2,j
B
j
t q `

1

2

ż

Ω

µ|SAB
j
tu|

2.

(4.7)

Using the integration by parts and inserting (4.7) into (4.5), we obtain (4.4). �

Lemma 4.2. The following inequalities hold

}pF 1,1, F 2,1
q}L2pΩq ` }F

3,1
}L2pΓ0q Àε E2,

}pF 1,2, F 2,2
q}L2pΩq ` }BtF

2,2
}L2pΩq ` }F

3,2
}L2pΓ0q Àε EpE `Dq.

(4.8)

Proof. For Σ “ Ω or Γ0, all quadratic terms }X1X2}L2pΣq or cubic ones }X1X2X3}L2pΣq appearing in
F j,l with 1 ď j ď 5 will be bounded by using Sobolev embedding. Precisely, we have

}X1X2}L2pΣq À }X1}L8pΣq}X2}L2pΣq À }X1}H2pΣq}X2}L2pΣq

and

}X1X2X3}L2pΣq À }X1}L8pΣq}X2}L8pΣq}X3}L2pΣq À }X1}H2pΣq}X2}H2pΣq}X3}L2pΣq.

The proof of Lemma 4.2 is followed by that one of [31, Lemma 4.4]. �

Now, we are in position to prove Proposition 4.1.
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Proof. Using (4.4), and Sobolev embedding and Cauchy-Schwarz’s inequality, we get

d

dt

´

ż

Ω

ρ0|u|
2
`m2

ż

Ω

|B3η|
2
`

ż

Γ0

gρ`|η3|
2
¯

`

ż

Ω

µ|SAu|
2

“

ż

Ω

gρ10η3u3 `

ż

Γ0

gρ`η3u ¨ pN ´ e3q

À }η3}L2pΩq}u3}L2pΩq ` }η3}L2pΓ0q}u}L2pΓ0q}N ´ e3}H3pΩq.

Note that thanks to [12, Section 2.1], we have

}N ´ e3}HspΩq “ }pA´ Idqe3}HspΩq À }η}Hs`1pΩq,

yielding

d

dt

´

ż

Ω

ρ0|u|
2
`m2

ż

Ω

|B3η|
2
`

ż

Γ0

gρ`|η3|
2
¯

`

ż

Ω

µ|SAu|
2

ď C}η3}L2pΩq}u3}L2pΩq ` CεEpE2
`D2

q.

Thanks to the above inequality and Korn’s inequality, we integrate in time to obtain (4.2)j“0. The
proof (4.2)j“1 follows the same pattern.

Now, we prove (4.3). Let us use (4.4)j“2 and the trace theorem to get

1

2

d

dt

´

ż

Ω

ρ0|B
2
t u|

2
`m2

ż

Ω

|B3B
2
t η|

2
`

ż

Γ0

gρ`|B
2
t η3|

2
¯

`
1

2

ż

Ω

µ|SAB
2
t u|

2

“

ż

Ω

gρ10u3Btu3 `

ż

Ω

F 1,2
¨ B

2
t u`

ż

Ω

F 2,2
¨ B

2
t q ´

ż

Γ0

F 3,2
¨ B

2
t u´

ż

Γ0

gρ`B
2
t η3B

2
t u ¨ pN ´ e3q

À }u3}L2pΩq}Btu3}L2pΩq ` p}F
1,2
}L2pΩq ` }F

3,2
}L2pΓ0qq}B

2
t u}H1pΩq

` }Btu3}H1pΩq}B
2
t u}H1pΩq}N ´ e3}H3pΩq `

ż

Ω

F 2,2
B

2
t q.

Using (4.8), we obtain

1

2

d

dt

´

ż

Ω

ρ0|B
2
t u|

2
`m2

ż

Ω

|B3B
2
t η|

2
`

ż

Γ0

gρ`|B
2
t η3|

2
¯

`
1

2

ż

Ω

µ|SAB
2
t u|

2

ď C}u3}L2pΩq}Btu3}L2pΩq ` C

ż

Ω

F 2,2
B

2
t q ` CεEpE2

`D2
q.

Integrating in time, that implies

}B
2
t uptq}

2
L2pΩq ` }B

2
t B3ηptq}

2
L2pΩq ` }B

2
t η3ptq}

2
L2pΓ0q

`

ż t

0

}B
2
t upsq}

2
H1pΩqds

ď C
`

}B
2
t up0q}

2
L2pΩq ` }B3Btup0q}

2
L2pΩq ` }Btu3p0q}

2
L2pΓ0q

˘

` C

ż t

0

}u3psq}
2
L2pΩq

` C

ż t

0

}Btu3psq}
2
L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds`

ż t

0

ż

Ω

pF 2,2
B

2
t qqpsqds

Since B2
t q does not appear in E and D, we use the integration in time to obtain
ż t

0

ż

Ω

pF 2,2
B

2
t qqpsqds “

ż

Ω

pF 2,2
Btqqptq ´

ż

Ω

pF 2,2
Btqqp0q ´

ż t

0

ż

Ω

BtqpsqBtF
2,2
psqds.
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As a result, we observe
ż t

0

ż

Ω

pF 2,2
B

2
t qqpsqds ď }Btqptq}L2pΩq}F

2,2
ptq}L2pΩq ` }Btqp0q}L2pΩq}F

2,2
p0q}L2pΩq

`

ż t

0

}Btqpsq}L2pΩq}BtF
2,2
psq}L2pΩqds

Àε E2
p0q ` E3

ptq `

ż t

0

EpE2
`D2

qpsqds.

(4.9)

Consequently,

}B
2
t uptq}

2
L2pΩq ` }B

2
t B3ηptq}

2
L2pΩq ` }B

2
t η3ptq}

2
L2pΓ0q

`

ż t

0

}B
2
t upsq}

2
H1pΩqds

ď CεE2
p0q ` CεE3

ptq ` C

ż t

0

}u3psq}
2
L2pΩq ` C

ż t

0

}Btu3psq}
2
L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds.

Combining the above inequality with (4.2)j“1, we get (4.3). The proof of Proposition 4.1 is finished.
�

4.2. Horizontal spatial estimates. In this subsection, we establish the estimates of horizontal spatial
derivatives. Let β “ pβ1, β2q P N2 and let us apply the horizontal derivative Bβh “ B

β1
1 B

β2
2 to (2.13),

we obtain the following equations since ρ0 only depends on x3.
$

’

’

’

’

’

&

’

’

’

’

’

%

BtB
β
hη “ B

β
hu in Ω,

ρ0BtB
β
hu`∇Bβhq ´ µ∆Bβhu´m2B2

3B
β
hη ´ gρ

1
0B
β
hη3e3 “ B

β
hQ1 in Ω,

divBβhu “ B
β
hQ2 in Ω,

pB
β
hqId´ µSB

β
huqe3 “ m2B3B

β
hη ` gρ`B

β
hη3e3 ` B

β
hQ3 on Γ0,

B
β
hu “ 0 on Γh.

(4.10)

Lemma 4.3. The following inequalities hold

}pQ1,Q2,Q3q}H4pΩq ` }pBtQ1, BtQ2, BtQ3q}H2pΩq Àε EpE `Dq. (4.11)

Proposition 4.2. The following inequalities hold

}uptq}20,4,Ω ` }B3ηptq}
2
0,4,Ω ` }η3ptq}

2
0,4,Γ0

`

ż t

0

}upsq}21,4,Ωds

ď CεE2
p0q ` Cε2

ż t

0

p}η3psq}
2
H5pΩq ` }u3psq}

2
H4pΩqq ` Cε

´8

ż t

0

}η3psq}
2
L2pΩq

` Cε

ż t

0

EpE2
`D2

qpsqds,

(4.12)

and

}Btuptq}
2
0,2,Ω ` }B3uptq}

2
0,2,Ω ` }u3ptq}

2
0,2,Γ0

`

ż t

0

}Btupsq}
2
1,2,Ωds

ď CεE2
p0q ` Cε2

ż t

0

p}u3psq}
2
H3pΩq ` }Btu3psq}

2
H2pΩqqds` Cε

´4

ż t

0

}u3psq}
2
L2pΩqds

` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.13)
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Proof. Let us prove (4.12) first. For any β P N2 with 0 ď |β| ď 4, we compute that

1

2

d

dt

ż

Ω

ρ0|B
β
hu|

2
`

ż

Ω

p∇Bβhq ´ µ∆Bβhuq ¨ B
β
hu´m2

ż

Ω

B
2
3B

β
hη ¨ B

β
hu

“

ż

Ω

gρ10B
β
hη3B

β
hu3 `

ż

Ω

B
β
hQ1 ¨ B

β
hu.

Using the integration by parts and the boundary conditions (4.10)4,5, we get

1

2

d

dt

´

ż

Ω

ρ0|B
β
hu|

2
`m2

ż

Ω

|B3B
β
hη|

2
`

ż

Γ0

gρ`|B
β
hη3|

2
¯

`
1

2

ż

Ω

µ|SBβhu|
2

“

ż

Ω

gρ10B
β
hη3B

β
hu3 ´

ż

Γ0

B
β
hQ3 ¨ B

β
hu`

ż

Ω

B
β
hqB

β
hQ2 `

ż

Ω

B
β
hQ1 ¨ B

β
hu.

Using Cauchy-Schwarz’s inequality and (A.4),
ż

Ω

gρ10B
β
hη3B

β
hu3 À }η3}H4pΩq}u3}H4pΩq À ε´8

}η3}
2
L2pΩq ` ε

2
p}η3}

2
H5pΩq ` }u3}

2
H4pΩqq.

For the second term, by the trace theorem
ż

Γ0

B
β
hQ3 ¨ B

β
hu À }Q3}H|β|´1{2pΓ0q

}u3}H|β|`1{2pΓ0q
À }Q3}H4pΩq}u3}H5pΩq Àε EpE2

`D2
q

For other terms, using the estimate (4.11) and the trace theorem, we get
ż

Ω

B
β
hqB

β
hQ2 `

ż

Ω

B
β
hQ1 ¨ B

β
hu À }q}H4pΩq}Q2}H4pΩq ` }Q1}H4pΩq}u}H4pΩq

Àε EpE2
`D2

q.

Combining the above estimates and integrating in time, we observe

}B
β
huptq}

2
L2pΩq ` }B3B

β
hηptq}

2
L2pΩq ` }B

β
hη3ptq}

2
L2pΓ0q

`

ż t

0

}B
β
hupsq}

2
H1pΩqds

ď C
`

}B
β
hup0q}

2
L2pΩq ` }B3B

β
hηp0q}

2
L2pΩq ` }B

β
hη3p0q}

2
L2pΓ0q

˘

` Cε2

ż t

0

p}η3psq}
2
H5pΩq ` }u3psq}

2
H4pΩqq

` Cε´8

ż t

0

}η3psq}
2
L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds,

that implies (4.12).

Second, we prove (4.13). To do that, we take the derivative in time to (4.10)2 to get that for
β P N2, 0 ď |β| ď 2,

$

’

’

’

&

’

’

’

%

ρ0B
2
t B

β
hu`∇BtBβhq ´ µ∆BβhBtu´m2B2

3B
β
hBtη ´ gρ

1
0B
β
hBtη3e3 “ B

β
hBtQ1 in Ω,

divBβhBtu “ B
β
hBtQ2 in Ω,

pB
β
hBtqId´ µSB

β
hBtuqe3 “ m2B3B

β
hBtη ` gρ`B

β
hBtη3e3 ` B

β
hBtQ3 on Γ0,

B
β
hBtu “ 0 on Γh.

(4.14)

Hence,

1

2

d

dt

ż

Ω

ρ0|B
β
hBtu|

2
`

ż

Ω

p∇BβhBtq ´ µ∆BβhBtuq ¨ B
β
hBtu´m2

ż

Ω

B
2
3B

β
hBtη ¨ B

β
hBtu

“

ż

Ω

gρ10B
β
hBtη3B

β
hBtu3 `

ż

Ω

B
β
hBtQ1 ¨ B

β
hBtu.
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Using the integration by parts and the boundary conditions (4.14)4,5, we get

1

2

d

dt

´

ż

Ω

ρ0|B
β
hBtu|

2
`m2

ż

Ω

|B3B
β
hBtη|

2
`

ż

Γ0

gρ`|B
β
hu3|

2
¯

`
1

2

ż

Ω

µ|SBβhBtu|
2

“

ż

Ω

gρ10B
β
hBtη3B

β
hBtu3 ´

ż

Γ0

B
β
hBtQ3 ¨ B

β
hBtu`

ż

Ω

B
β
hBtqB

β
hBtQ2 `

ż

Ω

B
β
hBtQ1 ¨ B

β
hBtu.

Using again Cauchy-Schwarz’s inequality and (A.4),
ż

Ω

gρ10B
β
hBtη3B

β
hBtu3 À }u3}H2pΩq}Btu3}H2pΩq À ε´4

}u3}
2
L2pΩq ` ε

2
p}u3}

2
H3pΩq ` }Btu3}

2
H2pΩqq.

For the second integral,
ż

Γ0

B
β
hBtQ3 ¨ B

β
hBtu À }BtQ3}H|β|´1{2pΓ0q

}Btu}H|β|`1{2pΓ0q
À }BtQ3}H2pΩq}Btu}H3pΩq Àε EpE2

`D2
q.

For the other terms, using the estimate (4.11) and the trace theorem, we get
ż

Ω

B
β
hBtqB

β
hBtQ2 `

ż

Ω

B
β
hBtQ1 ¨ B

β
hBtu À }Btq}H2pΩq}BtQ2}H2pΩq ` }BtQ1}H2pΩq}Btu}H2pΩq

Àε EpE2
`D2

q.

Combining the above inequalities and Korn’s inequality, we obtain (4.13). Proposition 4.2 is proven.
�

Proposition 4.3. There holds

}ηptq}21,4,Ω `

ż t

0

}B3ηpsq}
2
0,4,Ωds ď C

¨

˚

˚

˝

E2
p0q ` }uptq}20,4,Ω ` ε

ż t

0

}ηpsq}2H5pΩq

` ε´4

ż t

0

}ηpsq}2L2pΩq `

ż t

0

EpE2
`D2

qpsqds

˛

‹

‹

‚

. (4.15)

Proof. Note that η|Γh “ 0, using the integration by parts, we have for any β P N 2, 0 ď |β| ď 4,
ż

Ω

ρ0BtB
β
hu ¨ B

β
hη `

µ

2

ż

Ω

SpBβhuq : SpBβhηq `m2

ż

Ω

|B3B
β
hη|

2
`

ż

Γ0

gρ`|B
β
hη3|

2
´

ż

Ω

gρ10|B
β
hη3|

2

“

ż

Γ0

B
β
hη ¨ B

β
hQ3 `

ż

Ω

B
β
hqB

β
hQ2 `

ż

Ω

B
β
hQ1 ¨ B

β
hη.

Since Btη “ u, we obtain
ż

Ω

ρ0BtpB
β
huq ¨ B

β
hη “

d

dt

ż

Ω

ρ0B
β
hu ¨ B

β
hη ´

ż

Ω

ρ0B
β
hu ¨ B

β
hBtη

“
d

dt

ż

Ω

ρ0B
β
hu ¨ B

β
hη ´

ż

Ω

ρ0|B
β
hu|

2,

and
ż

Ω

SpBβhuq : SpBβhηq “
1

2

d

dt

ż

Ω

|SpBβhηq|
2.

Those equalities, with similar estimates in the proof of (4.12) imply

d

dt

´

ż

Ω

|SpBβhηq|
2
`

ż

Ω

ρ0B
β
hu ¨ B

β
hη
¯

`m2

ż

Ω

|B3B
β
hη|

2
`

ż

Γ0

gρ`|B
β
hη3|

2

ď C

ż

Ω

ρ0|B
β
hu|

2
` C

ż

Ω

gρ10|B
β
hη3|

2
` CεEpE2

`D2
q.
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Integrating in time and using Korn’s inequality, we obtain

}B
β
hηptq}

2
H1pΩq `

ż t

0

}B3B
β
hηpsq}

2
L2pΩq `

ż t

0

}B
β
hη3psq}

2
L2pΓ0q

ds

ď CεE2
p0q ´ C

ż

Ω

ρ0B
β
huptq ¨ B

β
hηptq ` C

ż t

0

}B
β
hηpsq}

2
L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds

ď CεE2
p0q ` ν}Bβhηptq}

2
L2pΩq ` Cν

´1
}B
β
huptq}

2
L2pΩq

` C

ż t

0

}ηpsq}2H4pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds.

Let ν be sufficiently small, we use (A.4) to obtain further

}B
β
hηptq}

2
H1pΩq `

ż t

0

}B3B
β
hηpsq}

2
L2pΩq `

ż t

0

}B
β
hη3psq}

2
L2pΓ0q

ds

ď CεE2
p0q ` C}Bβhuptq}

2
L2pΩq ` C

ż t

0

}B
β
hηpsq}

2
L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds

ď CεE2
p0q ` C}Bβhuptq}

2
L2pΩq ` Cε

ż t

0

}ηpsq}2H5pΩq ` Cε
´4

ż t

0

}ηpsq}2L2pΩq

` Cε

ż t

0

EpE2
`D2

qpsqds.

that is (4.15). The proof of Proposition 4.3 is complete. �

4.3. Elliptic estimates. We use the elliptic estimates (A.1), (A.2) to derive some inequalities.

Proposition 4.4. We have

}ηptq}2H5pΩq ` }uptq}
2
H3pΩq `

ż t

0

p}pη, uqpsq}2H5pΩq ` }Btupsq}
2
H3pΩqqds

`

ż t

0

p}qpsq}2H4pΩq ` }Btqpsq}
2
H2pΩqqds

ď CεE2
p0q ` C

ż t

0

p}pη, uqpsq}21,4,Ωds` }Btupsq}
2
1,2,Ωqds

` C

ż t

0

p}pη3, uqpsq}
2
H3pΩq ` }B

2
t upsq}

2
H1pΩqqds` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.16)

To do that, we need the following lemma.

Lemma 4.4. For 1 ď j ď 5, we have

}u}j´ 1
2
,5´j,Γ0

À }u}1,4,Ω, (4.17)

and for 1 ď j ď 3, we have
}Btu}j´ 1

2
,3´j,Γ0

À }Btu}1,2,Ω. (4.18)

Proof. For any s ě 0, there holds

}f}Hs`1{2pΓ0q
À }f}H1{2pΓ0q

`
ÿ

βPN2,|β|“s

}B
β
hf}H1{2pΓ0q

. (4.19)

Since Γ0 “ T2 ˆ t0u, we exploit the definition of the Sobolev norm on T2 to have that

}f}2Hs`1{2pΓ0q
«

ÿ

nPpL´1Zq2
p1` |n|2qs`1{2

|f̂pnq|2,
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where f̂ is the Fourier series of f . By Cauchy-Schwarz’s inequality, one has

}f}2Hs`1{2pΓ0q
À

ÿ

nPpL´1Zq2
p1` |n|2q1{2|f̂pnq|2 `

ÿ

βPN2,|β|“s

ÿ

nPpL´1Zq2
p1` |n|2q1{2|nβ f̂pnq|2,

which immediately yields (4.19).

Using (4.19) and the trace theorem, we have

}u}j´ 1
2
,5´j,Γ0

À
ÿ

βPN2,|β|ď5´j

´

}B
β
hu}H1{2pΓ0q

`
ÿ

γPN2,|γ|“j´1

}B
γ`β
h u}H1{2pΓ0q

¯

À
ÿ

βPN2,|β|ď5´j

}B
β
hu}H1{2pΓ0q

`
ÿ

βPN2,|β|ď4

}B
β
hu}H1{2pΓ0q

À
ÿ

βPN2,|β|ď4

}B
β
hu}H1pΩq,

yielding (4.17). The proof of (4.18) is similar, we omit details. �

Thanks to the above lemmas, we prove Proposition 4.4.

Proof of Proposition 4.4. Let w “ µu`m2η, rewriting (2.13) as
$

’

’

’

&

’

’

’

%

´∆pµu`m2ηq `∇q “ ´m2pB2
1η ` B

2
2ηq ´ ρ0Btu` gρ

1
0η3e3 `Q1 in Ω,

divw “ Q2 `m2divη in Ω,

w “ µu on Γ0,

w “ 0 on Γh.

(4.20)

For 2 ď j ď 5, applying Bβh with β P N2 so that |β| ď 5´ j to the problem (4.20), and then applying
the elliptic estimate (A.2), we have

}w}2j,5´j,Ω ` }∇q}2j´2,5´j,Ω À }∇2
hη}

2
j´2,5´j,Ω ` }pBtu, η3q}

2
j´2,5´j,Ω ` }Q1}

2
j´2,5´j,Ω

` }pQ2, divηq}2j´1,5´j,Ω ` }u}
2
j´ 1

2
,5´j,Γ0

À }η}2j´1,6´j,Ω ` }pBtu, η3q}
2
H3pΩq ` }u}

2
1,4,Ω

` }divη}2H4pΩq ` }Q1}
2
H3pΩq ` }Q2}

2
H4pΩq.

It can be seen that

}w}2j,5´j,Ω “ µ2
}u}2j,5´j,Ω `m4

}η}2j,5´j,Ω ` µm2 d

dt
}η}2j,5´j,Ω.

Using the advantages of Jacobian identity detpI `∇ηq “ 1 as in [31, Lemma 4.6] or [12, Page 18],
we obtain the boundedness of divη, that is

}divη}2H4pΩq Àε EpE2
`D2

q.

Together with (4.11), we get further

d

dt
}η}2j,5´j,Ω ` }pη, uq}

2
j,5´j,Ω ` }∇q}2j´2,5´j,Ω

ď C
`

}η}2j´1,6´j,Ω ` }pBtu, η3q}
2
H3pΩq ` }u}

2
1,4,Ω

˘

` CεEpE2
`D2

q.

A suitable combination of the above inequalities for 2 ď j ď 5 implies that

d

dt
}η}2H5pΩq ` }pη, uq}

2
H5pΩq ` }q}

2
H4pΩq ď C

`

}pη, uq}21,4,Ω ` }pBtu, η3q}
2
H3pΩq

˘

` CεEpE2
`D2

q.
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Integrating in time, we deduce

}ηptq}2H5pΩq `

ż t

0

p}pη, uqpsq}2H5pΩq ` }qpsq}
2
H4pΩqqds

ď C}ηp0q}2H5pΩq ` C

ż t

0

p}pη, uqpsq}21,4,Ω ` }pBtu, η3qpsq}
2
H3pΩqdsq ` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.21)

Next, we have
$

’

’

’

&

’

’

’

%

´∆pBtwq `∇Btq “ ´m2pB2
1u` B

2
2uq ´ ρ0B

2
t u` gρ

1
0u3e3 ` BtQ1 in Ω,

divBtw “ BtQ2 `m2divu in Ω,

Btw “ µBtu on Γ0,

Btw “ 0 on Γh.

(4.22)

Mimicking the above arguments to Btw satisfying (4.22) and using (4.18), we observe
d

dt
}Btη}

2
H3pΩq ` }pBtη, Btuq}

2
H3pΩq ` }Btq}

2
H2pΩq

ď C
`

}Btη}
2
1,2 ` }pB

2
t u, Btη3q}

2
H1pΩq ` }Btu}

2
1,2,Ω

˘

` CεEpE2
`D2

q.

That implies
d

dt
}Btη}

2
H3pΩq ` }pu, Btuq}

2
H3pΩq ` }Btq}

2
H2pΩq ď C

`

}pBtu, uq}
2
1,2,Ω ` }B

2
t u}

2
H1pΩq

˘

` CεEpE2
`D2

q.

As a result,

}uptq}2H3pΩq `

ż t

0

p}pu, Btuqpsq}
2
H3pΩq ` }Btqpsq}

2
H2pΩqqds

ď C}up0q}2H3pΩq ` C

ż t

0

p}pBtu, uqpsq}
2
1,2,Ω ` }B

2
t upsq}

2
H1pΩqqds` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.23)

Thanks to (4.21) and (4.23), we get our desired estimate (4.16). �

Proposition 4.5. There holds

}u}2H4pΩq ` }q}
2
H3pΩq ` }Btu}

2
H2pΩq ` }Btq}

2
H1pΩq ď Cp}pB2

t u, uq}
2
L2pΩq ` }η}

2
H4pΩqq ` CεE3. (4.24)

Proof. We derive from (2.13) that
$

’

’

’

&

’

’

’

%

´µ∆Btu`∇Btq “ ´ρ0B
2
t u`m2B2

3u` gρ
1
0u3e3 ` BtQ1 in Ω,

divBtu “ BtQ2 in Ω,

pBtqId´ µSBtuqe3 “ m2B3u` gρ`u3e3 ` BtQ3 on Γ0,

Btu “ 0 on Γh.

(4.25)

Applying the elliptic estimate (A.1) to (4.25), it tells us that

}Btu}
2
H2pΩq ` }Btq}

2
H1pΩq À }B

2
t u}

2
L2pΩq ` }pB

2
3u, u3q}

2
L2pΩq ` }pB

2
3u, u3q}

2
H1{2pΓ0q

` }BtQ1}
2
L2pΩq ` }BtQ2}

2
H1pΩq ` }BtQ3}

2
H1{2pΓ0q

.

Due to the trace theorem, we have
}Btu}

2
H2pΩq ` }Btq}

2
H1pΩq À }B

2
t u}

2
L2pΩq ` }pB

2
3u, u3q}

2
H1pΩq

` }BtQ1}
2
L2pΩq ` }BtQ2}

2
H1pΩq ` }BtQ3}

2
H1pΩq.

Due to (4.11), this yields

}Btu}
2
H2pΩq ` }Btq}

2
H1pΩq ď C

`

}B
2
t u}

2
L2pΩq ` }u}

2
H3pΩq

˘

` CεE4. (4.26)
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Meanwhile, we rewrite (2.13) as

$

’

’

’

&

’

’

’

%

´∆u`∇q “ ´ρ0Btu`m2B2
3η ` gρ

1
0η3e3 `Q1 in Ω,

divu “ Q2 in Ω,

pqId´ µSuqe3 “ m2B3η ` gρ`η3e3 `Q3 on Γ0,

u “ 0 on Γh.

(4.27)

Owing to (4.11) and by applying the elliptic estimate (A.1) again to (4.27), we observe that

}u}2H4pΩq ` }q}
2
H3pΩq À }Btu}

2
H2pΩq ` }pB

2
3η, η3q}

2
H2pΩq ` }Q1}

2
H2pΩq

` }Q2}
2
H3pΩq ` }pB3η, η3q}

2
H5{2pΓq ` }Q3}

2
H5{2pΓ0q

ď Cp}Btu}
2
H2pΩq ` }η}

2
H4pΩqq ` CεE4.

(4.28)

Combining (4.26) and (4.28) and using (4.11), one has

}u}2H4pΩq ` }q}
2
H3pΩq ` }Btu}

2
H2pΩq ` }Btq}

2
H1pΩq

ď Cp}B2
t u}

2
L2pΩq ` }u}

2
H3pΩq ` }η}

2
H4pΩqq ` CεE4

ď Cp}B2
t u}

2
L2pΩq ` ν}u}

2
H4pΩq ` ν

´3
}u}2L2pΩq ` }η}

2
H4pΩqq ` CεE4.

Let ν ą 0 be sufficiently small, (4.24) thus follows. Proof of Proposition 4.5 is complete. �

4.4. Proof of Proposition 2.1. From Propositions 4.1, 4.4, we combine (4.2), (4.3) and (4.16) to get
that

}ηptq}2H5pΩq ` }u}
2
H3pΩq ` }pBtu, B

2
t uqptq}

2
L2pΩq `

ż t

0

p}pη, uq}2H5pΩq ` }Btupsq}
2
H3pΩqqds

`

ż t

0

p}qpsq}2H4pΩq ` }Btqpsq}
2
H2pΩqqds`

ż t

0

}pu, Btu, B
2
t uqpsq}

2
H1pΩqds

ď CεE2
p0q ` C

ż t

0

p}pη, uqpsq}21,4,Ω ` }Btupsq}
2
1,2,Ωqds` C

ż t

0

}pη, uqpsq}2H3pΩqds

` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.29)

Using (4.2), (4.3) again and using also (4.24),

2
ÿ

j“0

`

}B
j
tuptq}

2
H4´2jpΩq ` }B

j
t B3ηptq}

2
L2pΩq

˘

` }qptq}2H3pΩq ` }Btqptq}
2
H1pΩq

`

ż t

0

}pu, Btu, B
2
t uqpsq}

2
H1pΩqds

ď CεE2
p0q ` C}ηptq}2H4pΩq ` CεE3

ptq ` C

ż t

0

}pη, uqpsq}2L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.30)
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Thanks to (4.29) and (4.30), we obtain

}ηptq}2H5pΩq `

2
ÿ

j“0

`

}B
j
tuptq}

2
H4´2jpΩq ` }B

j
t B3ηptq}

2
L2pΩq

˘

` }qptq}2H3pΩq ` }Btqptq}
2
H1pΩq

`

ż t

0

`

}ηpsq}2H5pΩq ` }qpsq}
2
H4pΩq ` }Btqpsq}

2
H2pΩq

˘

ds`
2
ÿ

j“0

ż t

0

}B
j
tuptq}

2
H5´2jpΩqds

À CεE2
p0q ` CεE3

ptq ` C

ż t

0

p}pη, uqpsq}21,4,Ω ` }Btupsq}
2
1,2,Ωqds` C

ż t

0

}pη, uqpsq}2H3pΩq

` Cε

ż t

0

EpE2
`D2

qpsqds.

(4.31)

Meanwhile, thanks to Propositions 4.2, 4.3, a suitable linear combination of (4.12), (4.13) and (4.15)
gives us that

}ηptq}21,4,Ω ` }B3ηptq}
2
0,4,Ω ` }uptq}

2
0,4,Ω ` }Btuptq}

2
0,2,Ω

`

ż t

0

p}B3ηpsq}
2
0,4,Ω ` }upsq}

2
1,4,Ω ` }Btupsq}

2
1,2,Ωqds

ď CεE2
p0q ` Cε2

ż t

0

p}ηpsq}2H5pΩq ` }upsq}
2
H4pΩq ` }Btupsq}

2
H2pΩqqds

` Cε´8

ż t

0

}pη, uqpsq}2L2pΩq ` Cε

ż t

0

EpE2
`D2

qpsqds

(4.32)

Chaining the above inequalities (4.31)ˆ ε` (4.32), we conclude our desired estimate (2.29).

5. NONLINEAR INSTABILITY

In this section, to indicate some constants being referred later, we will denote them in particular by
Ci, i ě 1.

Let }U}E :“ EpUq, which is defined as in (2.27). Let

FNptq “
N
ÿ

j“1

|cj|e
λjt “

N
ÿ

j“jm

|cj|e
λjt,

and 0 ă ν0 ! 1 be fixed later (5.26). There exists a unique T δ such that δFNpT
δq “ ν0. Let

C1 “ }U
N
p0q}E , C2 “ }pη

N, uNqp0q}L2pΩq. (5.1)

We define

T ‹ :“ sup
!

t P p0, Tmax
q|}U δ,N

ptq}E ď 2C1δ0u,

T ‹‹ :“ suptt P p0, Tmax
q|}pηδ,N, uδ,Nqptq}L2pΩq ď 2C2δFNptq

)

.
(5.2)

Note that
}U δ,N

p0q}E ď δ}UN
p0q}E ` }U

d
p0q}E ď C1δ ` C

‹
Nδ

2
ă 2C1δ0,

we then have T ‹ ą 0. Similarly, we have T ‹‹ ą 0.

Next, we derive the bound in time of }pηd, udq}L2 .

Proposition 5.1. For all t ď mintT δ, T ‹, T ‹‹u, there holds

}pηd, udqptq}2L2pΩq ď C3δ
3
´

P
ÿ

j“jm

|cj|e
λjt `maxp0,N´ Pq max

P`1ďjďN
|cj|e

2
3

Λt
¯3

. (5.3)
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In order to prove Proposition 5.1, we need the following bound in time of }U δ,N}E .

Lemma 5.1. For all t ď mintT δ, T ‹, T ‹‹u, there holds

}U δ,N
ptq}E ď C4δFNptq. (5.4)

Proof. We fix a sufficiently small constant ε such that C0ε ď
λN
4

. Hence, it follows from (2.29) that

E2
pU δ,N

ptqq `

ż t

0

D2
pU δ,N

psqqds ď
λN
4

ż t

0

E2
pU δ,N

psqqds` CλN
`

E2
pU δ,N

p0qq ` E3
pU δ,N

ptqq
˘

` CλN
`

ż t

0

E2
pU δ,N

psqqds`

ż t

0

EpE2
`D2

qpU δ,N
psqqds

˘

.

(5.5)

Refining δ0, we get 2CλNC1δ0 ď
1
2

and 2CλNC1δ0 ď
λN
4

, one thus has

1

2
E2
pU δ,N

ptqq `
1

2

ż t

0

D2
pU δ,N

psqqds

ď CλNE2
pU δ,N

p0qq `
´λN

4
` 2CλNC1δ

¯

ż t

0

E2
pU δ,N

psqqds` CλN

ż t

0

}pηδ,N, uδ,Nqpsq}2L2pΩqds

ď CλNE2
pU δ,N

p0qq `
λN
2

ż t

0

E2
pU δ,N

psqqds` CλN

ż t

0

}pηδ,N, uδ,Nqpsq}2L2pΩqds.

Hence,

}U δ,N
ptq}2E ď 2CλN}U

δ,N
p0q}2E ` λN

ż t

0

}U δ,N
psq}2Eds` 2CλN

ż t

0

}pηδ,N, uδ,Nqpsq}2L2pΩqds

ď λN

ż t

0

}U δ,N
psq}2Eds` C5δ

2F 2
Nptq.

Applying Gronwall’s inequality, the resulting inequality tells us that

}U δ,N
ptq}2E ď C5

´

δ2F 2
Nptq ` δ

2

ż t

0

eλNpt´sqF 2
Npsqds

¯

. (5.6)

Note that λN ă λj for all 1 ď j ď N´ 1, we have
ż t

0

eλNpt´sqF 2
Npsqds ď N2

N
ÿ

j“jm

ż t

0

eλNpt´sq|cj|
2e2λjsds ď N2eλNt

N
ÿ

j“jm

|cj|
2 e
p2λj´λNqt

2λj ´ λN
. (5.7)

Substituting (5.7) into (5.6), this yields (5.4). We deduce Proposition 5.1. �

Proof. Differentiating (2.35)2,4 with respect to t and then eliminating the terms
$

’

’

’

&

’

’

’

%

ρ0B
2
t u

d ´ µ∆Btu
d `∇Btqd ´m2B2

3u
d ´ gρ10u

d
3e3 “ BtQ1pU

dq in Ω,

divBtud “ BtQ2pU
dq in Ω,

pBtq
dId´ µSpBtudqqe3 “ m2B3u

d ` gρ`u
d
3e3 ` BtQ3pU

dq on Γ0,

Btu
d “ 0 on Γh,

(5.8)

Multiplying both sides of (5.8)1 by Btud, we obtain that

1

2

d

dt

ż

Ω

ρ0|Btu
d
|
2
`

ż

Ω

p∇Btqd ´ µ∆Btu
d
q ¨ Btu

d

´m2

ż

Ω

B
2
3u

d
¨ Btu

d
´

ż

Ω

gρ10u
d
3Btu

d
3 “

ż

Ω

BtQ1pU
δ,N
q ¨ Btu

d.

(5.9)
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Using the integration by parts, we deduce from the resulting equality that

1

2

d

dt

´

ż

Ω

ρ0|Btu
d
|
2
´

ż

Ω

gρ10|u
d
3|

2
`m2

ż

Ω

|B3u
d
|
2
¯

`
µ

2

ż

Ω

|SBtud|2

`

ż

Γ0

`

pBtqId´ µSBtudqe3 ´m2
B3u

d
˘

¨ Btu
d
“

ż

Ω

Btq
ddivBtud `

ż

Ω

BtQ1pU
δ,N
q ¨ Btu

d.

Substituting (5.8)2,3 into (5.9), we obtain

1

2

d

dt

´

ż

Ω

ρ0|Btu
d
|
2
´

ż

Ω

gρ10|u
d
3|

2
`

ż

Γ

gρ`|u
d
3|

2
`m2

ż

Ω

|B3u
d
|
2
¯

`
µ

2

ż

Ω

|SBtud|2

“

ż

Ω

BtQ1pU
δ,N
q ¨ Btu

d
`

ż

Ω

Btq
d
BtQ2pU

δ,N
q ´

ż

Γ0

BtQ3pU
δ,N
q ¨ Btu

d

À p}BtQ1pU
δ,N
q}L2pΩq ` }BtQ3pU

δ,N
q}H1pΩqqp}Btu

δ,N
}H1pΩq ` δ}Btu

N
}H1pΩqq

` }BtQ2pU
δ,N
q}L2pΩqp}Btq

δ,N
}L2pΩq ` δ}Btq

N
}L2pΩqq

In view of (4.11), (5.1) and the definition of UN, we deduce
ż

Ω

ρ0|Btu
d
ptq|2 `

ż t

0

ż

Ω

µ|SBtudpsq|2ds

ď z1 `

ż

Ω

gρ10|u
d
3ptq|

2
´

ż

Γ0

gρ`|u
d
3ptq|

2
´m2

ż

Ω

|B3u
d
|
2
` C6δ

3F 3
Nptq,

(5.10)

where

z1 “

ż

Ω

ρ0|Btu
d
p0q|2 ´

ż

Ω

gρ10|u
d
3p0q|

2
`

ż

Γ0

gρ`|u
d
3p0q|

2.

Note that ud is not divergence-free, we cannot apply Lemma 3.5 directly. In view of [31, Lemma A.9],
we thus decompose ud as

ud “ w ` pw

such that w is divergence-free and pw satisfies that

div pw “ Q2pU
δ,N
q and } pw}HspΩq À }Q2pU

δ,N
q}Hs´1pΩq for any s ě 1.

We thus have
ż

Ω

gρ10|u
d
3|

2
´

ż

Γ0

gρ`|u
d
3|

2
´m2

ż

Ω

|B3u
d
|
2

“

´

ż

Ω

gρ10|w|
2
´

ż

Γ0

gρ`|w|
2
´m2

ż

Ω

|B3w|
2
¯

` 2

ż

Ω

gρ10w ¨ pw `

ż

Ω

gρ10| pw|
2

´ 2

ż

Γ0

gρ`w ¨ pw ´

ż

Γ0

gρ`| pw|
2
´ 2m2

ż

Ω

B3w ¨ B3 pw ´m2

ż

Ω

|B3 pw|
2,

(5.11)

and

Λ2

ż

Ω

ρ0|u
d
3|

2
`

Λ

2

ż

Ω

µ|Sud3|2 “ Λ2

ż

Ω

ρ0|w|
2
`

1

2
Λ

ż

Ω

µ|S pw|2 ` Λ2
´

2

ż

Ω

ρ0w ¨ pw `

ż

Ω

ρ0| pw|
2
¯

`
Λ

2

´

2

ż

Ω

µSw : S pw `
ż

µ|S pw|2
¯

.

(5.12)

We apply Lemma 3.5 to w to obtain
ż

Ω

gρ10|w|
2
´

ż

Γ

gρ`|w|
2
´m2

ż

Ω

|B3u
d
|
2
ď Λ2

ż

Ω

ρ0|w|
2
`

1

2
Λ

ż

Ω

µ|Sw|2. (5.13)
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By the trace theorem and (4.11)-(5.4), we have

´Λ2

ż

Ω

ρ0w ¨ pw ´
1

2
Λ

ż

Ω

µSw : S pw `
ż

Ω

gρ10w ¨ pw ´

ż

Γ0

gρ`w ¨ pw ´m2

ż

Ω

B3w ¨ B3 pw

À }ud}H1pΩq} pw}H1pΩq ` } pw}
2
H1pΩq

À p}uδ,N}H1pΩq ` δ}u
N
}H1pΩqq}Q2pU

δ,N
q}L2pΩq ` }Q2pU

δ,N
q}

2
L2pΩq

À δ3F 3
N,

(5.14)

and

´Λ2

ż

Ω

ρ0| pw|
2
´

1

2
Λ

ż

Ω

µ|S pw|2 `
ż

Ω

gρ10| pw|
2
`

ż

Γ0

gρ`| pw|
2
`m2

ż

Ω

|B3 pw|
2

À } pw}2H1pΩq À }Q2pU
δ,N
q}

2
L2pΩq À δ4F 4

N,

(5.15)

Plugging (5.13), (5.14) and (5.15) into (5.11), (5.12) we arrive at
ż

Ω

gρ10|u
d
3|

2
´

ż

Γ0

gρ`|u
d
3|

2
´m2

ż

Ω

|B3u
d
|
2
ď Λ2

ż

Ω

ρ0|u
d
3|

2
`

1

2
Λ

ż

Ω

µ|Sud3|2 ` C7δ
3F 3

N. (5.16)

It follows from (5.16) and (5.10) that
ż

Ω

ρ0|Btu
d
ptq|2 `

ż t

0

ż

Ω

µ|SBtudpsq|2ds ď z1 ` Λ2

ż

Ω

ρ0|u
d
ptq|2 `

1

2
Λ

ż

Ω

µ|Sudptq|2

` pC6 ` C7qδ
3F 3

Nptq.

(5.17)

Using Cauchy-Schwarz’s inequality, we have that
ż

Ω

µ|Sudptq|2 “
ż

Ω

µ|Sudp0q|2 ` 2

ż t

0

ż

Ω

µSudpsq : SBtudpsqds

ď

ż

Ω

µ|Sudp0q|2 `
1

Λ

ż t

0

ż

Ω

µ|SBtudpsq|2ds` Λ

ż t

0

ż

Ω

µ|Sudpsq|2ds
(5.18)

and that
d

dt

ż

Ω

ρ0|u
d
|
2
ď

1

Λ

ż

Ω

ρ0|Btu
d
|
2
` Λ

ż

Ω

ρ0|u
d
|
2. (5.19)

Three above inequalities (5.17), (5.18) and (5.19) imply that

d

dt

ż

Ω

ρ0|u
d
ptq|2 `

1

2

ż

Ω

µ|Sudptq|2 ď
z1

Λ
`

ż

Ω

µ|Sudp0q|2 ` 2Λ

ż

Ω

ρ0|u
d
ptq|2

` Λ

ż t

0

ż

Ω

µ|Sudpsq|2ds` pC6 ` C7qδ
3F 3

Nptq,

(5.20)

It follows from Udp0q “ δ2U δ,N
‹ that z1 À δ4, this yields

z1

Λ
`

ż

Ω

µ|Sudp0q|2 À δ4.

Hence, the inequality (5.20) implies

d

dt

ż

Ω

ρ0|u
d
ptq|2 `

1

2

ż

Ω

µ|Sudptq|2 ď 2Λ

ż

Ω

ρ0|u
d
ptq|2 ` Λ

ż t

0

ż

Ω

µ|Sudpsq|2ds` C8δ
3F 3

Nptq.

(5.21)
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In view of Gronwall’s inequality, we obtain from (5.21) that
ż

Ω

ρ0|u
d
ptq|2 `

1

2

ż t

0

ż

Ω

µ|Sudpsq|2ds ď C8δ
3

ż t

0

e2Λpt´sqF 3
Npsqds

ď C9δ
3

ż t

0

e2Λpt´sqFNp3sqds.

(5.22)

Due to (2.30), we obtain for 1 ď j ď P,
ż t

0

ep3λj´2Λqsds “
1

3λj ´ 2Λ
pep3λj´2Λqt

´ 1q ď
1

3λj ´ 2Λ
ep3λj´2Λqt

and for j ě P` 1,
ż t

0

ep3λj´2Λqsds “
1

3λj ´ 2Λ
pep3λj´2Λqt

´ 1q ď
1

2Λ´ 3λj
.

Substituting the two above estimates into (5.22), we observe that

}udptq}2L2pΩq `

ż t

0

}∇udpsq}2L2pΩqds ď C9δ
3
´

P
ÿ

j“jm

|cj|

3λj ´ 2Λ
e3λjt `

N
ÿ

j“P`1

|cj|

2Λ´ 3λj
e2Λt

¯

. (5.23)

To estimate of }ηdptq}L2pΩq, note that

d

dt
}ηdptq}L2pΩq ď }Btη

d
ptq}L2pΩq “ }u

d
}L2pΩq.

Hence, we have that }ηdptq}2L2pΩq is bounded above like (5.23). Proposition 5.1 is proven. �

Now, we are able to conclude the nonlinear RT instability.

Proof of Theorem 2.3. Since jm “ mintj : 1 ď j ď P, cj ‰ 0u, we have

}uNptq}2L2pΩq “

N
ÿ

i“jm

c2
i e

2λit}ui}
2
L2pΩq ` 2

ÿ

jmďiăjďN

cicje
pλi`λjqt

ż

Ω

ui ¨ uj

ě

N
ÿ

j“jm

c2
je

2λjt}uj}
2
L2pΩq ` 2

ÿ

jm`1ďiăjďN

cicje
pλi`λjqt

ż

Ω

ui ¨ uj

´ |cjm |}ujm}L2pΩq

´

N
ÿ

j“jm`1

|cj|}uj}L2pΩq

¯

epλjm`λjm`1qt.

By Cauchy-Schwarz’s inequality, we obtain

2
ÿ

jm`1ďiăjďN

cicje
pλi`λjqt

ż

Ω

ui ¨ uj ě ´2
ÿ

jmďiăjďN

|ci||cj|e
pλjm`1`λjm`2qt}ui}L2pΩq}uj}L2pΩq

ě ´epλjm`1`λjm`2qt
´

N
ÿ

j“jm`1

|cj|}uj}L2pΩq

¯2

.

This implies

}uNptq}2L2pΩq ě

N
ÿ

j“jm

c2
je

2λjt}uj}
2
L2pΩq ´ e

pλjm`1`λjm`2qt
´

N
ÿ

j“jm`1

|cj|}uj}L2pΩq

¯2

´ |cjm |e
pλjm`λjm`1qt}ujm}L2pΩq

´

N
ÿ

j“jm`1

|cj|}uj}L2pΩq

¯

.



32 TIẾN-TÀI NGUYỄN

Due to the assumption (2.33), we deduce that

}uNptq}2L2pΩq ě

N
ÿ

j“jm

c2
je

2λjt}uj}
2
L2pΩq ´ c2

jme
pλjm`λjm`1qt}ujm}

2
L2pΩq

´ c2
jme

pλjm`1`λjm`2qt}ujm}
2
L2pΩq.

This yields

}uNptq}2L2pΩq ě c2
jm

´

e2λjm t ´
1

2
epλjm`λjm`1qt ´

1

4
epλjm`1`λjm`2qt

¯

}ujm}
2
L2pΩq

`

N
ÿ

j“jm`1

c2
je

2λjt}uj}
2
L2pΩq.

Notice that for all t ě 0,

e2λjm t ´
1

2
epλjm`λjm`1qt ´

1

4
epλjm`1`λjm`2qt ě

1

4
e2λjm t.

Hence, for all t ď mintT δ, T ‹, T ‹‹u, we have

}uNptq}L2pΩq ě C10FNptq. (5.24)

Let c̃pNq “ maxP`1ďjďN
|cj |

|cjm |
ě 0. Now, we show that

T δ ď mintT ‹, T ‹‹u (5.25)

by choosing

ν0 ă min
´2C1δ0

C4

,
C2

2

C3p1` Nc̃pNqq3
,

C2
10

4C3p1` Nc̃pNqq2

¯

. (5.26)

Indeed, if T ‹ ă T δ, we have from (5.4) that

}U δ,N
pT ‹q}Ef ď C4δFNpT

‹
q ă C4δFNpT

δ
q “ C4ν0 ă 2C1δ0,

which contradicts the definition of T ‹ in (5.2). If T ‹‹ ă T δ, we obtain from the definition of C2 (5.1)
and the inequality (5.3) that

}pηδ,N, uδ,NqpT δq}L2pΩq

ď }pηd, udqpT δq}L2pΩq ` δp}pη
N, uNqpT δq}L2pΩq

ď
a

C3δ
3
2

´

P
ÿ

j“jm

|cj|e
λjT

δ

` pN´ Pq
´

max
P`1ďjďN

|cj|
¯

e2ΛT δ{3
¯3{2

` C2δFNpT
δ
q.

(5.27)

Notice from (2.30) that for P` 1 ď j ď N,

|cj|δe
2
3

ΛT δ
ă
|cj|

|cjm |
pδ|cjm |e

λjmT
δ

q ă
|cj|

|cjm |
δFNpT

δ
q “

|cj|

|cjm |
ν0.

Then, it follows from (5.27) that

}pηδ,N, uδ,NqpT δq}L2pΩq ď C2δFNpT
δ
q `

a

C3δ
3{2
p1` Nc̃pNqq3{2F

3{2
N pT δq

ď C2ν0 `
a

C3p1` Nc̃pNqq3{2ν
3{2
0 .

Using (5.26) again, we deduce

}pηδ,N, uδ,NqpT δq}L2pΩq ă 2C2ν0 “ 2C2δFNpT
δ
q,

which also contradicts the definition of T ‹‹ in (5.2). So, (5.25) holds.
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Once we have (5.25), it follows from (5.3) and (5.24) that

}uδ,NpT δq}L2pΩq

ě δ}uNpT δq}L2pΩq ´ }u
d
pT δq}L2pΩq

ě C10δFNpT
δ
q ´

a

C3δ
3{2
´

P
ÿ

j“jm

|cj|e
λjT

δ

` pN´ Pq
´

max
P`1ďjďN

|cj|
¯

e2ΛT δ{3
¯3{2

.

Thanks to (5.26) again, we conclude that

}uδ,NpT δq}L2pΩq ě C10ν0 ´
a

C3p1` Nc̃pNqq3{2ν
3{2
0 ě

1

2
C10ν0 ą 0.

Theorem 2.3 follows by taking ν0 satisfying (5.26) and m0 “
1
2
C10. We complete the proof. �
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APPENDIX A. SOME USEFUL ESTIMATES

Elliptic estimates. Let r ě 2 and φ P Hr´2pΩq, ψ P Hr´1pΩq and α P Hr´3{2pΓq. There exist unique
u P HrpΩq and q P Hr´1pΩq solving

$

’

’

’

&

’

’

’

%

´∆u`∇q “ φ in Ω,

divu “ ψ in Ω,

pqId´ µSuqe3 “ α on Γ0,

u “ 0 on Γh.

Moreover, we have

}u}2HrpΩq ` }q}
2
Hr´1pΩq À }φ}

2
Hr´2pΩq ` }ψ}

2
Hr´1pΩq ` }α}

2
Hr´3{2pΓq. (A.1)

thanks to [7, Lemma A.15] for example.

We also recall the classical regularity theory for the Stokes problem with Dirichlet boundary
conditions (see [30, Theorem 2.4] after using the domain expansion technique). Let r ě 2 and
f P Hr´2pΩq, g P Hr´1pΩq and h P Hr´1{2pΓ0q such that

ż

Ω

g “

ż

Γ0

h ¨ ν, where ν is the outward unit normal vector to the boundary.

There exist uniquely u P HrpΩq and q P Hr´1pΩq solving
$

’

’

’

&

’

’

’

%

´∆u`∇q “ f in Ω,

divu “ g in Ω,

u “ h on Γ0,

u “ 0 on Γh.

There also holds

}u}2HrpΩq ` }q}
2
Hr´1pΩq À }f}

2
Hr´2pΩq ` }g}

2
Hr´1pΩq ` }h}

2
Hr´1{2pΓq. (A.2)



RAYLEIGH-TAYLOR INSTABILITY FOR INCOMPRESSIBLE MHD FLUIDS 35

Korn’s inequality. The following Korn’s inequality is proven in [18, Theorem 5.12],

}∇u}2L2pΩq À }Su}
2
L2pΩq. (A.3)

Interpolation inequality. It can be found in [1, Chapter 5] that

}u}HjpΩq À }u}
1{pj`1q

L2pΩq }u}
j{pj`1q

Hj`1pΩq
.

That implies for ε ą 0, there is a universal constant Cpjq such that

}u}HjpΩq ď ε}u}Hj`1pΩq ` Cpjqε
´j
}u}L2pΩq. (A.4)
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