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Abstract

We investigate reflected random walks in the quarter plane, with particular em-
phasis on the time spent along the reflection boundary axes. Assuming the drift of
the random walk lies within the cone, the local time converges — without the need
for normalization — to a limiting random variable as the walk length tends to in-
finity. This paper focuses on the properties of these discrete limiting variables. The
problem is rooted in probability theory but also has natural connections to statistical
physics and analytic combinatorics. We present two main sets of results, each based
on different assumptions regarding the random walk parameters. First, when the
reflections on the horizontal and vertical boundaries are assumed to be similar, we
reveal the recursive structure of the problem through a coupling approach. Second,
in the case of more general reflection rules but singular random walks, we derive
an explicit closed-form expression for the limiting distribution using the compen-
sation approach. Our results are illustrated via concrete computations on various
examples.

1 Introduction and main results

In this paper, we study a class of reflected random walks confined to cones, with particular
attention to their local times on the boundary. Such problems have a rich history in
probability theory and are closely linked to various other areas, which we briefly outline
below.

To present the problem, consider a simple random walk on the integers, with jumps
of +1 and −1, as shown on the left of Figure 1. In this context, we introduce the local
time Z0(n) at 0, which is the amount of time that the random walk spends at 0 (starting
at 0, say) before time n ⩾ 0. If the random walk is balanced, i.e., if the probabilities of
moving up and down are both 1

2 , then it is well known that the random variable Z0(n)√
n

converges in distribution to a half-normal distribution. On the other hand, if the random
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Figure 1: Left picture: number of contacts (in red) for the simple random walk on the
integer lattice Z. Right picture: number of contacts for a reflected simple random walk
on N0

walk has a non-zero drift, then Z0(n) converges to a geometric random variable without
normalisation. These results admit various broad generalisations in higher-dimensional
lattices and for more general random walk distributions. Next, it is natural to consider
inhomogeneous models of random walks, such as reflected random walks; see the right
side of Figure 1. A key issue is understanding how reflection at 0 affects the distribution
of local time. In some simple examples, if the random walk has a positive drift, the
distribution may reduce to a geometric one.

Our main models (to be presented in Sections 2 and 3 below) are inspired by the above
innocent example. We will consider random walks in the quarter plane with reflection
conditions on the boundary axes (see Figure 2) and the associated local times on the
axes. Assuming that the model’s drift belongs to the cone ensures that the local time
is finite. We will then demonstrate how the distribution of local time can be calculated
using an infinite sum of geometric terms. Before presenting our results, we will outline
several reasons why this local time problem is important.

Probability theory. The local time at a given point, as discussed above, plays a
fundamental role in the theory of random walks. It is closely related to several key
quantities, including the Green function (through the number of visits), return times,
and more broadly, to fluctuation theory. For a classical probabilistic treatment of these
topics, we refer the reader to Chapter 3 of [19]. For recent applications involving the
local time in neighborhoods of the boundary (particularly in the context of branching
processes in random environments) see [17].

Statistical physics. As noted in [9], part of the motivation for this study originates
from [25,26], which analyses models of interacting directed polymers. In [25], the authors
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Figure 2: Left: two ordered simple random walks on N0, exhibiting two types of bound-
ary contacts: coincidences between the upper and lower paths, and contacts with the
horizontal axis. Right: A singular random walk in the quarter plane N2

0, with jumps
(−1, 1), (1,−1), and (1, 1); boundary contacts are indicated in red.

investigate a model involving two interacting polymers constrained above an impenetrable
wall (see the left side of Figure 2). The model consists of two paths of equal length
confined to the upper half-space, with each step moving either up or down. One path is
designated as the top path and is constrained never to cross below the other. The model
assigns specific weights to different types of vertex visits: vertices on the horizontal
boundary visited by the bottom path receive one type of weight; vertices visited by both
paths receive another distinct weight. There exists a natural correspondence between
this model and a class of interacting walks confined to the quarter plane (illustrated on
the right side of Figure 2).

The model examined in [26] is a variation: instead of two non-crossing paths above
a wall, it considers three non-crossing paths without a wall. By tracking the distances
between the top and middle paths, and between the middle and bottom paths, the system
can be mapped onto a single path in two dimensions. The non-crossing condition ensures
that this corresponding path remains confined to the quarter plane.

From a physical perspective, the partition function can be defined as the normalisation
of the Boltzmann distribution on walks of length n. This function depends on the weights
assigned to visits to the bottom (or left) boundary. The limiting free energy of the model
is then defined as the exponential growth rate of the partition function as n → ∞. The
free energy captures the typical, large-scale behavior of the walks and characterizes the
different phases of the model. See [10,11,13,24] for related literature.

Analytic combinatorics of lattice paths. Lattice paths have been the subject of
intensive study within the combinatorial community. In particular, in the context of the
present paper, Theorem 5 in [6] computes the number of boundary contacts for excursions
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whose length goes to infinity. Here, excursions refer to walks that are constrained to be
non-negative and have fixed starting and ending points. The resulting limit law is a sum
of two geometric distributions. The paper [8] (see in particular Theorem 4.2) studies
other models, such as random walks on N0 reflected at 0, and derives various limit laws,
such as that of the number of touches with 0. See [7, 27] for related theorems on phase
transitions in random walks.

Main results. In Section 2, we consider a random walk in the quarter plane with
identical horizontal and vertical reflections. In Theorem 2, we present a recursive method
to compute the probability of observing a given number of contacts, starting from an
arbitrary point within the cone. The assumption on the reflections plays a crucial role in
the proof, enabling the use of a coupling argument. In Proposition 3, we further derive
the precise tail asymptotics of the boundary contact distribution.

In Section 3, we relax the assumption on the reflections by considering a model with
arbitrary horizontal and vertical reflections. On the other hand, we impose a singularity
condition on the random walk, requiring that it cannot jump in the directions (−1, 0),
(−1,−1), or (0,−1). Under this setting, Theorem 5 provides a closed-form expression
for the boundary contact distribution via a compensation method, an approach that
fundamentally relies on the singularity assumption (refer to the next paragraph for more
details on the technique). We also derive several asymptotic estimates for the distribu-
tion, both as the starting point tends to infinity and as the number of contacts increases;
see e.g. Proposition 16.

In Section 4, we present several illustrations of our results on particularly relevant
models.

Compensation approach. As a side note, our work introduces a new instance of the
applicability of the compensation approach, specifically in computing the distribution of
the number of boundary contacts for random walks in the quarter plane.

The compensation approach has been developed within the probabilistic framework
of stationary distributions for random walks; see, for example, [1–5]. Unlike traditional
methods for quadrant walk problems—which typically aim to determine a generating
function—the compensation approach focuses instead on directly computing the coeffi-
cients, which in our case correspond to the probabilities of observing a given number of
contacts.

The key idea is that the number of contacts, viewed as a function of three variables
(two spatial coordinates and one time parameter), satisfies a natural recurrence relation.
Using the compensation approach, we will solve this recurrence in the form of infinite
sums of elementary geometric terms.

4



2 A first model with same horizontal and vertical reflections

2.1 The model

We begin by precisely defining our first model of reflected random walk in the positive
quadrant, starting with its increments. Let ξ and η be Z2-valued random variables,
described by their probability mass functions (pmfs):

P(ξ = (k, ℓ)) = pk,ℓ, P(η = (k, ℓ)) = qk,ℓ, (k, ℓ) ∈ Z2. (1)

The random variables ξ and η represent the step increments of the walk in the interior N2

and on the boundary N2
0 \N2 of the quadrant, respectively. The sets of weights {pk,ℓ}k,ℓ

and {qk,ℓ}k,ℓ are non-negative and satisfy the following conditions:

(A1)
∑

k,ℓ pk,ℓ =
∑

k,ℓ qk,ℓ = 1 (normalization)

(A2) pk,ℓ = 0 for all k, ℓ ⩽ −2 (small < 0 jumps)

(A3) pk,−1p−1,ℓ > 0 for some k, ℓ (existence < 0 jumps)

(A4)
∑

k,ℓ kpk,ℓ,
∑

k,ℓ ℓpk,ℓ ∈ (0,∞) (drift > 0)

(A5) qk,ℓ = 0 for all k, ℓ ⩽ −1 (non-negative jumps)

(A6)
∑

k,ℓ kqk,ℓ,
∑

k,ℓ ℓqk,ℓ ∈ (0,∞) (boundary drift > 0)

qk,ℓ

pk,ℓ

Now let {ξn}n⩾0 and {ηn}n⩾0 be sequences of independent copies of the random
variables ξ and η, respectively. For any initial point x ∈ N2

0, the random walk {Sx
n}n⩾0

is defined as follows:

Sx
0 = x, Sx

n+1 = Sx
n + ξn+1 · 1{Sx

n∈N2} + ηn+1 · 1{Sx
n∈N2

0\N2}, n ⩾ 0.

Several important properties of the model follow from Assumptions (A1)–(A6). First,
these assumptions guarantee that the reflected random walk is irreducible on its state
space N2

0. Inside N2, the walk has a positive drift, so for a starting point sufficiently
far from the axes, the probability of remaining forever within the quadrant N2 lies in
the interval (0, 1). Another key feature is that on the boundary N2

0 \ N2, the transition
probabilities are identical along the horizontal and vertical axes. Moreover, the positive
drift along the boundary ensures that the walk almost surely reflects back into the interior
after some time.

2.2 Numbers of contacts

Our aim is to study the time (interpreted as the number of visits, or more precisely, the
local time) that the walk spends on the boundary before drifting to infinity. This quantity
is represented by a random variable Zx, which admits the following representation:

Zx =
∑
n⩾0

1{Sx
n∈N2

0\N2}, x ∈ N2
0. (2)
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For brevity, we will also refer to Zx as the number of (boundary) contacts. An alternative
way to define Zx is via a sequence of hitting times. Specifically, for any n ⩾ 1, let τxn
denote the time at which the random walk {Sx

n}n⩾0 hits the boundary for the nth time,
that is, {

τx1 = inf{k ⩾ 0 : Sx
k ∈ N2

0 \ N2},
τxn+1 = τxn + inf{k ⩾ 1 : Sx

τxn+k ∈ N2
0 \ N2}, n ⩾ 1.

(3)

The random variable Zx can then be characterized in terms of the sequence {τxn}n⩾1 as
follows:

Zx =
∑
n⩾1

1{τxn<∞}. (4)

According to definitions (3) and (4), if the walk starts at a point x on the boundary, this
initial position is counted as a first contact.

The formulation (4) offers a more convenient framework than the initial definition (2)
for analyzing the probability of events involving Zx. Before moving forward, we first
establish that Zx is finite through the following lemma.

Lemma 1. Under Assumptions (A1)–(A6), for any x ∈ N2
0, we have Zx < ∞ a.s.

Proof. To prove the lemma, it suffices to show that limn→∞P(Zx ⩾ n) = 0 for any point
x ∈ N2

0. Using the stopping times introduced in (3), we reformulate

P(Zx ⩾ n) = P(τx1 < ∞, . . . , τxn < ∞).

To prove that the above probability goes to 0 as n → ∞, we first consider a starting
point x ∈ N2

0 located sufficiently far from the origin (0, 0) (for instance, with |x|1 ⩾ 3), so
that there exist paths from x that avoid the boundary axes, since by Assumption (A4),
the random walk has a drift toward the interior of the quadrant. As a result, if x ∈ N2,
then P(τx1 = ∞) > 0, and if x ∈ N2

0 \ N2, then P(τx2 = ∞) > 0.
By a monotonicity argument, one can further assert that

min
x∈N2,|x|1⩾3

P(τx1 = ∞) > 0 and min
x∈N2

0\N2,|x|1⩾3
P(τx2 = ∞) > 0,

and these minima should be reached within a finite neighborhood of the origin.
On the other hand, any state x ∈ N2

0 located near the origin (e.g., |x|1 < 3) is non-
absorbing due to irreducibility, so that there is a non-zero probability that the walk exits
this neighborhood within at most four contacts with the boundary. Once outside this
region, the walk has a positive probability of escaping to infinity while avoiding further
boundary interactions. This leads to the conclusion that minx∈N2

0
P(τx4 = ∞) > 0. As a

consequence, we have

max
x∈N2

0

P(τx1 < ∞, . . . , τx4 < ∞) < 1− min
x∈N2

0

P(τx4 = ∞) < 1.

We can now conclude:

P(τx1 < ∞, . . . , τxn < ∞) ⩽
⌊n/4⌋−1∏

k=0

P(τx4k+1 < ∞, . . . , τ4k+4 < ∞|τx4k < ∞)
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⩽

(
max
x∈N2

0

P(τx1 < ∞, . . . , τx4 < ∞)

)⌊n/4⌋

→ 0,

as n → ∞, where we conventionally set τx0 = 0, a.s.

2.3 A recursion satisfied by the numbers of contacts

We now focus on studying the pmfs of the number of contacts, denoted by

fn(x) = P(Zx = n), n ∈ N0, x ∈ N2
0. (5)

As shown in the following theorem, fn satisfies a first-order recursive relation in n,
enabling the computation of any term fn+1 from the previous term fn.

Theorem 2. Under Assumptions (A1)–(A6) and for all x ∈ N2
0, the sequence of pmfs

{fn}n⩾0 satisfies the recurrence relation{
f1(x) = Ef0(x+ η)− f0(x),

fn+1(x) = Efn(x+ η), n ⩾ 1,
(6)

where η is defined in (1). As a consequence, the cumulative distribution function of Zx

admits the representation below, with {ηk}k⩾1 being independent copies of η,

P(Zx ⩽ n) =
n∑

k=0

fk(x) = Ef0

(
x+

n∑
k=1

ηk

)
, n ⩾ 1, x ∈ N2

0. (7)

Before proceeding with the proof, let us first discuss some aspects of Theorem 2. This
is a fairly general result, yet it can be derived using elementary arguments based on a
coupling technique. It shows that, once the initial values f0 are known, all subsequent
values fn for n ⩾ 1 follow naturally. From a technical standpoint, the result does not
rely on any assumptions regarding higher-order moments (other than (A3) and (A6)).
This will be contrasted in Section 3, where a second model will be considered and similar
results derived, this time under higher moment assumptions.

However, the result given in Theorem 2 no longer holds if the transition probabilities
along the horizontal and vertical axes differ. Moreover, additional techniques are required
to derive an explicit expression for f0. The problem of survival probability has been
extensively studied, and in several cases, explicit formulas for f0 have been obtained;
see [23, Cor. 8], [21, Thm C], and [22, Cor. 20]. In such cases, Theorem 2 can then be
used to derive explicit expressions for fn for any n ⩾ 1.

Proof of of Theorem 2. Our arguments to prove Theorem 2 are based on a coupling tech-
nique. For any starting points x, y ∈ N2

0, let us consider the coupled process(
Sx
n, S

x+y
n

)
n⩾0

.
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It is readily seen that for any n ⩽ τx1 , we have Sx
n+y = Sx+y

n a.s. We further have Sx
τx1 +1 =

Sx+y
τx1

a.s. under the conditional measure P(·|τx1 < ∞, ητx1 +1 = y). As a consequence,

P(Sx
τx1 +1+n ∈ ·|τx1 < ∞, ητx1 +1 = y) = P(Sx+y

τx1 +n ∈ ·|τx1 < ∞)

for any n ⩾ 1, and thus for any n ⩾ 1,

P(τxn+1 ∈ ·|τx1 < ∞, ητx1 +1 = y) = P(τx+y
n + 1 ∈ ·|τx1 < ∞).

The above assertion enables us to estimate the number of contacts of a random walk
starting at x by comparing it with that of a coupled random walk started at a different
point. This comparison can be used to express fn+1 in terms of fn. We start by proving
the first identify in (6). For any x ∈ N2

0, we have:

f1(x) = P(τx1 < ∞, τx2 = ∞)

=
∑
y∈N2

0

qyP(τx2 = ∞|τx1 < ∞, ητx1 +1 = y)P(τx1 < ∞)

=
∑
y∈N2

0

qyP(τx+y
1 + 1 = ∞|τx1 < ∞)P(τx1 < ∞)

=
∑
y∈N2

0

qyP(τx1 < ∞, τx+y
1 = ∞)

=
∑
y∈N2

0

qy

(
P(τx+y

1 = ∞)−P(τx1 = ∞, τx+y
1 = ∞)

)
=
∑
y∈N2

0

qy

(
P(τx+y

1 = ∞)−P(τx1 = ∞)
)

=
∑
y∈N2

0

qyf0(x+ y)− f0(x).

Similarly, we show the second identify in (6). For any n ⩾ 1 and x ∈ N2
0, we have:

fn+1(x) = P(τx1 < ∞, . . . , τxn+1 < ∞, τxn+2 = ∞)

=
∑
y∈N2

0

qyP(τx2 < ∞, . . . , τxn+1 < ∞, τxn+2 = ∞|τx1 < ∞, ητx1 +1 = y)P(τx1 < ∞)

=
∑
y∈N2

0

qyP(τx+y
1 + 1 < ∞, . . . , τx+y

n + 1 < ∞, τx+y
n+1 + 1 = ∞|τy1 < ∞)P(τy1 < ∞)

=
∑
y∈N2

0

qyP(τx1 < ∞, τx+y
1 < ∞, . . . , τx+y

n < ∞, τx+y
n+1 = ∞)

=
∑
y∈N2

0

qyP(τx+y
1 < ∞, . . . , τx+y

n < ∞, τx+y
n+1 = ∞)
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=
∑
y∈N2

0

qyfn(x+ y).

To conclude, we prove (7). Noting that {ηn}n⩾1 are independent copies of η, a simple
induction yields

f1(x) = Ef0(x+ η1)− f0(x),

fn(x) = Efn−1(x+ ηn) = Ef0

(
x+

n∑
k=1

ηk

)
−Ef0

(
x+

n∑
k=2

ηk

)
, n ⩾ 2, x ∈ N2

0.

The proof is complete.

2.4 Upper and lower bounds for the tail probability

Rather than pursuing results on explicit expressions at this stage, we proceed to an
independent consequence of Theorem 2: deriving upper and lower bounds for the tail
probability P(Zx > n).

Let us introduce some notation before stating our result. Given two real sequences
{an}n⩾0 and {bn}n⩾0, we write an ≍ bn as n → ∞ if there exist constants c1, c2 > 0
such that c1 ⩽ an/bn ⩽ c2 for all sufficiently large n. We also denote the maximum and
minimum of any two real numbers a and b by

a ∨ b = max{a, b} and a ∧ b = min{a, b}.

The following proposition is a consequence of Theorem 2, describing the asymptotic
behavior of the tail probability P(Zx > n). Denote by α1 and β−1 the unique solutions
in (0, 1) of the equations

α =
∑
k,ℓ

pk,ℓα
k+1 and β =

∑
k,ℓ

pk,ℓβ
ℓ+1. (8)

Let us further denote by Π1 and Π2 the projections of any point in R2 onto the first and
second coordinates, respectively.

Proposition 3. Under Assumptions (A1)–(A6), for any x = (i, j) ∈ N2
0, we have as

n → ∞
P(Zx > n) ≍ αi

1

(
Eα

Π1(η)
1

)n
+ βj

−1

(
Eβ

Π2(η)
−1

)n
,

where α1, β−1 are introduced in (8), and η is defined in (1).

These bounds follow from corresponding upper and lower estimates of f0(x), the
probability of not touching the boundary (see (5)), combined with a one-dimensional
argument based on the boundary contacts of the projections of the random walk onto
the axes. More specifically, we analyze the first hitting times of the random walk to each
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axis, in the absence of reflected jumps on the axes. We begin by defining a new random
walk, without reflection jumps. Let

S′
0 = (0, 0), S′

n =
n∑

k=1

ξk, n ⩾ 1, (9)

where {ξn}n⩾1, as above, are independent copies of ξ, whose pmf is given by (1). Then
the first hitting times of the random walk {x + S′

n}n⩾0 to the vertical and horizontal
axes, respectively, are defined as follows, for any x ∈ N2

0:

τ̂x = inf
{
n ⩾ 0 : Π1

(
x+ S′

n

)
= 0
}

and τ̃x = inf
{
n ⩾ 0 : Π2

(
x+ S′

n

)
= 0
}
.

Lemma 4. Given any x = (i, j) ∈ N2
0, and with α1 and β−1 as defined in (8), we have

P(τ̂x < ∞) = αi
1 and P(τ̃x < ∞) = βj

−1.

Our notation α1 and β−1 will become clearer in the following section, where we
demonstrate that they are elements of a sequence {(αn, βn)}n∈Z naturally attached to
the model, to be introduced in (28).

Proof. Lemma 4 is a classical result in the theory of random walks. Indeed, the problem
effectively reduces to a one-dimensional random walk, since only one coordinate plays
a role. For completeness, we briefly sketch the proof, as it provides a useful connection
with the methods employed in this paper.

Let us first fix x = (i, j) ∈ N2
0. We will only prove the result for τ̂x, as the argument

for τ̃x is analogous. For clarity, we omit the value of j, indicating it with a dot. Define
α1 = P(τ̂1,· < ∞), which implies that P(τ̂ i,·1 < ∞) = αi

1 for any i ⩾ 1, since under
Assumption (A2), the corresponding walk is skip-free (or left-continuous). Applying the
Markov property yields

P(τ̂1,· < ∞) =
∑
k,ℓ

pk,ℓP(τ̂1+k,· < ∞),

which corresponds to the first equation of (8), once we replace P(τ̂k,· < ∞) by αk
1 .

The remaining step is to establish the uniqueness of α1 as a solution to the first
equation in (8) within the interval (0, 1). Define

K̂(α) = α−
∑
k,ℓ

pk,ℓα
k+1, α ∈ [0, 1].

Since K̂ ′′(α) < 0 for all α ∈ (0, 1), and noting that K̂ ′(0) > 0, K̂ ′(1) < 0, K̂(0) < 0, and
K̂(1) = 0, we conclude that K̂(α) is strictly concave and attains a maximum at a unique
point in (0, 1). This ensures that α1 is the only root of K̂(α) in (0, 1). The proof is thus
complete.
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Proof of Proposition 3. Let us first fix x = (i, j) ∈ N2
0. Since τx1 = τ̂x ∧ τ̃x a.s., then

P
(
τ̂x < ∞

)
∨P

(
τ̃x < ∞

)
⩽ P

(
τx1 < ∞

)
⩽ P

(
τ̂x < ∞

)
+P

(
τ̃x < ∞

)
,

or equivalently, using Lemma 4,

αi
1 ∨ βj

−1 ⩽ 1− f0(i, j) ⩽ αi
1 + βj

−1. (10)

This immediately yields

1

2

(
αi
1 + βj

−1

)
⩽ 1− f0(i, j) ⩽ αi

1 + βj
−1.

Applying the above inequalities to the expectation of the sum (i, j)+
∑n

k=1 ηk with n ⩾ 1,
we have

1

2

(
Eα

i+
∑n

k=1 Π1(ηk)
1 +Eβ

j+
∑n

k=1 Π2(ηk)
−1

)
⩽ 1−Ef0

(
(i, j) +

n∑
k=1

ηk

)
⩽ Eα

i+
∑n

k=1 Π1(ηk)
1 +Eβ

j+
∑n

k=1 Π2(ηk)
−1 ,

or equivalently with (7) and thanks to the independence of {ηk}1⩽k⩽n,

1

2

(
αi
1

(
Eα

Π1(η)
1

)n
+ βj

−1

(
Eβ

Π2(η)
−1

)n)
⩽ 1−

n∑
k=0

fk(i, j)

⩽ αi
1

(
Eα

Π1(η)
1

)n
+ βj

−1

(
Eβ

Π2(η)
−1

)n
.

3 A second model: singular random walks with arbitrary
boundary reflections

3.1 The model

In this section, we investigate a class of reflected random walks in which the transition
probabilities along the horizontal and vertical axes may differ. An additional constraint
is imposed in the interior of the quadrant: the walk is not allowed to jump closer to
the origin. Such processes are known as singular random walks. We now give a precise
definition of this class. To maintain notational consistency throughout the paper, we
largely retain the symbols introduced in the previous section, adapting them as needed
to the present setting.

Let ξ, ηh, ηv and ηo be random variables in Z2 characterized by their pmfs (the
letters “h”, “v”, and “o” standing for horizontal, vertical, and origin respectively): for all
(k, ℓ) ∈ Z2,

P(ξ = (k, ℓ)) = pk,ℓ, P(ηh = (k, ℓ)) = hk,ℓ, P(ηv = (k, ℓ)) = vk,ℓ, P(ηo = (k, ℓ)) = qk,ℓ.
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The set of weights {pk,ℓ}k,ℓ, {hk,ℓ}k,ℓ, {vk,ℓ}k,ℓ, and {qk,ℓ}k,ℓ are non-negative and satisfy
the following conditions:

(B1)
∑

pk,ℓ =
∑

hk,ℓ =
∑

vk,ℓ =
∑

qk,ℓ = 1
(normalization)

(B2) pk,ℓ = 0 for all k, ℓ ⩽ −2 (small < 0 jumps)

(B3) p−1,−1 = p−1,0 = p0,−1 = 0 (singular walks)

(B4) p−1,1p1,−1 ̸= 0 (non-degeneracy)

(B5) pk,ℓ > 0 for some (k, ℓ) with k + ℓ > 0

(B6)
∑

k,ℓ pk,ℓe
kx+ℓy is finite in a neighborhood of any

point of the curve (25) (moment assumption)

(B7) hk,ℓ = vk,ℓ = qk,ℓ = 0 if k ⩽ 0 and ℓ ⩽ 0

(⩾ 0 jumps)

(B8) 0 <
∑

k,ℓ ℓhk,ℓ < ∞ and
∑

k,ℓ khk,ℓ < ∞;
0 <

∑
k,ℓ kvk,ℓ < ∞ and

∑
k,ℓ ℓvk,ℓ < ∞;

0 <
∑

k,ℓ kqk,ℓ < ∞ and 0 <
∑

k,ℓ ℓqk,ℓ < ∞
(boundary first moments and drifts)

pk,ℓ

hk,ℓ

vk,ℓ

qk,ℓ

Let {ξn}n⩾0, {ηhn}n⩾0, {ηvn}n⩾0, and {ηon}n⩾0 be sequences of independent copies of
ξ, ηh, ηv, and ηo, respectively. For an arbitrary x ∈ N2

0, the random walk {Sx
n}n⩾0 is

now defined by Sx
0 = x and

Sx
n+1 = Sx

n + ξn+1 · 1{Sx
n∈N2

} + ηhn+1 · 1{Sx
n∈N×{0}

}
+ ηvn+1 · 1{Sx

n∈{0}×N
} + ηon+1 · 1{Sx

n=(0,0)
}, n ⩾ 0.

Since the random walk {Sx
n}n⩾0 with x ̸= (0, 0) is singular and thus cannot reach the

origin, the final term ηon+1 · 1{Sx
n=(0,0)} in the definition of Sx

n can be omitted as soon
as x ̸= 0. As a result, the analysis of the number of boundary contacts Zx for starting
points x ̸= (0, 0) does not depend on the specific assumptions made on the weight set
{qk,ℓ}k,ℓ. Consequently, in this section, we will restrict our attention to random walks
starting at x ̸= (0, 0). The corresponding results for the initial point x = (0, 0) will then
follow directly from these.

The model presented above can be viewed as a variation of the singular models
originally studied in the queueing systems literature [1,2,4,5]. In these works, the focus
lies on the stationary distribution of such models; to render the model stationary, it is
necessary to reverse the random walk, that is, to replace the pk,ℓ with p−k,−ℓ. Singular
models have also been studied from a combinatorial perspective in [3, 16]. Closer to the
present work, harmonic functions associated with singular walks killed at the boundary
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are analysed in [22]. In particular, the escape (or survival) probability is computed in
closed form. This is closely related to our setting, as the escape probability corresponds
to the probability of avoiding the boundary—that is, the probability of having no contact.

As in the previous section, we define the number of boundary contacts Zx according
to (2), and the sequence of hitting times {τxn}n⩾1 as given in (3). Since the assertion
on the almost sure finiteness of Zx in Lemma 1 does not rely on the identical boundary
reflection assumption, it remains valid under the Assumptions (B1)–(B8). As in the
first model, our goal is to study the pmf fn(i, j) of the boundary contacts Z(i,j); see
(5). However, the coupling technique used previously is no longer applicable, due to
the added complexity arising from arbitrary boundary reflections. Instead, we adopt
the compensation approach, which will enable us to express the solution through series
expansions. In this second model, we thus focus on analysing the generating function of
Z(i,j), defined by

F (i, j, z) =
∑
n⩾0

fn(i, j)z
n, (i, j) ∈ N2

0, |z| ⩽ 1. (11)

3.2 Main result

For any i, j ⩾ 0, introduce

G(i, j, z) =
∑
m∈Z

(
cm(z)αi

mβj
m + dm+1(z)α

i
m+1β

j
m

)
, (12)

where {(αm, βm)}m∈Z is defined in (28), and for any m ∈ Z

c0(z) = 1,

dm+1(z) = −cm(z)
1− z

∑
k,ℓ vk,ℓα

k
mβℓ

m

1− z
∑

k,ℓ vk,ℓα
k
m+1β

ℓ
m

,

cm(z) = −dm(z)
1− z

∑
k,ℓ hk,ℓα

k
mβℓ

m−1

1− z
∑

k,ℓ hk,ℓα
k
mβℓ

m

.

(13)

Theorem 5. Under Assumptions (B1)–(B8), for any (i, j) ∈ N2
0\{(0, 0)}, the generating

function of Z(i,j) in (11) is equal to G(i, j, z) in (12); in other words, F (i, j, z) = G(i, j, z).

For the case (i, j) = (0, 0), the generating function F (0, 0, z) of Z(0,0) is determined
from the expression of other F (i, j, z) via Eq. (22). A large part of the remainder of
Section 3 is devoted to the proof of Theorem 5.

3.3 A bivariate recursion for the boundary contacts generating func-
tion

This subsection aims to formulate a recursion for F (i, j, z), which we will solve using
the compensation approach. In Lemma 6, we first establish a bivariate recursion for the
pmf fn(i, j). Building on this, we derive in Proposition 7 the corresponding recursive
expressions for F (i, j, z).
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Lemma 6. Under Assumption (B1)–(B8), the function fn : N2
0 → [0, 1] in (5) satisfies

the recurrence relation

fn(i, j) =
∑
k,ℓ

pk,ℓfn(i+ k, j + ℓ), (i, j) ∈ N2, n ⩾ 0, (14)

with the horizontal (boundary) condition

fn(i, 0) =

{
0 if n = 0∑

k,ℓ hk,ℓfn−1(i+ k, ℓ) if n ⩾ 1

}
, i ∈ N, (15)

the vertical (boundary) condition

fn(0, j) =

{
0 if n = 0∑

k,ℓ vk,ℓfn−1(k, j + ℓ) if n ⩾ 1

}
, j ∈ N, (16)

and the condition at the origin

fn(0, 0) =

{
0 if n = 0∑

k,ℓ qk,ℓfn−1(k, ℓ) if n ⩾ 1

}
. (17)

Proof. Our reasoning is straightforward and relies on decomposing the random walk
according to its first step. Observe that for any (i, j) ∈ N2 and all k, ℓ ⩾ −1, we have
P(Z(i,j) ∈ ·|S(i,j)

1 = (i+ k, j + ℓ)) = P(Z(i+k,j+ℓ) ∈ ·). As a consequence, for any n ⩾ 0,

fn(i, j) =
∑
k,ℓ

pk,ℓP
(
Z(i,j) = n

∣∣∣S(i,j)
1 = (i+ k, j + ℓ)

)
=
∑
k,ℓ

pk,ℓP
(
Z(i+k,j+ℓ) = n

)
=
∑
k,ℓ

pk,ℓfn(i+ k, j + ℓ),

which establishes (14). Now, given that for any i > 0, P(Z(i,0) ∈ ·|S(i,0)
1 = (i + k, ℓ)) =

P(1 + Z(i+k,ℓ) ∈ ·), we have

fn(i, 0) =
∑
k,ℓ

hk,ℓP
(
Z(i,0) = n

∣∣∣S(i,0)
1 = (i+ k, ℓ)

)
=
∑
k,ℓ

hk,ℓP
(
1 + Z(i+k,ℓ) = n

)
,

which is 0 if n = 0, and otherwise equals
∑

k,ℓ hk,ℓfn(i + k, ℓ), thereby establishing the
horizontal condition (15). The vertical condition (16) and the condition (17) at the origin
follow by analogous arguments.

Proposition 7. Under Assumption (B1)–(B8), the function F : N2
0 × [0, 1] → [0, 1] in

(11) satisfies the recurrence relation

F (i, j, z) =
∑
k,ℓ

pk,ℓF (i+ k, j + ℓ, z), (i, j) ∈ N2, (18)
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with the horizontal (boundary) condition

F (i, 0, z) = z
∑
k,ℓ

hk,ℓF (i+ k, ℓ, z), i ∈ N, (19)

the vertical (boundary) condition

F (0, j, z) = z
∑
k,ℓ

vk,ℓF (k, j + ℓ, z), j ∈ N, (20)

and the terminal condition

F (i, j, 1) = 1, (i, j) ∈ N2
0 \ {(0, 0)}. (21)

We note that at the origin, the function F satisfies the condition

F (0, 0, z) = z
∑
k,ℓ

qk,ℓF (k, ℓ, z), z ∈ [0, 1]. (22)

This condition is not included in Proposition 7 because the system (18)–(21) is formulated
independently of the set of weights {qk,ℓ}k,ℓ. The subsequent analysis is thus devoted
entirely to solving the system without invoking Eq. (22).

Proof. For any (i, j) ∈ N2, multiplying Eq. (14) by zn and summing over n ⩾ 0 yields
Eq. (18). Similarly, Eq. (19) is obtained by applying the same procedure to Eq. (15). The
vertical condition (20) and the condition (22) at the origin follow by analogous reasoning.
Finally, since Z(i,j) < ∞ almost surely for all (i, j) ∈ N2

0 (see Lemma 1), Eq. (21) follows
directly.

3.4 Constructing solutions to the recurrence equations

In this subsection, we apply the compensation approach to construct a family of solutions
for the system (18)–(21). The general idea is outlined as follows. We begin with a
base term that satisfies the recurrence relation (18). We then add a new term which
still satisfies the recurrence, but corrects the error in the vertical condition (20). This
correction, however, introduces a new error in the horizontal condition (19), which we
address by adding another term. By continuing this alternating process (correcting the
vertical condition, then the horizontal one, and so on), we build a series-form solution

. . .+d−1α
i
−1β

j
−2+c−1α

i
−1β

j
−1+d0α

i
0β

j
−1+c0α

i
0β

j
0+d1α

i
1β

j
0+c1α

i
1β

j
1+d2α

i
2β

j
1+ . . . (23)

where each term satisfies (18), each sum cmαi
mβj

m + dm+1α
i
m+1β

j
m satisfies (20), and

each sum dmαi
mβj

m−1+cmαi
mβj

m satisfies (19). As already mentioned, this compensation
method has been introduced in the nineties by Adan, Wessels and Zijm in a series of
papers [1, 4, 5].

The current section is structured around a few preliminary results aimed at construct-
ing the sequence {(αn, βn)}n∈Z, see Lemmas 8–11. These results will subsequently be
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used to build the solutions to the recursion in the series form (23) presented above, and
to establish its absolute convergence. Note that the variable z in Equations (19) and (20)
serves solely as a parameter. Accordingly, we assume that z ∈ [0, 1] is fixed throughout
the analysis.

Let us begin with the readily verified fact that a product form αiβj is a solution of
(18) for any (i, j) ∈ N2

0 if and only if (α, β) satisfies the equation

αβ =
∑

−1⩽k,ℓ

pk,ℓα
k+1βℓ+1.

To study the above equation, let us define the corresponding bivariate polynomial (some-
times called the kernel of the model)

K(α, β) =
∑

−1⩽k,ℓ

pk,ℓα
k+1βℓ+1 − αβ,

which is fully characterized by the weights {pk,ℓ}k,ℓ. Its associated level set

K = {(α, β) ∈ [0,∞)2 : K(α, β) = 0} (24)

(see Figure 3) will turn out to be particularly important. The function K(α, β) has in
fact been thoroughly studied in [22, Sec. 2]. Still, we present below a few points that are
particularly relevant to our aims. Our starting point in analyzing K(α, β) is through its
exponential transform, defined for (x, y) ∈ R2 by

L(x, y) = e−(x+y)K(ex, ey) =
∑

−1⩽k,ℓ

pk,ℓe
xk+yℓ − 1.

We also define the level set of L(x, y) as follows, along with its associated strict sub- and
super-level sets:

L = {(x, y) ∈ R2 : L(x, y) = 0}, (25)

L − = {(x, y) ∈ R2 : L(x, y) < 0} and L + = {(x, y) ∈ R2 : L(x, y) > 0},

see Figure 3. Throughout the analysis, several properties of K(α, β) can be transferred
from those of L(x, y), as the latter exponential transform is, in fact, more tractable.

Lemma 8 ([22]). The sublevel set L − is convex and contains the ray {t(−1,−1) : t > 0},
whereas the superlevel set L + includes the rays {t(−1, 0) : t > t0} and {t(0,−1) : t > t0}
for some t0 sufficiently large. Additionally, L admits a tangent at (0, 0), which lies
outside L − and satisfies the equation(∑

k,ℓ kpk,ℓ

)
x+

(∑
k,ℓ ℓpk,ℓ

)
y = 0.

Lemma 8 is stated and proved in [22] as Lemma 1. It entails that the line {t(1, 1) :
t ∈ R} divides the curve L into two parts, which can be parametrized as follows. Let us
define

16



Figure 3: The curves L (left), K (right), and the sequence of pairs {(αm, βm)}m∈Z (blue
points) for the random walk with p1,−1 = p−1,1 = p1,0 = p0,1 = p1,1 =

1
5 .

• γ : (−∞, 0] → R such that γ(0) = 0, L(x, γ(x)) = 0 and γ(x) > x for any x < 0;

• ζ : (−∞, 0] → R such that ζ(0) = 0, L(ζ(y), y) = 0 and ζ(y) > y for any y < 0.

Both γ and ζ are well-defined functions on (−∞, 0], as will be shown in Lemma 9 below.
The curve L in (25) can then be described as

L = {(x, γ(x)) : x ⩽ 0} ∪ {(ζ(y), y) : y ⩽ 0}.

The following result, which can be found as Lemma 2 in [22], gives some key properties
of γ and ζ.

Lemma 9 ([22]). The following assertions hold:

(i) On (−∞, 0], the functions γ and ζ are well defined, concave and infinitely differ-
entiable.

(ii) The function γ has a unique maximizer x̂ < 0, with corresponding value

ŷ = max
x⩽0

γ(x) = γ(x̂) > 0.

Moreover, γ is strictly increasing on (−∞, x̂], with limx→−∞ γ(x) = −∞, and
strictly decreasing on [x̂, 0].

(iii) Similarly, ζ has a unique maximizer ỹ < 0, with corresponding value

x̃ = max
y⩽0

ζ(y) = ζ(ỹ) > 0.

Moreover, ζ is strictly increasing on (−∞, ỹ] with limy→−∞ ζ(y) = −∞, and strictly
decreasing on [ỹ, 0].
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With the help of the functions γ and ζ introduced above, we are now ready to
parametrize the curve K defined in (24) and to examine some of its properties. For
α, β ∈ [0, 1], we define the functions

u(α) = log γ(logα) and v(β) = log ζ(log β). (26)

These functions provide a parametrization of the curve K , which can be expressed as

K = {(α, u(α)) : α ∈ [0, 1]} ∪ {(v(β), β) : β ∈ [0, 1]}.

The following lemma outlines some key properties of the functions u and v in (26).

Lemma 10. The following assertions hold:

(i) u(1) = v(1) = 1, u(0) = v(0) = 0, u(α) > α and v(β) > β for any α, β ∈ (0, 1);

(ii) u(α) and v(β) are infinitely differentiable on (0, 1);

(iii) u has a unique maximizer α̂ ∈ (0, 1), with corresponding value

β̂ = max
α∈[0,1]

u(α) = u(α̂) > 0.

Moreover, u is strictly increasing on [0, α̂] and strictly decreasing on [α̂, 1];

(iv) v has a unique maximizer β̃ ∈ (0, 1), with corresponding value

α̃ = max
β∈[0,1]

v(β) = v(β̃) > 0.

Moreover, v is strictly increasing on [0, β̃] and strictly decreasing on [β̃, 1].

The properties of u and v stated in Lemma 10 follow directly from their definitions
in (26) and from the properties of γ and ζ established in Lemma 9. We therefore omit
the proof.

We may now construct the sequence {(αm, βm)}m∈Z introduced at the beginning of
the section, in (23). Denoting the inverses of u and v restricted to the intervals [0, α̂] and
[0, β̃] by

u∗ =
(
u
∣∣[0, α̂])−1 and v∗ =

(
v
∣∣[0, β̃])−1

, (27)

we define the sequence {(αm, βm)}m∈Z on the curve K recursively as follows:
α0 = β0 = 1,

αm = u∗(βm−1), βm = v∗(αm), m ⩾ 1,

βm = v∗(αm+1), αm = u∗(βm), m ⩽ −1.

(28)

In the following lemma, we compute the decay of αm and βm as m → ±∞.
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Lemma 11. The sequences {αm}m⩾0, {α−m}m⩾0, {βm}m⩾0, and {β−m}m⩾0, defined in
(28), are strictly decreasing and exhibit exponential decay as m → ∞:

α±m, β±m = O

( α̂

β̂
· β̃
α̃

)|m|
 ,

where α̂

β̂
· β̃
α̃ < 1, and the constants α̂, β̂, β̃, α̃ are as defined in Lemma 10.

Proof. Since for all m ⩾ 1,

β0 = α0 > α̂ > α1 and αm > v∗(αm) = βm > u∗(βm) = αm+1,

then {αm}m⩾0 and {βm}m⩾0 are strictly decreasing. An analogous reasoning yields the
same result for {α−m}m⩾0 and {β−m}m⩾0.

We move to analyzing the decay of αm and βm as m → ±∞. The idea is to compare
them to an alternative sequence {(α′

m, β′
m)}m∈Z, which is defined recursively by

α′
0 = β′

0 = 1,

α′
m =

α̂

β̂
β′
m−1, β′

m =
β̃

α̃
α′
m, m ⩾ 1,

β′
m =

β̃

α̃
α′
m+1, α′

m =
α̂

β̂
β′
m, m ⩽ −1.

Since the sublevel set L − is convex and contains the ray {t(1, 1) : t < 0} (Lemma 8),
it must also contain the rays {(x̂, ŷ) + t(1, 1) : t < 0} and {(x̃, ỹ) + t(1, 1) : t < 0},
where x̂ and ŷ are respectively the maximizer and maximal value of γ, while ỹ and x̃ are
respectively the maximizer and maximal value of ζ, as defined in Lemma 9. Consequently,
the sublevel set K − = {(α, β) ∈ [0,∞)2 : K(α, β) < 0} contains the segments {t(α̂, β̂) :
t ∈ (0, 1)} and {t(α̃, β̃) : t ∈ (0, 1)}. As a result, we have:

u(α) ⩾
β̂

α̂
α, α ∈ [0, α̂], or equivalently, u∗(β) ⩽

α̂

β̂
β, β ∈ [0, β̂],

and

v(β) ⩾
α̃

β̃
β, β ∈ [0, β̃], or equivalently, v∗(α) ⩽

β̃

α̃
α, α ∈ [0, α̃].

These inequalities enable us to compare αm to α′
m, and βm to β′

m. We first have:

α1 = u∗(β0) ⩽
α̂

β̂
= α′

1 and β1 = v∗(α1) ⩽ v∗(α′
1) ⩽

β̃

α̃
α′
1 = β′

1.

By an induction argument, we then have for any m ⩾ 2:

αm = u∗(βm−1) ⩽ u∗(β′
m−1) ⩽

α̂

β̂
β′
m−1 = α′

m,
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βm = v∗(αm) ⩽ v∗(α′
m) ⩽

β̃

α̃
α′
m = β′

m.

Similar arguments imply for any m ⩽ −1.

αm ⩽ α̂m and βm ⩽ β̂m.

Now since the sequence {(α′
m, β′

m)}m∈Z can be explicitly expressed by

α′
0 = β′

0 = 1,

β̃

α̃
α′
m = β′

m =

(
α̂

β̂
· β̃
α̃

)m

, m ⩾ 1,

α′
m =

α̂

β̂
β′
m =

(
α̂

β̂
· β̃
α̃

)−m

, m ⩽ −1,

it suffices to derive the decay of αm and βm as m → ±∞. The proof is then complete.

Lemma 12. For any (i, j) ∈ N2
0 \ {(0, 0)}, the series of functions G(i, j, z) in (12) is

analytic on the open unit disk, and satisfies Equations (18)–(21).

Proof. For clarity, we denote, for any m ∈ Z,{
v̂m =

∑
k,ℓ vk,ℓα

k
mβℓ

m, ṽm =
∑

k,ℓ vk,ℓα
k
mβℓ

m−1,

ĥm =
∑

k,ℓ hk,ℓα
k
mβℓ

m, h̃m =
∑

k,ℓ hk,ℓα
k
mβℓ

m−1.
(29)

Then, the recursive formula (13) for the coefficients cm(z) and dm(z) becomes:

c0(z) = 1, dm+1(z) = −cm(z)
1− v̂mz

1− ṽm+1z
, cm(z) = −dm(z)

1− h̃mz

1− ĥmz
. (30)

We begin by showing that
∑

m⩾1 cm(z)αi
mβj

m is analytic on the open unit disk. By
direct induction, the coefficients {cm(z)}m⩾1 satisfy the product formula

cm(z) =

m∏
k=1

1− h̃kz

1− ĥkz

1− v̂k−1z

1− ṽkz
.

If k is large enough, then h̃k, ĥk, ṽk, v̂k are all in (0, ε) (recall that αm and βm decay
exponentially as m → ±∞, see Lemma 11, and recall our hypothesis (B7)). Hence there
exists a constant C such that for all |z| ⩽ 1 and all m ⩾ 1,

cm(z) ⩽ C

(
1 + ε

1− ε

)m

.

Therefore, for any (i, j) ∈ N2
0 \ {(0, 0)}, the series

∑
m⩾1 cm(z)αi

mβj
m is analytic on the

disk centered at 0 with radius 1−ε
1+ε . Since ε is arbitrary, we conclude that the series is

analytic on the open unit disk.
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By similar arguments, the series
∑

m⩽0 cm(z)αi
mβj

m and
∑

m∈Z dm+1(z)α
i
m+1β

j
m are

also analytic on the open unit disk.
We now show that G(i, j, z) satisfies Eqs. (18)–(21). Fix (i, j) ∈ N2

0 \ {(0, 0)} and
z ∈ [0, 1]. For any m ∈ Z, since both (αm, βm) and (αm+1, βm) belong to K , the terms
αi
mβj

m and αi
m+1β

j
m satisfy Eq. (18). By linearity, it follows that G(i, j, z) satisfies the

same equation. Moreover, we set, for any m ∈ Z

Hm(i, j) = dm(z)αi
mβj

m−1 + cm(z)αi
mβj

m,

Vm(i, j) = cm(z)αi
mβj

m + dm+1(z)α
i
m+1β

j
m.

Therefore, the function G(i, j, z) can be written as

G(i, j, z) =
∑
m∈Z

Hm(i, j) =
∑
m∈Z

Vm(i, j).

It is easily seen that Hm(i, 0) and Vm(0, j) satisfy Eq. (19) and Eq. (20), respectively.
As a result, G(i, 0) =

∑
m∈ZHm(i, 0) and G(0, j) =

∑
m∈Z Vm(0, j) also satisfy Eq. (19)

and Eq. (20), respectively. Finally, observe that when z = 1, all coefficients cm(1) and
dm(1) vanish except for c0(1)α

i
0β

j
0 = 1, which yields G(i, j, 1) = 1.

3.5 Proof of Theorem 5

In this subsection, we prove that G(i, j, z) is indeed the generating function of the number
of contacts Z(i,j), as stated in Theorem 5.

A remark on non-uniqueness of the solutions. We should first emphasize that the
system of equations (18)–(21) admits infinitely many solutions, among which the series
G(i, j, z) in (12) is one particular instance. Indeed, alternative solutions can be obtained
by altering the initial value (α0, β0) or the base coefficient c0(z), while keeping the same
recursive structure (13) for the remaining (αm, βm), cm(z), and dm(z). More precisely,
one can choose any pair (α0, β0) lying on the curve

{(α, u(α)) : α ∈ [α̂, 1]} ∪ {(v(β), β) : β ∈ [β̃, 1]},

along with any function c0(z) that is bounded on [0, 1]. The series G(i, j, z) constructed
from these alternative initial values then satisfies Eqs. (18)–(20), though it may fail to
satisfy the terminal condition (21). Conversely, if the initial values are fixed to α0 =
β0 = 1, then for any bounded function c0(z) on [0, 1] with c0(1) = 1, the resulting series
G(i, j, z) gives another solution to the full system (18)–(21).

This non-uniqueness leads to difficulties, as the system of equations (18)–(21) alone
does not suffice to characterize the solutions, and we will need to invoke certain proba-
bilistic properties of the solution.
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Power series expansion of G(i, j, z). Thanks to Lemma 12, we may rearrange the
terms of G(i, j, z) into a power series in z, whose radius of convergence is equal to 1. For
any m ∈ Z, we write the expansions of cm(z) and dm(z) as

cm(z) =
∑
n⩾0

cm,nz
n and dm(z) =

∑
n⩾0

dm,nz
n.

Then G(i, j, z) has the representation G(i, j, z) =
∑

n⩾0 gn(i, j)z
n, where the coefficients

gn(i, j) are defined as

gn(i, j) =
∑
m∈Z

(
cm,nα

i
mβj

m + dm+1,nα
i
m+1β

j
m

)
. (31)

The series gn(i, j) in (31) converges absolutely for any n ⩾ 0 and (i, j) ∈ N2
0 \ {(0, 0)}.

Our goal is to establish the identity gn = fn for all n ⩾ 0, where, recall, fn(i, j)
denotes the probability P(Z(i,j) = n) (see (5)). The strategy is to show that both gn
and fn, which are harmonic with respect to the same discrete Laplacian, have identical
boundary values and same asymptotic behavior at infinity. We will then apply the
maximum principle for discrete harmonic functions to conclude the proof.

Recall that α0 = β0 = 1 and that αm, βm ∈ (0, 1) for all m ̸= 0. It follows that, for
any n ⩾ 0, gn admits the following asymptotic expression as i+ j → ∞:

gn(i, j) = c0,n + d1,nα
i
1 + d0,nβ

j
−1 + o(1).

Hence only three terms dominate the series as the sum i+j tends to infinity. Fortunately,
since the functions c0(z), d1(z), and d0(z) admit particularly simple expressions

c0(z) = 1, d1(z) = − 1− z

1− ṽ1z
, d0(z) = − 1− z

1− h̃0z
,

see (13), we even have explicit expressions for the dominant terms of gn as (i+ j) → ∞:{
g0(i, j) = 1− αi

1 − βj
−1 + o(1),

gn(i, j) =
(
1− ṽ1

)
ṽn−1
1 αi

1 +
(
1− h̃0

)
h̃n−1
0 βj

−1 + o(1), n ⩾ 1.
(32)

Asymptotics of fn(i, j). We now focus on the asymptotic behavior of fn(i, j) as de-
fined in (5). Our analysis relies on estimating hitting probabilities when the walk starts
far from the origin. The following lemma provides the asymptotic probabilities of three
complementary events: avoiding the boundary, hitting the vertical axis, and hitting the
horizontal axis.

We introduce the functions f[v] and f[h], defined for all (i, j) ∈ N2
0 by

f[v](i, j) = P
(
τ i,j1 < ∞,Π1

(
Si,j

τ i,j1

)
= 0
)

and f[h](i, j) = P
(
τ i,j1 < ∞,Π2

(
Si,j

τ i,j1

)
= 0
)
.

Here, the subscripts [v] and [h] are used to indicate “vertical” and “horizontal,” respec-
tively. The square brackets are included to clearly distinguish these notations from the
functions fn.
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Lemma 13. With f0 as introduced in (5), and f[v] and f[h] as defined above, we have,
as i+ j → ∞,

f0(i, j) = 1− αi
1 − βj

−1 +O
(
(α1 ∨ β−1)

1
2 (i+j)), (33)

f[v](i, j) = αi
1 +O

(
(α1 ∨ β−1)

1
2 (i+j)), f[h](i, j) = βj

−1 +O
(
(α1 ∨ β−1)

1
2 (i+j)).

Intuitively, Lemma 13 suggests the following: when the walk starts far from both
axes, it is most likely to avoid them both; conversely, if it starts far from one axis but
close to the other, it rarely hits the distant boundary and behaves, with respect to the
nearby axis, much like a one-dimensional random walk.

Proof. Recall from (10) that we have for all (i, j) ∈ N2
0

αi
1 + βj

−1 − αi
1 ∧ βj

−1 ⩽ 1− f0(i, j) ⩽ αi
1 + βj

−1.

Together with the fact that αi
1∧βj

−1 = O
(
(α1∨β−1)

1
2 (i+j)) as i+ j → ∞, we can deduce

the asymptotic behavior of f0(i, j). Now observe that

f[v](i, j) + f[h](i, j) = 1− f0(i, j) = αi
1 + βj

−1 +O
(
(α1 ∨ β−1)

1
2 (i+j)), (34)

as i+ j → ∞, and based on Lemma 4,

f[v](i, j) ⩽ P(τ̂ i,j < ∞) = αi
1 and f[h](i, j) ⩽ P(τ̃ i,j < ∞) = βj

−1.

Substituting these upper bounds into (34), we obtain the asymptotic behavior of f[v](i, j)
and f[h](i, j). This concludes the proof.

We now build on Lemma 13 to analyze the probabilities of subsequent boundary
contacts for a random walk starting far from the origin and conditioned on having hit
the boundary multiple times before. By the strong Markov property, the walk’s behavior
under this conditioning depends only on its most recent boundary contact. Consequently,
we first introduce the following conditioned probability measures:

Pv
n = P

(
·
∣∣∣τ i,jn < ∞,Π1

(
Si,j

τ i,jn

)
= 0

)
and Ph

n = P
(
·
∣∣∣τ i,jn < ∞,Π2

(
Si,j

τ i,jn

)
= 0

)
,

for any (i, j) ∈ N2
0 and n ⩾ 1. The following result describes the asymptotic behavior of

having one additional boundary contact under these conditioned measures.

Lemma 14. For any n ⩾ 1, we have as i+ j → ∞

Pv
n

(
τ i,jn+1 < ∞

)
= Pv

n

(
τ i,jn+1 < ∞,Π1

(
Si,j

τ i,jn+1

)
= 0

)
+ o(1) = ṽ1 + o(1), (35)

Ph
n

(
τ i,jn+1 < ∞

)
= Pv

n

(
τ i,jn+1 < ∞,Π2

(
Si,j

τ i,jn+1

)
= 0

)
+ o(1) = h̃0 + o(1). (36)
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The lemma above conveys a straightforward idea: when a random walk starts far from
the origin and reaches one axis, it is unlikely to hit the other axis afterward. Instead,
the walk is more likely to either return to the same axis or avoid both axes altogether.

Proof. We evaluate the probability that the random walk hits the vertical (resp. horizon-
tal) axis for the (n + 1)th time with n ⩾ 1, given that it has previously hit the vertical
axis at the nth time, as follows:

Pv
n

(
τ i,jn+1 < ∞,Π1

(
Si,j

τ i,jn+1

)
= 0

)
=
∑

j′⩾i+j

Pv
n

(
Π2

(
Si,j

τ i,jn

)
= j′

)
Pv

n

(
τ i,jn+1 < ∞,Π1

(
Si,j

τ i,jn+1

)
= 0

∣∣∣Π2

(
Si,j

τ i,jn

)
= j′

)
=
∑

j′⩾i+j

Pv
n

(
Π2

(
Si,j

τ i,jn

)
= j′

)∑
k,ℓ

vk,ℓf[v](k, j
′ + ℓ)

=
∑

j′⩾i+j

Pv
n

(
Π2

(
Si,j

τ i,jn

)
= j′

)∑
k,ℓ

vk,ℓ

(
αk
1 +O

(
(α1 ∨ β−1)

1
2 (j

′+k+ℓ)))
=
∑
k,ℓ

vk,ℓα
k
1 + o(1)

= ṽ1 + o(1),

and

Pv
n

(
τ i,jn+1 < ∞,Π2

(
Si,j

τ i,jn+1

)
= 0

)
=
∑

j′⩾i+j

Pv
n

(
Π2

(
Si,j

τ i,jn

)
= j′

)
Pv

n

(
τ i,jn+1 < ∞,Π2

(
Si,j

τ i,jn+1

)
= 0

∣∣∣Π2

(
Si,j

τ i,jn

)
= j′

)
=
∑

j′⩾i+j

Pv
n

(
Π2

(
Si,j

τ i,jn

)
= j′

)∑
k,ℓ

vk,ℓf[h](k, j
′ + ℓ)

=
∑

j′⩾i+j

Pv
n

(
Π2

(
Si,j

τ i,jn

)
= j′

)∑
k,ℓ

vk,ℓ

(
βj′+ℓ
−1 +O

(
(α1 ∨ β−1)

1
2 (j

′+k+ℓ)))
= o(1),

as i + j → ∞. Summing the above two equalities, we deduce (35). The proof for (36)
follows similarly.

Lemma 14 enables us to evaluate the asymptotic probability of n boundary contacts,
namely, fn(i, j), by carefully decomposing the event into a sequence of distinct sub-events
corresponding to the first, second, third, and subsequent boundary contacts.

Lemma 15. For any n ⩾ 1, we have as i+ j → ∞,

fn(i, j) =
(
1− ṽ1

)
ṽn−1
1 αi

1 +
(
1− h̃0

)
h̃n−1
0 βj

−1 + o(1). (37)
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Proof. By iteratively decomposing the event {τ i,j1 < ∞, . . . , τ i,jn < ∞, τ i,jn+1 = ∞} using
the strong Markov property, together with the estimates from Lemma 14, we obtain the
following asymptotic evaluation for any n ⩾ 1 as i+ j → ∞:

fn(i, j) = P
(
τ i,j1 < ∞, . . . , τ i,jn < ∞, τ i,jn+1 = ∞,Π1

(
Si,j

τ i,j1

)
= 0
)

+P
(
τ i,j1 < ∞, . . . , τ i,jn < ∞, τ i,jn+1 = ∞,Π2

(
Si,j

τ i,j1

)
= 0
)

= Pv
n

(
τ i,jn+1 = ∞

)
Pv

n−1

(
τ i,jn < ∞

)
· · ·Pv

1

(
τ i,j2 < ∞

)
P
(
τ i,j1 < ∞,Π1

(
Si,j

τ i,j1

)
= 0
)

+Ph
n

(
τ i,jn+1 = ∞

)
Ph

n−1

(
τ i,jn < ∞

)
· · ·Ph

1

(
τ i,j2 < ∞

)
P
(
τ i,j1 < ∞,Π2

(
Si,j

τ i,j1

)
= 0
)

+ o(1)

=
(
1− ṽ1

)
ṽn−1
1 αi

1 +
(
1− h̃0

)
h̃n−1
0 βj

−1 + o(1).

Conclusion of the proof. Having established the asymptotic behavior of fn(i, j), we
are now prepared to prove Theorem 5.

Proof of Theorem 5. We prove the identity between fn and gn by induction on n ⩾ 0.
Starting with the base case n = 0, note that both f0 and g0 are harmonic on N2, vanish on
the boundary axes (as they satisfy Eqs. (14)–(16) by construction), and exhibit the same
asymptotic behavior as i + j → ∞ (see (32) and (33)). It follows that their difference
f0 − g0 is also harmonic, vanishes on the boundary, and tends to zero at infinity. By the
maximum principle for harmonic functions, we deduce that f0 − g0 = 0 on N2

0 \ {(0, 0)},
thus establishing the base case.

We now assume that fn = gn for some n ⩾ 0, and aim to show that the same equality
holds for n + 1. By construction, both fn+1 and gn+1 are harmonic on N2, and they
inherit the same boundary values from the equality fn = gn established at the previous
step. In addition, fn+1 and gn+1 share the same asymptotic behavior as i+ j → ∞ (see
(32) and (37)). It follows that the difference fn+1 − gn+1 is harmonic on N2, vanishes
on the boundary, and tends to zero at infinity. Applying the same maximum principle
argument as in the base case, we conclude that fn+1 − gn+1 = 0 on N2

0 \ {(0, 0)}. This
completes the induction step and establishes that fn = gn for all n ⩾ 0.

3.6 Asymptotic analytics

In this subsection, we examine the asymptotic decay of the probability fn(i, j) as n → ∞.

Proposition 16. Under Assumptions (B1)–(B8), for any (i, j) ∈ N2
0 \{(0, 0)}, the num-

ber of contacts fn(i, j) has the asymptotic behavior as n → ∞:

fn(i, j) ∼ Ci,j

(
ṽ1 ∨ h̃0

)n
, (38)
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where

Ci,j =


(1/ṽ1 − 1)S1(1/ṽ1), ṽ1 > h̃0,

(1/ṽ1 − 1) [S1(1/ṽ1) + S0(1/ṽ1)] , ṽ1 = h̃0,

(1/h̃0 − 1)S0(1/h̃0), ṽ1 < h̃0,

the functions S0(z) and S1(z) being defined by (41).

Proof. We will show in Lemma 18 that the generating function G(i, j, z) has a simple
dominant pole. Proposition 16 then follows directly by applying singularity analysis for
meromorphic functions; see, for instance, [20, Thm IV.10]. The constant Ci,j corresponds
to the residue of G(i, j, z) at its smallest pole, namely 1/(ṽ1 ∨ h̃0).

Since cm(z) and dm(z) in (13) are defined as cumulative products of rational functions,
the number of poles in these coefficients increases with m. The following result aims to
clarify the ordering of these poles.

Lemma 17. We have for any m ⩾ 1,

1 = α0 = β0 > αm ∨ β−m ⩾ αm ∧ β−m > α−m ∨ βm ⩾ α−m ∧ βm > αm+1 ∨ β−m−1.

Proof. We will only show that

1 > α1 ∨ β−1 ⩾ α1 ∧ β−1 > α−1 ∨ β1 ⩾ α−1 ∧ β1 > α2 ∨ β−2,

and the inequalities for m ⩾ 2 follow by an induction argument. It is readily seen that
1 > α1, β−1. Now due to the construction and monotonicity of the functions u∗ and v∗

in (27), we have:

α1 = u∗(β0) > u∗(β−1) = α−1 and β−1 > u∗(β−1) = α−1,

α1 > v∗(α1) = β1 and β−1 = v∗(α0) > v∗(α1) = β1.

Subsequently, we also have:

α−1 = u∗(β−1) > u∗(β1) = α2 and β1 > u∗(β1) = α2,

α−1 > v∗(α−1) = β−2 and β1 = v∗(α1) > v∗(α−1) = β−2,

which concludes the proof.

The above lemma yields the precise location of ṽ1 and h̃0 in relation to the values
v̂m, ṽm, ĥm, and h̃m defined in (29); namely, we have

1 > ṽ1 ⩾ v̂1 and 1 > h̃0 ⩾ ĥ−1, (39)

and for m ⩾ 1,

ṽ1 > v̂m+1, v̂−m, ṽm+1, ṽ−m and h̃0 > ĥm+1, ĥ−m−1, h̃m+1, h̃−m. (40)

It is worth noting that, in general, the relative positions of ṽ1, ṽ0, h̃0, and h̃1 may differ
depending on the particular model being studied.
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Lemma 18. There exists ε > 0 sufficiently small such that, for any (i, j) ∈ N2
0 \{(0, 0)},

the function G(i, j, z) is meromorphic in the open disk

Bε = {z ∈ C : |z| < 1/(ṽ1 ∨ h̃0) + ε},

and has a unique pole in this domain, located at 1/(ṽ1 ∨ h̃0). This pole is simple.

Proof. Fix (i, j) ∈ N2
0 \ {(0, 0)} for the rest of the proof and, without loss of generality,

assume ṽ1 ⩾ h̃0. Choose ε > 0 so small that (1/ṽ1 + ε)−1 exceeds all the values v̂m, ĥm,
ṽm, and h̃m cited in (39) and (40).

We begin with the case ṽ1 > h̃0. Since 1/ṽ1 is the unique pole of d1(z) = − 1−z
1−ṽ1z

, we
can use (12) together with (13) to rewrite G(i, j, z) as

G(i, j, z) = S1(z)d1(z) +R1(z),

where 
S1(z) =

∑
m⩾1

(
dm(z)

d1(z)
αi
mβj

m−1 +
cm(z)

d1(z)
αi
mβj

m

)
,

R1(z) =
∑
m⩽0

(
dm(z)αi

mβj
m−1 + cm(z)αi

mβj
m

)
.

It suffices to show that S1(z) and R1(z) are analytic on Bε, and S1(1/ṽ1) ̸= 0. Observe
with (30) that for m ⩾ 2, dm(z)/d1(z) can be written as

dm(z)

d1(z)
=

m−1∏
k=1

1− h̃kz

1− ĥkz

1− v̂kz

1− ṽk+1z
,

of which all the poles are greater than 1/ṽ1. Hence, any dm(z)/d1(z) with m ⩾ 1 is
analytic on the disk Bε. By the same reasoning as in the proof of Lemma 12, we deduce
that the series

∑
m⩾1

dm(z)
d1(z)

αi
mβj

m−1 is analytic on Bε. Similarly, we conclude that the

series
∑

m⩾1
cm(z)
d1(z)

αi
mβj

m,
∑

m⩽0 dm(z)αi
mβj

m−1, and
∑

m⩽0 cm(z)αi
mβj

m are all analytic
on Bε, and hence, so are S1(z) and R1(z).

We now show that S1(1/ṽ1) ̸= 0. In the subcase ṽ1 > h̃1, let us reformulate S1(z) as

S1(z) =
∑
m⩾1

dm(z)

d1(z)
αi
m

(
βj
m−1 +

cm(z)

dm(z)
βj
m

)
=
∑
m⩾1

dm(z)

d1(z)
αi
m

(
βj
m−1 −

1− h̃mz

1− ĥmz
βj
m

)
.

Since
dm(1/ṽ1)

d1(1/ṽ1)
⩾ 0, m ⩾ 2,

where the equality happens if ṽ1 = v̂1, and

αi
m

(
βj
m−1 −

1− h̃m/ṽ1

1− ĥm/ṽ1
βj
m

)
> 0, m ⩾ 1,
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then S1(1/ṽ1) > 0. Now in the subcase ṽ1 ⩽ h̃1, we reformulate S1(z) as

S1(z) = αi
1 +

∑
m⩾1

(
cm(z)

d1(z)
αi
mβj

m +
dm+1(z)

d1(z)
αi
m+1β

j
m

)
= αi

1 +
∑
m⩾1

cm(z)

d1(z)
βj
m

(
αi
m − 1− v̂mz

1− ṽm+1z
αi
m+1

)
.

Since
c1(ṽ1)

d1(ṽ1)
= −1− h̃1/ṽ1

1− ĥ1/ṽ1
⩾ 0,

then
cm(1/ṽ1)

d1(1/ṽ1)
=

c1(1/ṽ1)

d1(1/ṽ1)

m∏
k=2

1− v̂k−1/ṽ1
1− ṽk/ṽ1

1− h̃k/ṽ1

1− ĥk/ṽ1
⩾ 0, m ⩾ 2.

Together with the fact that

βj
m

(
αi
m − 1− v̂m/ṽ1

1− ṽm+1/ṽ1
αi
m+1

)
> 0, m ⩾ 1,

we deduce that S1(1/ṽ1) > 0, which concludes the case ṽ1 > h̃0.
We now move to the case ṽ1 = h̃0. Noting that 1/ṽ1 is the unique simple pole of

d0(z) = d1(z) = − 1−z
1−ṽ1z

, we rewrite G(i, j, z) as

G(i, j, z) = 1 + S1(z)d1(z) + S0(z)d0(z),

where 
S1(z) =

∑
m⩾1

(
dm(z)

d1(z)
αi
mβj

m−1 +
cm(z)

d1(z)
αi
mβj

m

)
,

S0(z) =
∑
m⩽0

(
dm(z)

d0(z)
αi
mβj

m−1 +
cm−1(z)

d0(z)
αi
m−1β

j
m−1

)
.

(41)

By similar arguments as the preceding case, S1(z) and S0(z) are analytic on Bε, and
S1(1/ṽ1) > 0, S0(1/h̃0) > 0. Therefore, the lemma holds in this case as well, which
completes the proof.

We observe that if 1/ṽ1 and 1/h̃0 are indeed the two smallest simple poles of G(i, j, z)
(more precisely, if ṽ1 ∧ h̃0 > ĥ1 ∨ v̂−1), then the asymptotics (38) can be rewritten as

fn(i, j) = (1− ṽ1)S1

(
1

ṽ1

)
ṽn−1
1 + (1− h̃0)S0

(
1

h̃0

)
h̃n−1
0 + o

(
(ṽ1 ∧ h̃0)

n
)
,

as n → ∞, for any (i, j) ∈ N2
0 \ {(0, 0)}. This form closely resembles the asymptotic

behavior given in (37) for fn(i, j) as i + j → ∞. On the other hand, in situations
where the drift of the walk (both in the interior and on the boundary of the quadrant) is
strongly asymmetric, the ordering of the first few smallest poles may differ significantly
across various regimes of transition probabilities. In principle, more refined analyses
could yield sharper asymptotic estimates.
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4 Various examples

In this section, we explore several examples, particularly those that lie at the intersection
of the two models studied in this work (Section 2 and Section 3). These examples
demonstrate the versatility of the compensation approach for both singular and non-
singular random walks.

4.1 Singular walks with same horizontal and vertical reflections

We begin with the top-left model in Figure 4.

Proposition 19. Assume (B1)–(B8) and vk,ℓ = hk,ℓ = qk,ℓ for any k, ℓ. Then, for any
(i, j) ∈ N2

0, the generating function F (i, j, z) of Z(i,j) has the expression

F (i, j, z) =
∑
m∈Z

(
1− z

1− z
∑

k,ℓ qk,ℓα
k
mβℓ

m

αi
mβj

m − 1− z

1− z
∑

k,ℓ qk,ℓα
k
m+1β

ℓ
m

αi
m+1β

j
m

)
. (42)

As a consequence, the functions fn admit the closed-form expressions

f0(i, j) =
∑
m∈Z

(
αi
mβj

m − αi
m+1β

j
m

)
,

fn(i, j) =
∑
m∈Z

−(1−∑
k,ℓ

qk,ℓα
k
mβℓ

m

)(∑
k,ℓ

qk,ℓα
k
mβℓ

m

)n−1
αi
mβj

m

+
(
1−

∑
k,ℓ

qk,ℓα
k
m+1β

ℓ
m

)(∑
k,ℓ

qk,ℓα
k
m+1β

ℓ
m

)n−1
αi
m+1β

j
m

 , n ⩾ 1.

Since Assumptions (A1)–(A6) hold for the model, it is straightforward to verify that
the above expressions for fn satisfy the recurrence relation stated in Theorem 2.

Proof. Since vk,ℓ = hk,ℓ = qk,ℓ for any k, ℓ, then for any m ∈ Z,

v̂m = ĥm =
∑
k,ℓ

qk,ℓα
k
mβℓ

m and ṽm = h̃m =
∑
k,ℓ

qk,ℓα
k
mβℓ

m−1.

Accordingly, the coefficients cm(z) and dm(z), defined through cumulative products in
(13), simplify to the expressions

cm(z) =
1− z

1− z
∑

k,ℓ qk,ℓα
k
mβℓ

m

and dm(z) = − 1− z

1− z
∑

k,ℓ qk,ℓα
k
mβℓ

m−1

,

which yields the simplified form (42) for the generating function introduced in (12). The
closed-form expressions for fn then follow directly from the Taylor expansion of F (i, j, z)
in z.

29



vk,ℓ = hk,ℓ = qk,ℓ

pk,ℓ 1/31/3

1/3

1

1

1/31/3

1/3

1

1

3/8

3/8

1/8

1/8

1

1

Figure 4: Four examples considered in Section 4

We illustrate Proposition 19 with a concrete example. Consider the random walk with
weights p−1,1 = p1,−1 = p1,1 = 1

3 and deterministic reflections given by v1,1 = h1,1 =
q1,1 = 1; this corresponds to the top-right model in Figure 4. As shown in [22], in this
setting the sequence {1/αm, 1/βm}m∈Z forms a subsequence of the Fibonacci numbers,
with the closed-form expression

(αm, βm) =

( √
5

ρ4m−1 + ρ−4m+1
,

√
5

ρ4m+1 + ρ−4m−1

)
, ρ =

1 +
√
5

2
,

see also Figure 5 (left). More concretely, {1/αm, 1/βm}m∈Z includes the values

1, 2, 5, 13, 34, 89, 233, 610, 1597, . . .

(not necessary in the order indexed by m). Applying Proposition 19, we thus obtain the
following expression for the generating function of Zi,j :

F (i, j, z) = . . .− 1− z

1− z/65
· 1

5i13j
+

1− z

1− z/10
· 1

5i2j
− 1− z

1− z/2
· 1

2j

+ 1− 1− z

1− z/2
· 1

2i
+

1− z

1− z/10
· 1

2i5j
− 1− z

1− z/65
· 1

13i5j
+ . . . ,

and the expressions for fn(i, j) as

f0(i, j) = . . .− 1

5i13j
+

1

5i2j
− 1

2j
+ 1− 1

2i
+

1

2i5j
− 1

13i5j
+ . . . ,
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Figure 5: Construction of the sequence {(αm, βm)}m∈Z in the model p1,1 = p1,−1 =
p−1,1 =

1
3 (left) and the model p1,0 = p0,1 =

3
8 , p−1,0 = p0,−1 =

1
8 (right).

fn(i, j) = . . .+
64

65n5i13j
− 9

10n5i2j
+

1

2n2j
+

1

2n2i
− 9

10n2i5j
+

64

65n13i5j
− . . . , n ⩾ 1.

To highlight the constrast in the generating function expressions between models with
identical reflections and those with arbitrary reflections, we consider the walk with the
weights p−1,1 = p1,−1 = p1,1 = 1

3 , as in the preceding example, but with reflection prob-
abilities given by v1,0 = h1,1 = 1 (bottom-left model in Figure 4). Then the generating
function of Zi,j for this random walk is

F (i, j, z) = . . .− 1− z

1− z

2

· 1− z

1− z

5

·
1− z

10

1− z

65

· 1

5i13j
+

1− z

1− z

2

· 1− z

1− z

5

· 1

5i2j
− 1− z

1− z

2

· 1

2j

+ 1− 1− z

1− z

2

· 1

2i
+

1− z

1− z

2

·
1− z

2

1− z

10

· 1

2i5j
− 1− z

1− z

2

·
1− z

2

1− z

10

·
1− z

2

1− z

13

· 1

13i5j
+ . . .

In the latter case, the cumulative products do not simplify.

4.2 Random walks with finite group and identical reflections

We now adapt the analysis from Section 3 to an example in which the random walk is
not singular and exhibits identical horizontal and vertical reflections. Specifically, we
consider a biased simple random walk with transition weights given by p1,0 = p0,1 = 3

8
and p−1,0 = p0,−1 = 1

8 , and where the reflection probabilities satisfy vk,ℓ = hk,ℓ = qk,ℓ.
Define α0 = β0 = 1 and α1 = β1 =

1
3 .

Proposition 20. For any (i, j) ∈ N2
0, we have:

f0(i, j) = αi
0β

j
0 − αi

1β
j
0 + αi

1β
j
1 − αi

0β
j
1,

fn(i, j) =
(
1−

∑
k,ℓ

qk,ℓα
k
1β

ℓ
0

)(∑
k,ℓ

qk,ℓα
k
1β

ℓ
0

)n−1
αi
1β

j
0
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−
(
1−

∑
k,ℓ

qk,ℓα
k
1β

ℓ
1

)(∑
k,ℓ

qk,ℓα
k
1β

ℓ
1

)n−1
αi
1β

j
1

+
(
1−

∑
k,ℓ

qk,ℓα
k
0β

ℓ
1

)(∑
k,ℓ

qk,ℓα
k
0β

ℓ
1

)n−1
αi
0β

j
1, n ⩾ 1.

The generating function F (i, j, z) of Zi,j is therefore given by (43).

Before turning to the proof of Proposition 20, we briefly explain our motivation for
presenting this particular example. This model has the double advantage that the survival
probability f0 can be explicitly computed, and that it takes the form of a finite sum of
product terms. Such models are extremely rare; they typically arise in the context of
small-step walks in the quarter plane, when a certain group naturally associated with the
model is finite. See [18, Chap. 4] and [12, Sec. 3] for further details. In particular, Table 1
in [12] lists models with a finite group, for which the quantity f0 can, in principle, be
expressed as a finite sum of exponential terms. For these models, the explicit expression
is given in [23, Cor. 8].

The question of when the stationary distribution of a reflected random walk in the
quarter plane can be expressed as a finite sum of exponential terms is addressed, and
partially resolved, in [14,15].

Moreover, although this random walk is not a special case of the second model con-
sidered in Section 3, but rather an instance of the first model introduced in Section 2,
we can still apply the compensation approach to construct the generating function of the
number of contacts. This demonstrates that the compensation approach extends to a
broader class of models.

Proof of Proposition 20. Let us begin by introducing the kernel of the model:

K(α, β) =
3

8
α2β +

3

8
αβ2 +

1

8
α+

1

8
β − αβ.

and its associated level set K as in (24). We construct a sequence {(αm, βm)}m⩾0

recursively as follows:

• α0 = β0 = 1;

• For any m ⩾ 1, αm is the root of K(·, βm−1) such that αm ̸= αm−1;

• For any m ⩾ 1, βm is the root of K(αm, ·) such that βm ̸= βm−1.

Under this construction, we observe that after a finite number of iterations, the pair
(αm, βm) returns to the base value (α0, β0), so that only four distinct pairs actually
appear:

(α0, β0) = (1, 1), (α1, β0) =
(
1
3 , 1
)
, (α1, β1) =

(
1
3 ,

1
3

)
, (α0, β1) =

(
1, 13
)
,

see Figure 4 (right). This is a consequence of the model having a finite group in the sense
of [12, 18].
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Let us now define the sum G(i, j, z) as

G(i, j, z) = c0(z)α
i
0β

j
0 + d1(z)α

i
1β

j
0 + c1(z)α

i
1β

j
1 + d0(z)α

i
0β

j
1, (43)

where

c0(z) = 1,

d1(z) = −c0(z)
1− z

∑
k,ℓ qk,ℓα

k
0β

ℓ
0

1− z
∑

k,ℓ qk,ℓα
k
1β

ℓ
0

= − 1− z

1− z
∑

k,ℓ qk,ℓα
k
1β

ℓ
0

,

c1(z) = −d1(z)
1− z

∑
k,ℓ qk,ℓα

k
1β

ℓ
0

1− z
∑

k,ℓ qk,ℓα
k
1β

ℓ
1

=
1− z

1− z
∑

k,ℓ qk,ℓα
k
1β

ℓ
1

,

d0(z) = −c1(z)
1− z

∑
k,ℓ qk,ℓα

k
1β

ℓ
1

1− z
∑

k,ℓ qk,ℓα
k
0β

ℓ
1

= − 1− z

1− z
∑

k,ℓ qk,ℓα
k
0β

ℓ
1

.

One can easily check that the sums
(
c0(z)α

i
0β

j
0+d1(z)α

i
1β

j
0

)
and

(
c1(z)α

i
1β

j
1+d0(z)α

i
0β

j
1

)
satisfy Eq. (20), while the sums

(
c0(z)α

i
0β

j
0 + d0(z)α

i
0β

j
1

)
and

(
d1(z)α

i
1β

j
0 + c1(z)α

i
1β

j
1

)
satisfy Eq. (19). Together with the fact that each term of G(i, j, z) satisfies Eq. (18) and
G(i, j, 1) = 1, it implies that G(i, j, z) satisfies the full system (18)–(21).

Specializing [23, Cor. 8] to our current model, one readily verifies that the survival
probability is

f0(i, j) =
(
1− 1

3i

)(
1− 1

3j

)
,

which is indeed equal to
(
αi
0β

j
0−αi

1β
j
0+αi

1β
j
1−αi

0β
j
1

)
. The Taylor expansion of G(i, j, z)

in the variable z yields the expressions for fn with n ⩾ 1, which can be readily seen to
satisfy the recurrence relation stated in Theorem 2. This is sufficient to conclude that
G(i, j, z) is indeed the generating function of Zi,j .

As a concrete example, let us consider the same model with reflections at the bound-
ary given by the weights v1,1 = h1,1 = q1,1 = 1. Applying Proposition 20, we find:

f0(i, j) = 1− 1

3i
+

1

3i3j
− 1

3j
,

fn(i, j) =
2

3n3i
− 8

9n3i3j
+

2

3n3j
, n ⩾ 1.

This example provides evidence that the compensation approach can be effectively
applied to non-singular random walks associated with finite groups; or, phrased more in
line with the present context, to situations where the sequence of pairs {(αm, βm)}m⩾0

takes only finitely many distinct values, provided that the reflections on the vertical and
horizontal axes are identical. In contrast, for non-singular walks with arbitrary boundary
reflections, the present computational framework does not produce a valid solution to the
system (18)–(21). Accordingly, the analysis of this more general case remains an open
problem.
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