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Abstract

We investigate reflected random walks in the quarter plane, with particular em-
phasis on the time spent along the reflection boundary axes. Assuming the drift of
the random walk lies within the cone, the local time converges — without the need
for normalization — to a limiting random variable as the walk length tends to in-
finity. This paper focuses on the properties of these discrete limiting variables. The
problem is rooted in probability theory but also has natural connections to statistical
physics and analytic combinatorics. We present two main sets of results, each based
on different assumptions regarding the random walk parameters. First, when the
reflections on the horizontal and vertical boundaries are assumed to be similar, we
reveal the recursive structure of the problem through a coupling approach. Second,
in the case of more general reflection rules but singular random walks, we derive
an explicit closed-form expression for the limiting distribution using the compen-
sation approach. Our results are illustrated via concrete computations on various
examples.

1 Introduction and main results

In this paper, we study a class of reflected random walks confined to cones, with particular
attention to their local times on the boundary. Such problems have a rich history in
probability theory and are closely linked to various other areas, which we briefly outline
below.

To present the problem, consider a simple random walk on the integers, with jumps
of +1 and —1, as shown on the left of Figure 1. In this context, we introduce the local
time Zp(n) at 0, which is the amount of time that the random walk spends at 0 (starting

at 0, say) before time n > 0. If the random walk is balanced, i.e., if the probabilities of

Zo(n)
V0

converges in distribution to a half-normal distribution. On the other hand, if the random

moving up and down are both i, then it is well known that the random variable
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Figure 1: Left picture: number of contacts (in red) for the simple random walk on the
integer lattice Z. Right picture: number of contacts for a reflected simple random walk
on Ny

walk has a non-zero drift, then Zy(n) converges to a geometric random variable without
normalisation. These results admit various broad generalisations in higher-dimensional
lattices and for more general random walk distributions. Next, it is natural to consider
inhomogeneous models of random walks, such as reflected random walks; see the right
side of Figure 1. A key issue is understanding how reflection at 0 affects the distribution
of local time. In some simple examples, if the random walk has a positive drift, the
distribution may reduce to a geometric one.

Our main models (to be presented in Sections 2 and 3 below) are inspired by the above
innocent example. We will consider random walks in the quarter plane with reflection
conditions on the boundary axes (see Figure 2) and the associated local times on the
axes. Assuming that the model’s drift belongs to the cone ensures that the local time
is finite. We will then demonstrate how the distribution of local time can be calculated
using an infinite sum of geometric terms. Before presenting our results, we will outline
several reasons why this local time problem is important.

Probability theory. The local time at a given point, as discussed above, plays a
fundamental role in the theory of random walks. It is closely related to several key
quantities, including the Green function (through the number of visits), return times,
and more broadly, to fluctuation theory. For a classical probabilistic treatment of these
topics, we refer the reader to Chapter 3 of [19]. For recent applications involving the
local time in neighborhoods of the boundary (particularly in the context of branching
processes in random environments) see [17].

Statistical physics. As noted in [9], part of the motivation for this study originates
from [25,26], which analyses models of interacting directed polymers. In [25], the authors



Figure 2: Left: two ordered simple random walks on Ny, exhibiting two types of bound-
ary contacts: coincidences between the upper and lower paths, and contacts with the
horizontal axis. Right: A singular random walk in the quarter plane Ng, with jumps
(—=1,1), (1,—1), and (1,1); boundary contacts are indicated in red.

investigate a model involving two interacting polymers constrained above an impenetrable
wall (see the left side of Figure 2). The model consists of two paths of equal length
confined to the upper half-space, with each step moving either up or down. One path is
designated as the top path and is constrained never to cross below the other. The model
assigns specific weights to different types of vertex visits: vertices on the horizontal
boundary visited by the bottom path receive one type of weight; vertices visited by both
paths receive another distinct weight. There exists a natural correspondence between
this model and a class of interacting walks confined to the quarter plane (illustrated on
the right side of Figure 2).

The model examined in [26] is a variation: instead of two non-crossing paths above
a wall, it considers three non-crossing paths without a wall. By tracking the distances
between the top and middle paths, and between the middle and bottom paths, the system
can be mapped onto a single path in two dimensions. The non-crossing condition ensures
that this corresponding path remains confined to the quarter plane.

From a physical perspective, the partition function can be defined as the normalisation
of the Boltzmann distribution on walks of length n. This function depends on the weights
assigned to visits to the bottom (or left) boundary. The limiting free energy of the model
is then defined as the exponential growth rate of the partition function as n — oco. The
free energy captures the typical, large-scale behavior of the walks and characterizes the
different phases of the model. See [10,11,13,24] for related literature.

Analytic combinatorics of lattice paths. Lattice paths have been the subject of
intensive study within the combinatorial community. In particular, in the context of the
present paper, Theorem 5 in [6] computes the number of boundary contacts for excursions



whose length goes to infinity. Here, excursions refer to walks that are constrained to be
non-negative and have fixed starting and ending points. The resulting limit law is a sum
of two geometric distributions. The paper [8] (see in particular Theorem 4.2) studies
other models, such as random walks on Ny reflected at 0, and derives various limit laws,
such as that of the number of touches with 0. See [7,27] for related theorems on phase
transitions in random walks.

Main results. In Section 2, we consider a random walk in the quarter plane with
identical horizontal and vertical reflections. In Theorem 2, we present a recursive method
to compute the probability of observing a given number of contacts, starting from an
arbitrary point within the cone. The assumption on the reflections plays a crucial role in
the proof, enabling the use of a coupling argument. In Proposition 3, we further derive
the precise tail asymptotics of the boundary contact distribution.

In Section 3, we relax the assumption on the reflections by considering a model with
arbitrary horizontal and vertical reflections. On the other hand, we impose a singularity
condition on the random walk, requiring that it cannot jump in the directions (—1,0),
(=1,—1), or (0,—1). Under this setting, Theorem 5 provides a closed-form expression
for the boundary contact distribution via a compensation method, an approach that
fundamentally relies on the singularity assumption (refer to the next paragraph for more
details on the technique). We also derive several asymptotic estimates for the distribu-
tion, both as the starting point tends to infinity and as the number of contacts increases;
see e.g. Proposition 16.

In Section 4, we present several illustrations of our results on particularly relevant
models.

Compensation approach. As a side note, our work introduces a new instance of the
applicability of the compensation approach, specifically in computing the distribution of
the number of boundary contacts for random walks in the quarter plane.

The compensation approach has been developed within the probabilistic framework
of stationary distributions for random walks; see, for example, [1-5]. Unlike traditional
methods for quadrant walk problems—which typically aim to determine a generating
function—the compensation approach focuses instead on directly computing the coeffi-
cients, which in our case correspond to the probabilities of observing a given number of
contacts.

The key idea is that the number of contacts, viewed as a function of three variables
(two spatial coordinates and one time parameter), satisfies a natural recurrence relation.
Using the compensation approach, we will solve this recurrence in the form of infinite
sums of elementary geometric terms.



2 A first model with same horizontal and vertical reflections

2.1 The model

We begin by precisely defining our first model of reflected random walk in the positive
quadrant, starting with its increments. Let & and 1 be Z2-valued random variables,
described by their probability mass functions (pmfs):

P =(k0)=pre, Pl=(k0)=qee, (k{)eZ’ (1)

The random variables ¢ and 7 represent the step increments of the walk in the interior N2
and on the boundary N2 \ N? of the quadrant, respectively. The sets of weights {px ¢}x.¢
and {qy ¢}k are non-negative and satisfy the following conditions:

Al) D ko Phe =D ) qke = 1 (normalization)

A2) pi =0 for all k,¢ < =2 (small < 0 jumps)

A5) g =0 for all k,¢ < —1 (non-negative jumps) |

(A1)
(A2)
(A3) pr._1p—1, > 0 for some k, £ (existence < 0 jumps) / \
(Ad)
(A5)
(AG)

A6) >k o kakes Dk o lare € (0,00) (boundary drift > 0)

Now let {&,}n>0 and {7, }n>0 be sequences of independent copies of the random
variables ¢ and 7, respectively. For any initial point x € N2, the random walk {SZ%},>0
is defined as follows:

56 =, Sppr =S, T &1 Lisgenzy + Mnv1 - Ligzenz\nzy, 1 =0

Several important properties of the model follow from Assumptions (A1l)—(A6). First,
these assumptions guarantee that the reflected random walk is irreducible on its state
space N3. Inside N2, the walk has a positive drift, so for a starting point sufficiently
far from the axes, the probability of remaining forever within the quadrant N? lies in
the interval (0,1). Another key feature is that on the boundary N2 \ N2, the transition
probabilities are identical along the horizontal and vertical axes. Moreover, the positive
drift along the boundary ensures that the walk almost surely reflects back into the interior
after some time.

2.2 Numbers of contacts

Our aim is to study the time (interpreted as the number of visits, or more precisely, the
local time) that the walk spends on the boundary before drifting to infinity. This quantity
is represented by a random variable Z,, which admits the following representation:

Ly = Z Tiszena\nzy, T € NG. (2)

n=0



For brevity, we will also refer to Z, as the number of (boundary) contacts. An alternative

way to define Z, is via a sequence of hitting times. Specifically, for any n > 1, let 7,7

denote the time at which the random walk {S%},>¢ hits the boundary for the n'® time,
that is,

7 = inf{k>0:5¢cN3\N?}, ]

2 = To4imf{k>1:85,, e Ng\N},  n>1 3)

The random variable Z, can then be characterized in terms of the sequence {77},>1 as

follows:
Zy = Z 1{7-,’f<oo}- (4)

n>1
According to definitions (3) and (4), if the walk starts at a point « on the boundary, this
initial position is counted as a first contact.
The formulation (4) offers a more convenient framework than the initial definition (2)
for analyzing the probability of events involving Z,. Before moving forward, we first
establish that Z, is finite through the following lemma.

Lemma 1. Under Assumptions (A1)~(A6), for any x € N3, we have Z, < 0o a.s.

Proof. To prove the lemma, it suffices to show that lim,,_,. P(Z,; > n) = 0 for any point
T € N%. Using the stopping times introduced in (3), we reformulate

P(Zy>2n)=P(rf <o0,...,7, < o0).

To prove that the above probability goes to 0 as n — oo, we first consider a starting
point z € N2 located sufficiently far from the origin (0, 0) (for instance, with |z|; > 3), so
that there exist paths from x that avoid the boundary axes, since by Assumption (A4),
the random walk has a drift toward the interior of the quadrant. As a result, if z € N2,
then P(7¥ = o0) > 0, and if z € N3\ N?, then P(7§ = o) > 0.

By a monotonicity argument, one can further assert that

min  P(7{ =00) >0 and min P(ry = 00) >0,
z€N2 |z]1 >3 xEN%\N2,|x|123
and these minima should be reached within a finite neighborhood of the origin.

On the other hand, any state z € N3 located near the origin (e.g., |21 < 3) is non-
absorbing due to irreducibility, so that there is a non-zero probability that the walk exits
this neighborhood within at most four contacts with the boundary. Once outside this
region, the walk has a positive probability of escaping to infinity while avoiding further
boundary interactions. This leads to the conclusion that min, ¢z P(rf =00) > 0. As a
consequence, we have

max P (7 < oo,...,7f <o0) <1—min P(7f = o0) < 1.
zENZ zeN?

We can now conclude:
[n/4]-1

P(r{f <o00,...,78 < o0) < H P (711 < 00,. .., Tuppa < 00|Ty;, < 00)
k=0



Ln/4]
< (maxP(Tf<oo,...,T;f<oo)> — 0,
zeN2

as n — 00, where we conventionally set 77 = 0, a.s. ]

2.3 A recursion satisfied by the numbers of contacts

We now focus on studying the pmfs of the number of contacts, denoted by
ful@) =P(Z,=n), neNy, zcN2 (5)

As shown in the following theorem, f,, satisfies a first-order recursive relation in n,
enabling the computation of any term f,,+1 from the previous term f,.

Theorem 2. Under Assumptions (A1)~(A6) and for all x € N3, the sequence of pmfs
{fn}n>0 satisfies the recurrence relation
filz) = Efo(z+n)— folz), (©)
fot1(z) = Efu(z+n), n =1,

where n is defined in (1). As a consequence, the cumulative distribution function of Z,
admits the representation below, with {nx}x>1 being independent copies of n,

P(Z, <n) =) fu(z) =Efo (Han), n>1, el (7)
k=0

k=1

Before proceeding with the proof, let us first discuss some aspects of Theorem 2. This
is a fairly general result, yet it can be derived using elementary arguments based on a
coupling technique. It shows that, once the initial values f are known, all subsequent
values f, for n > 1 follow naturally. From a technical standpoint, the result does not
rely on any assumptions regarding higher-order moments (other than (A3) and (A6)).
This will be contrasted in Section 3, where a second model will be considered and similar
results derived, this time under higher moment assumptions.

However, the result given in Theorem 2 no longer holds if the transition probabilities
along the horizontal and vertical axes differ. Moreover, additional techniques are required
to derive an explicit expression for fy. The problem of survival probability has been
extensively studied, and in several cases, explicit formulas for fy have been obtained;
see |23, Cor. 8|, [21, Thm C], and [22, Cor. 20|. In such cases, Theorem 2 can then be
used to derive explicit expressions for f, for any n > 1.

Proof of of Theorem 2. Our arguments to prove Theorem 2 are based on a coupling tech-
nique. For any starting points z,y € N%, let us consider the coupled process

(Sns S5 ™)

n=>0"



It is readily seen that for any n < 7, we have S} +y = SrtY a.s. We further have S$f+1 =

Sf; Y a.s. under the conditional measure P(:|7{ < 00,7711 = y). As a consequence,

P(S’ff‘i‘l‘i‘n € |Tir < OO,T]Tf”+1 = y) = P(Sx+y € ‘Tir < OO)

Tv+n
for any n > 1, and thus for any n > 1,
P11 €1 <001 =y) = P2t +1 € - 7¥ < o0).

The above assertion enables us to estimate the number of contacts of a random walk
starting at by comparing it with that of a coupled random walk started at a different
point. This comparison can be used to express f,+1 in terms of f,,. We start by proving
the first identify in (6). For any x € N2, we have:

filz) =P(rf < 00,75 = 0)

= 37 4,P(5§ = oolrf < 00,141 = Y)P(] < o0)

yEN3

=3 P + 1= ool < 00)P(r{ < o)
yENZ

=) ¢P(rf < oo,V =)
yeN2

=3 4 (P = 00) = P(rf = o0, {7 = )
yeN2

=>4 (PO = 0) = P(r = )
yeN2

= > ayfolz+y) — folx).
yEN2

Similarly, we show the second identify in (6). For any n > 1 and x € N2, we have:

jh+10r):ﬁP(Tf<:oor..,ﬁa4,<<x%7ﬁ+2::oo)

= Z qyP(m5 < 00,..., Ty <00, Ty 9= 00|T] < o00,mmei1 =y)P(1r{ <00)
y€EN3

= Z P 41 <oo,..., 78 41 < oo,rﬁ%—i—l = o0|7{ < )P (1] < )
yeN3

= Z g P (¥ < 00,77 < 00,..., 78TV < OO,T:SI%’ZOO)
yeN3

= Z P (Y < oo,..., 7Y < oo,T,fjff = 00)
yeN3



=) gyfalz+y).

yeN3

To conclude, we prove (7). Noting that {n,},>1 are independent copies of 7, a simple
induction yields

fi(z) = Efo(z +m) — fo(z),
fo(@) =Efo-1(z +n,) = Efo <a: + ZW) —Efo <33 + an> , m=22, x€ Ng.

k=1 k=2

The proof is complete. O

2.4 Upper and lower bounds for the tail probability

Rather than pursuing results on explicit expressions at this stage, we proceed to an
independent consequence of Theorem 2: deriving upper and lower bounds for the tail
probability P(Z, > n).

Let us introduce some notation before stating our result. Given two real sequences
{an}n>0 and {by}n>0, we write a,, =< b, as n — oo if there exist constants ci,ca > 0
such that ¢; < a,, /b, < ¢ for all sufficiently large n. We also denote the maximum and
minimum of any two real numbers a and b by

aVb=max{a,b} and aAb=min{a,b}.

The following proposition is a consequence of Theorem 2, describing the asymptotic
behavior of the tail probability P(Z, > n). Denote by a; and _; the unique solutions
in (0,1) of the equations

a=> pre®t and B=> ppstt (8)
kot

k0

Let us further denote by II; and II5 the projections of any point in R? onto the first and
second coordinates, respectively.

Proposition 3. Under Assumptions (A1)—(A6), for any * = (i,j) € N3, we have as
n — 0o

P(Z, >n)=al (Ea?l(n))n + 511 (Eﬁgi(n)yb,
where oy, B—1 are introduced in (8), and n is defined in (1).

These bounds follow from corresponding upper and lower estimates of fy(x), the
probability of not touching the boundary (see (5)), combined with a one-dimensional
argument based on the boundary contacts of the projections of the random walk onto

the axes. More specifically, we analyze the first hitting times of the random walk to each



axis, in the absence of reflected jumps on the axes. We begin by defining a new random
walk, without reflection jumps. Let

Sp=1(0,0), S,=> &, n>1, (9)
k=1

where {&,}n>1, as above, are independent copies of £, whose pmf is given by (1). Then
the first hitting times of the random walk {x + SJ },,>0 to the vertical and horizontal
axes, respectively, are defined as follows, for any = € N3:

?z:inf{n>0zﬂl(x+5';):0} and ?’”zinf{n}O:Hg(w—FS;l):O}.
Lemma 4. Given any x = (i,j) € N2, and with oy and B_1 as defined in (8), we have
P(7% <o0)=a) and P(7° < o0) = Bil.

Our notation a7 and B_; will become clearer in the following section, where we
demonstrate that they are elements of a sequence {(an, ) }nez naturally attached to
the model, to be introduced in (28).

Proof. Lemma 4 is a classical result in the theory of random walks. Indeed, the problem
effectively reduces to a one-dimensional random walk, since only one coordinate plays
a role. For completeness, we briefly sketch the proof, as it provides a useful connection
with the methods employed in this paper.

Let us first fix x = (i,) € N3. We will only prove the result for 7%, as the argument
for 7¥ is analogous. For clarity, we omit the value of j, indicating it with a dot. Define
a1 = P(71 < o00), which implies that P(7;" < o0) = a} for any i > 1, since under
Assumption (A2), the corresponding walk is skip-free (or left-continuous). Applying the
Markov property yields

P(7l < 00) = Z PR < o0),
k.l

which corresponds to the first equation of (8), once we replace P(7% < 00) by a¥.
The remaining step is to establish the uniqueness of a; as a solution to the first
equation in (8) within the interval (0,1). Define

K(a)=a— prak*l, a € [0,1].
kol

Since K"(a) <0 for all a € (0,1), and noting that K'(0) > 0, K'(1) < 0, K(0) < 0, and
K (1) =0, we conclude that K («) is strictly concave and attains a maximum at a unique
point in (0,1). This ensures that oy is the only root of K (c) in (0,1). The proof is thus
complete. ]

10



Proof of Proposition 3. Let us first fix z = (i,j) € N3. Since 7¥ = 7% A 7% a.s., then
P(?‘T < oo) \/P(?w < oo) < P(Ti’” < oo) < P(?‘T < oo) -l—P(?‘T < oo)7
or equivalently, using Lemma 4,
af VB, <1— foli,§) < of + 4. (10)

This immediately yields
1, . ; . ; j
g1+ 8%,) <1—foli,j) <ai+ B,

Applying the above inequalities to the expectation of the sum (4, 5)+Y p_; nk withn > 1,
we have

1

! (Ea?zzzlnl(m) n EBﬁELIH?(%)) <1-Efy ((i,j) + Z”’f)
k=1

< Ea§+27kl:1 1Ty (&) + EﬁJ_J;Zﬁzl H2(77k)’

or equivalently with (7) and thanks to the independence of {n }1<k<n.,
]. i II n y II n - ..
3 (al (Eal 107)) + 47,4 (Eﬂ_i(n)> ) <1- ka(%])
k=0
< O‘Zi (Eall_h(ﬁ)>n + 511 (Eﬁ?i(n)>n O

3 A second model: singular random walks with arbitrary
boundary reflections

3.1 The model

In this section, we investigate a class of reflected random walks in which the transition
probabilities along the horizontal and vertical axes may differ. An additional constraint
is imposed in the interior of the quadrant: the walk is not allowed to jump closer to
the origin. Such processes are known as singular random walks. We now give a precise
definition of this class. To maintain notational consistency throughout the paper, we
largely retain the symbols introduced in the previous section, adapting them as needed
to the present setting.

Let &, n®, n¥ and 1° be random variables in Z? characterized by their pmfs (the
letters “h”, “v”, and “0” standing for horizontal, vertical, and origin respectively): for all
(k,0) € 72,

P& = (k,0) = pros P(" = (k,0) = hie, P(¥ = (K, 0)) = vpp, P(n° = (k,€)) = qre-

11



The set of weights {px ¢}k.e, {Pke}r e, {Vketre, and {qxe}r ¢ are non-negative and satisfy
the following conditions:

(Bl) Ypre=>hee=>vhe=> qre=1

(normalization)

B2) pie =0 for all k, ¢ < —2 (small <0 jumps)

B3) p_1,-1 =p-1,0 = po,—1 = 0 (singular walks)

Y

B5) pre > 0 for some (k, /) with k +¢ >0

qr.e

(B2)
(B3)
(B4) p_11p1,-1 # O (non-degeneracy)
(B5)
(B6)

B6 ZM pwek‘”Hy is finite in a neighborhood of any
point of the curve (25) (moment assumption) A kit

(B7) hk’g =Vkt =4kt = 0if k < 0 and /¢ < 0
(= 0 jumps)

(BS) 0< Zk,é Ehk’g < oo and Zk,€ k}hk,z < 0Q;
0< ZW kvy¢ < oo and Ek,f Loy ¢ < 00;
0< Zk,é kg < 0o and 0 < Zk,ﬂ Ly < 00

(boundary first moments and drifts)

Let {&.}n>0, {12 ns0, {0Y }ns0, and {n2}.>0 be sequences of independent copies of
£, P, nY, and 7°, respectively. For an arbitrary z € N2, the random walk {S%},>0 is
now defined by S§ = = and

Sp1=5p +&nt1- 1{5£€Nz} +m 1{sgeNx{o}}
+ Mt - 1{Sge{o}xN} + Moy 1{5;5:(0,0)}’ n 0.

Since the random walk {S¥},,~0 with = # (0,0) is singular and thus cannot reach the
origin, the final term 77,4 - 1{g2—(0,0)} in the definition of S7 can be omitted as soon
as ¢ # 0. As a result, the analysis of the number of boundary contacts Z, for starting
points x # (0,0) does not depend on the specific assumptions made on the weight set
{@ke}re. Consequently, in this section, we will restrict our attention to random walks
starting at « # (0,0). The corresponding results for the initial point z = (0,0) will then
follow directly from these.

The model presented above can be viewed as a variation of the singular models
originally studied in the queueing systems literature [1,2,4,5]. In these works, the focus
lies on the stationary distribution of such models; to render the model stationary, it is
necessary to reverse the random walk, that is, to replace the py , with p_; _,. Singular
models have also been studied from a combinatorial perspective in [3,16]. Closer to the
present work, harmonic functions associated with singular walks killed at the boundary

12



are analysed in [22]. In particular, the escape (or survival) probability is computed in
closed form. This is closely related to our setting, as the escape probability corresponds
to the probability of avoiding the boundary—that is, the probability of having no contact.

As in the previous section, we define the number of boundary contacts Z, according
to (2), and the sequence of hitting times {7.*},,>1 as given in (3). Since the assertion
on the almost sure finiteness of Z, in Lemma 1 does not rely on the identical boundary
reflection assumption, it remains valid under the Assumptions (B1)—(B8). As in the
first model, our goal is to study the pmf f,(i,j) of the boundary contacts Z; ;); see
(5). However, the coupling technique used previously is no longer applicable, due to
the added complexity arising from arbitrary boundary reflections. Instead, we adopt
the compensation approach, which will enable us to express the solution through series
expansions. In this second model, we thus focus on analysing the generating function of
Z(; j), defined by

F(i,j,2) =Y fali,§)2", (i,5) €Ng, |2 < 1. (11)
n=0
3.2 Main result

For any ¢, j > 0, introduce
G(irj.2) = Y (em(2)am B, + dms1 ()1 ), (12)
meZ

where {(am, Bm)} ez is defined in (28), and for any m € Z

co(z) = 1,
1_221€evk€0¢1’3@5£1
dmt1(2) = —cm(2) —— ,
" T =23 pvkak, B, (13)
1—=z hi ok BE
em(2) = —dn(2) 2t P B,
1= 230 ¢ heeod, B,

Theorem 5. Under Assumptions (B1)-(B8), for any (i,7) € N3\ {(0,0)}, the generating
function of Z; jy in (11) is equal to G(i, §, 2) in (12); in other words, F(i, j, z) = G(i, j, ).

For the case (i, ) = (0,0), the generating function F'(0,0, 2) of Z(g ) is determined
from the expression of other F(i,j, z) via Eq. (22). A large part of the remainder of
Section 3 is devoted to the proof of Theorem 5.

3.3 A bivariate recursion for the boundary contacts generating func-
tion

This subsection aims to formulate a recursion for F(i,j, z), which we will solve using
the compensation approach. In Lemma 6, we first establish a bivariate recursion for the
pmf f,,(i,7). Building on this, we derive in Proposition 7 the corresponding recursive
expressions for F'(i, j, z).

13



Lemma 6. Under Assumption (B1)—(B8), the function f, : Ng — [0,1] in (5) satisfies
the recurrence relation

Falis§) = pkafali+ k40, (6,5) €N’ n>0, (14)
k4

with the horizontal (boundary) condition

0= {0 fn=0
n(2,0) = ] : €N, 15
Inlt0) { Dokehkefn1(i+k 0 ifn>1 } t (15)
the vertical (boundary) condition
; 0 ifn=20 ,
" 07 - ) , ) S N7 16
Fnl0.4) { Dok Vhefn-1(k,j+€) ifn>1 } J (16)
and the condition at the origin
0 ifn=20
n(0,0) = : ' 17
fnl00) { Dokt Geefn—1(k0) ifn>1 } (17)

Proof. Our reasoning is straightforward and relies on decomposing the random walk
according to its first step. Observe that for any (7,j) € N? and all k,/ > —1, we have

P(Z;; ) € -\Sfi’j) =(i+k,j+10)) =P(Zigrj+e € ). As a consequence, for any n > 0,

’L]):Zpk’gP< )—n‘S W) (z+k:]+€))

= Zpk,eP (Ziishjrey =n) = Zpk,efn(i +k,j+10),
kol

which establishes (14). Now, given that for any i > 0, P(Z ) € -|5) (10) = =(i+k0) =
P(1+ Z(itpy) € -), we have

Fali,0) = 3" by P (Z(i,o) —n ‘SY’ (i + &, 0) ) Z hie P (1+ Zigany = 1)
k.0

which is 0 if n = 0, and otherwise equals > , b ¢ fn(i + k,£), thereby establishing the
horizontal condition (15). The vertical condition (16) and the condition (17) at the origin
follow by analogous arguments. O

Proposition 7. Under Assumption (B1)~(B8), the function F : N2 x [0,1] — [0,1] in
(11) satisfies the recurrence relation

F(i7j7 Z) = Zpk,fF(i + ka] +‘€a Z)a (Za]) € N2a (18)
k,

14



with the horizontal (boundary) condition

F(i,0,2) =2 Y hyoF(i+k,(,z), i€N, (19)
k.0

the vertical (boundary) condition

F(Oaja Z) = szk,ZF(k’j +€> Z)7 ] € Nv (20)
k.,

and the terminal condition

F(i,5,1) =1, (i.5) € Ng\ {(0,0)}. (21)
We note that at the origin, the function F' satisfies the condition

F(0,0,2) =2 Y queF(k,t,2), z€l0,1]. (22)
k,l

This condition is not included in Proposition 7 because the system (18)—(21) is formulated
independently of the set of weights {qr¢}r¢. The subsequent analysis is thus devoted
entirely to solving the system without invoking Eq. (22).

Proof. For any (i,j) € N2, multiplying Eq. (14) by 2™ and summing over n > 0 yields
Eq. (18). Similarly, Eq. (19) is obtained by applying the same procedure to Eq. (15). The
vertical condition (20) and the condition (22) at the origin follow by analogous reasoning.
Finally, since Z; ;) < oo almost surely for all (, j) € Nj (see Lemma 1), Eq. (21) follows
directly. ]

3.4 Constructing solutions to the recurrence equations

In this subsection, we apply the compensation approach to construct a family of solutions
for the system (18)—(21). The general idea is outlined as follows. We begin with a
base term that satisfies the recurrence relation (18). We then add a new term which
still satisfies the recurrence, but corrects the error in the vertical condition (20). This
correction, however, introduces a new error in the horizontal condition (19), which we
address by adding another term. By continuing this alternating process (correcting the
vertical condition, then the horizontal one, and so on), we build a series-form solution

...+d,1ai_153;2—|—c,1ai_1ﬁj_'l+d0a66{1+coozéﬁg+d1a’iﬁg+clailﬁ{—l—dgaéﬁ{—l—. .. (23)

where each term satisfies (18), each sum ¢al, B + dpi1al, Hﬁfn satisfies (20), and
each sum dmainﬁfnfl + emal, B, satisfies (19). As already mentioned, this compensation
method has been introduced in the nineties by Adan, Wessels and Zijm in a series of
papers [1,4,5].

The current section is structured around a few preliminary results aimed at construct-
ing the sequence {(am, Bn)}nez, see Lemmas 8-11. These results will subsequently be
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used to build the solutions to the recursion in the series form (23) presented above, and
to establish its absolute convergence. Note that the variable z in Equations (19) and (20)
serves solely as a parameter. Accordingly, we assume that z € [0, 1] is fixed throughout
the analysis.

Let us begin with the readily verified fact that a product form a’3? is a solution of
(18) for any (i,7) € N3 if and only if («, B) satisfies the equation

aﬁ — j{: pklak+lﬁ€+y

—1<k,t

To study the above equation, let us define the corresponding bivariate polynomial (some-
times called the kernel of the model)

k+1 pf+1
E: Pk + 5A+ _'aﬁv

1<kt

which is fully characterized by the weights {pj ¢} . Its associated level set
H ={(o,B) € [0,00)* : K(c, B) = 0} (24)

(see Figure 3) will turn out to be particularly important. The function K(a, ) has in
fact been thoroughly studied in [22, Sec. 2|. Still, we present below a few points that are
particularly relevant to our aims. Our starting point in analyzing K(«, ) is through its
exponential transform, defined for (z,y) € R? by

L(z,y) = e @K (e®, eY) Z Pre™F V1.
—1<k/

We also define the level set of L(x,y) as follows, along with its associated strict sub- and
super-level sets:

&L ={(z,y) € R?: L(x,y) = 0}, (25)
L7 ={(x,y) € R?: L(z,y) <0} and £ = {(x,y) € R*: L(z,y) > 0},

see Figure 3. Throughout the analysis, several properties of K («, ) can be transferred
from those of L(x,y), as the latter exponential transform is, in fact, more tractable.

Lemma 8 ([22]). The sublevel set £~ is convexr and contains the ray {t(—1,—1) : t > 0},
whereas the superlevel set £ includes the rays {t(—1,0) : t > to} and {t(0,—1) : t > to}
for some to sufficiently large. Additionally, £ admits a tangent at (0,0), which lies
outside £~ and satisfies the equation

<Zk,€ kpk,e) z+ (ZM KpM) y = 0.

Lemma 8 is stated and proved in [22] as Lemma 1. It entails that the line {¢(1,1) :
t € R} divides the curve £ into two parts, which can be parametrized as follows. Let us

define
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0 02 04 06 08 1 12

Figure 3: The curves .Z (left), ¢ (right), and the sequence of pairs {(aum, Bm) }mez (blue

points) for the random walk with p; 1 =p_11 =p10 =po1 =p11 = é

e 7 :(—00,0] = R such that v(0) =0, L(z,v(x)) = 0 and v(x) > z for any = < 0;
e (:(—00,0] = R such that ¢(0) =0, L({(y),y) =0 and ((y) >y for any y < 0.

Both 7 and ¢ are well-defined functions on (—o0, 0], as will be shown in Lemma 9 below.
The curve .Z in (25) can then be described as

Z = {(z,7(x)) : 2 <0} U{(C(y),y) - y <O}

The following result, which can be found as Lemma 2 in [22], gives some key properties
of v and (.

Lemma 9 ([22]). The following assertions hold:

(i) On (—o00,0], the functions v and ¢ are well defined, concave and infinitely differ-
entiable.

(i) The function v has a unique mazximizer ¥ < 0, with corresponding value

y =max~y(x) =~v(Z) > 0.

<0

Moreover, v is strictly increasing on (—o0, ],
strictly decreasing on [Z,0].

with limg,—,_ oo y(x) = —o00, and

(iii) Similarly, ¢ has a unique mazimizer y < 0, with corresponding value

T =max((y) = ((y) > 0.
y<0

Moreover, ( is strictly increasing on (—oo,y] with lim,_,_, ((y) = —o0, and strictly
decreasing on [y, 0].
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With the help of the functions v and ¢ introduced above, we are now ready to
parametrize the curve J# defined in (24) and to examine some of its properties. For
a, f € [0, 1], we define the functions

u(ar) =logy(loga) and v(3) =log((log ). (26)
These functions provide a parametrization of the curve J£°, which can be expressed as
H = {(a,u(@)) e € [0,1]} U{(v(B), B) : B € [0, 1]}
The following lemma outlines some key properties of the functions v and v in (26).
Lemma 10. The following assertions hold:
(i) u(l) =v(l) =1, u(0) =v(0) =0, u(a) > a and v(B) > B for any o, B € (0,1);
(i1) u(a) and v(B) are infinitely differentiable on (0,1);

(#1i) uw has a unique mazimizer a € (0, 1), with corresponding value

B = =u(a) > 0.
B afgﬁﬁﬂ(a) u(@)

Moreover, u is strictly increasing on [0,a] and strictly decreasing on [&, 1];

(iv) v has a unique maximizer Be (0,1), with corresponding value

a = Jnax v(B) =v(B) > 0.

Moreover, v is strictly increasing on [0, E] and strictly decreasing on [5, 1].

The properties of v and v stated in Lemma 10 follow directly from their definitions
in (26) and from the properties of v and ( established in Lemma 9. We therefore omit
the proof.

We may now construct the sequence {(un, fm)}mez introduced at the beginning of
the section, in (23). Denoting the inverses of u and v restricted to the intervals [0, @] and
[0, 8] by B

ut = (u‘[O,@])_l and 0" = (UHO,B])_l, (27)

we define the sequence {(ay, Bm)}mez on the curve £ recursively as follows:

ap = BO = 17
Ay = U*(Bm—l)a Bm = U*(am)a m = 17 (28)
ﬂm:v*(am+1), Om ZU*(/Bm)a m < —1.

In the following lemma, we compute the decay of «,, and §,, as m — £oo.

18



Lemma 11. The sequences {cm }m>0, {@—m}m>0, {Bm}tm>0, and {B—m}m>0, defined in
(28), are strictly decreasing and exhibit exponential decay as m — 0o:

~\ |m|
a:l:mwB:tm =0 ( : g) )

«

™) Q)

where < 1, and the constants &,B, E,& are as defined in Lemma 10.

™))
Qi

Proof. Since for all m > 1,
Bo=ap>a>a; and > v (o) = Bm > u(Bn) = Qmt1,

then {am }m>0 and {Bm }m=0 are strictly decreasing. An analogous reasoning yields the
same result for {a_m, }m>0 and {B_m }m>o0-

We move to analyzing the decay of oy, and 3, as m — Foo. The idea is to compare
them to an alternative sequence {(a/,, B),) }mez, which is defined recursively by

ap =B =1,
a B

a;n = 75;71—1’ ﬂvlfn = io‘;nv m =1,
Q «
B ;o QL

/
5m = Eam—l—la Ay = =Py M < —1.

Since the sublevel set £~ is convex and contains the ray {¢(1,1) : ¢ < 0} (Lemma 8),
it must also contain the rays {(z,y) + t(1,1) : ¢ < 0} and {(Z,y) + ¢t(1,1) : t < 0},
where Z and ¥ are respectively the maximizer and maximal value of ~, while y and 7 are
respectively the maximizer and maximal value of ¢, as defined in Lemma 9. Consequently,
the sublevel set # ~ = {(«a, ) € [0,00)? : K(a,3) < 0} contains the segments {t(a, 3) :

t€(0,1)} and {t(&,B) : t € (0,1)}. As a result, we have:

u(a) > ga, a € [0,a], orequivalently, u*(5) < %5, g e [O,E],
and ~
v(B) = %B, Be0,4], orequivalently, v*(a) < ga, a € [0,al.

These inequalities enable us to compare a,, to a/,, and 53, to 8,. We first have:

a

N

a;=u"(By) < ==0a] and B =v"(aq) <v*(a)) < =a) = 3.

=
SHESY

By an induction argument, we then have for any m > 2:

a
am = U (Bm-1) < U*(B;n—l) < 75%—1 = a;m

s
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B = v"(am) < 0" (o,) <
Similar arguments imply for any m < —1.
Qm < Ay and B, < Bm-

Now since the sequence {(a,,, 8.,) }mez can be explicitly expressed by

[ja/m—@/n—< é) 5 m>1a
[0

R ~\ —m
Oé;n:g\B;n: <A€> ) mg_l)
75 5a

it suffices to derive the decay of «,,, and 5, as m — +o0o. The proof is then complete. [

Q) ™) Q)
Q

Lemma 12. For any (i,7) € N2\ {(0,0)}, the series of functions G(i, j, z) in (12) is
analytic on the open unit disk, and satisfies Equations (18)—(21).

Proof. For clarity, we denote, for any m € Z,

U = D Ukt B Um = Yoo ke B 1, (20)
hn = g e B hin = Ypohrecm B 1
Then, the recursive formula (13) for the coefficients ¢, (2) and d,,(z) becomes:
1—7,2 1-— ﬁmz
o) =1, dnn(2) = —en() g s, enl) = (o) (30)

We begin by showing that > -, cm(2)ad, Jis analytic on the open unit disk. By

direct induction, the coefficients {c¢p,(2) bm>1 satisfy the product formula
O 1 —lez 1 —i?k_lz

k:ll_ﬁkz 1 —wvgz )

em(2) =

If k is large enough, then %k,ﬁk,'ﬁk,ﬁk are all in (0,¢) (recall that a,, and S, decay
exponentially as m — 00, see Lemma 11, and recall our hypothesis (B7)). Hence there
exists a constant C' such that for all |z| < 1 and all m > 1,

14+e\™
< .
cm(z)\0<1_€>

Therefore, for any (4, j) € Nj \ {(0,0)}, the series > em(2)ad, 7, is analytic on the

disk centered at 0 with radius %%Z Since ¢ is arbitrary, we conclude that the series is

analytic on the open unit disk.
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By similar arguments, the series > em(2)d B3, and Y mez clmH(z)()zanB%1 are
also analytic on the open unit disk.

We now show that G(i,j, z) satisfies Eqs. (18)—(21). Fix (i,j) € N2\ {(0,0)} and
z € [0,1]. For any m € Z, since both (v, Bn) and (@41, Bm) belong to 2, the terms
o, B and ol | B, satisfy Eq. (18). By linearity, it follows that G(i,j,z) satisfies the
same equation. Moreover, we set, for any m € Z

Hyn(i,5) = di(2)0l B, 1 + ()0l B2,

Vin(i,7) = cm(z)ainﬂfn + dm+1(z)ain+15gn-

Therefore, the function G(3, j, z) can be written as

G(i,j,2) = Y Hun(is§) = Y Vinli, ).

MEZ meZ

It is easily seen that H,,(i,0) and V;,,(0,7) satisfy Eq. (19) and Eq. (20), respectively.
As aresult, G(i,0) = > 7 Hp(i,0) and G(0,7) = >, .z Vin(0,7) also satisfy Eq. (19)
and Eq. (20), respectively. Finally, observe that when z = 1, all coefficients ¢,(1) and
dm (1) vanish except for co(1)af 3} = 1, which yields G(i,j,1) = 1. O

3.5 Proof of Theorem 5

In this subsection, we prove that G(i, 7, z) is indeed the generating function of the number
of contacts Z; ;), as stated in Theorem 5.

A remark on non-uniqueness of the solutions. We should first emphasize that the
system of equations (18)—(21) admits infinitely many solutions, among which the series
G(i,], %) in (12) is one particular instance. Indeed, alternative solutions can be obtained
by altering the initial value («yp, o) or the base coefficient ¢o(z), while keeping the same
recursive structure (13) for the remaining (o, Bm), ¢m(2), and d,,(z). More precisely,
one can choose any pair («ag, fy) lying on the curve

{(ayu(e) @ € [@,1]} U{(v(B), 8) : B € [B, 1]},

along with any function co(z) that is bounded on [0, 1]. The series G(i, j, z) constructed
from these alternative initial values then satisfies Eqs. (18)-(20), though it may fail to
satisfy the terminal condition (21). Conversely, if the initial values are fixed to ag =
Bo = 1, then for any bounded function ¢(z) on [0, 1] with ¢o(1) = 1, the resulting series
G(i, ], z) gives another solution to the full system (18)—(21).

This non-uniqueness leads to difficulties, as the system of equations (18)—(21) alone
does not suffice to characterize the solutions, and we will need to invoke certain proba-
bilistic properties of the solution.
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Power series expansion of G(i,j,z). Thanks to Lemma 12, we may rearrange the
terms of G(3, j, z) into a power series in z, whose radius of convergence is equal to 1. For
any m € Z, we write the expansions of ¢,,(2) and dy,(2) as

em(2) = Zcm,nz" and d,,(z2) = Z dmn2".

n=0 n=0

Then G(i, j, z) has the representation G(i, j, z) = 27@0 gn(i, 7)2", where the coefficients
gn(i,7) are defined as

gn(iaj) = Z (Cm,nainﬁgn + derl,nO‘in—&-lﬁ%@)' (31)
meZ

The series g, (i, j) in (31) converges absolutely for any n > 0 and (4,5) € N3\ {(0,0)}.

Our goal is to establish the identity g, = f, for all n > 0, where, recall, f,(i,7)
denotes the probability P(Z; ;y = n) (see (5)). The strategy is to show that both g,
and f,, which are harmonic with respect to the same discrete Laplacian, have identical
boundary values and same asymptotic behavior at infinity. We will then apply the
maximum principle for discrete harmonic functions to conclude the proof.

Recall that ag = By = 1 and that au,, B € (0,1) for all m # 0. It follows that, for
any n > 0, g, admits the following asymptotic expression as ¢ + j — oo:

gn(laj) = Co,n + dl,nali + dO,nﬁj_l + 0(1)
Hence only three terms dominate the series as the sum i+ j tends to infinity. Fortunately,
since the functions co(z), di(z), and dy(z) admit particularly simple expressions
1—-=z 1—2=z
co(2) =1, di(z) =~ do(z) = ———=—,
1-— h()Z

1—5\)/12’7

see (13), we even have explicit expressions for the dominant terms of g,, as (i + j) — oc:

gO(ivj) = 1_0[11 _ﬂ]_1+0(1)7 (32>

gn(is ) = (1 =)0 ad + (1= ho) R 187, +0(1), n>1.
Asymptotics of f,(i,j). We now focus on the asymptotic behavior of f,(i,j) as de-
fined in (5). Our analysis relies on estimating hitting probabilities when the walk starts
far from the origin. The following lemma provides the asymptotic probabilities of three
complementary events: avoiding the boundary, hitting the vertical axis, and hitting the
horizontal axis.

We introduce the functions fly) and fi), defined for all (4,j) € N2 by

fM (i,5) = P<7_1i,j < oo, IIy (S:;j]) = 0) and f[h](i,j) = P(Tf’j < 00,1l (S:fjj) = O).

Here, the subscripts [v] and [h] are used to indicate “vertical” and “horizontal,” respec-
tively. The square brackets are included to clearly distinguish these notations from the
functions f,,.
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Lemma 13. With fo as introduced in (5), and fiy] and fi) as defined above, we have,
as v+ j — 0o,

)_l

foli,j) =1—a} =B +0((en v B-1)2"H7)), (33)
Fi ) = o +0((en v B)20H), fig(in) = B, + Of(an v 51) ).

Intuitively, Lemma 13 suggests the following: when the walk starts far from both
axes, it is most likely to avoid them both; conversely, if it starts far from one axis but
close to the other, it rarely hits the distant boundary and behaves, with respect to the
nearby axis, much like a one-dimensional random walk.

Proof. Recall from (10) that we have for all (i, j) € N3
al + 8L, —af ABL < 1= folif) < af + By

: , 1, .
Together with the fact that o4 A2, = O((a1 V B-1) 2(”])) as i+j — 0o, we can deduce
the asymptotic behavior of fy(7,j). Now observe that

Sog(ind) + fag(ind) = 1= foling) = af + B, + O((an v A_p)20H),  (34)

as i + j — oo, and based on Lemma 4,
f(i,5) SP@EY <o0)=af and  fin(i,j) <PFY < o00) = 6.

Substituting these upper bounds into (34), we obtain the asymptotic behavior of fiy(i, j)
and fjn)(4,7). This concludes the proof. O

We now build on Lemma 13 to analyze the probabilities of subsequent boundary
contacts for a random walk starting far from the origin and conditioned on having hit
the boundary multiple times before. By the strong Markov property, the walk’s behavior
under this conditioning depends only on its most recent boundary contact. Consequently,
we first introduce the following conditioned probability measures:

Py =P (.

v il <00, (S7,) =0) and PE =P (-|ri < 00, Ty(57,) = 0),

for any (i,7) € NO and n > 1. The following result describes the asymptotic behavior of
having one additional boundary contact under these conditioned measures.

Lemma 14. For anyn > 1, we have as i + j — 00

Py (7;;11 < oo) Py ( ) < 0o, T (S, ) o> to(l) =% +o(1),  (35)

n+l

P2<n+1<oo> PV( Z]1<OOH2(SZ] )

n+1

0) +o(1) =ho+o0(1). (36)
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The lemma above conveys a straightforward idea: when a random walk starts far from
the origin and reaches one axis, it is unlikely to hit the other axis afterward. Instead,
the walk is more likely to either return to the same axis or avoid both axes altogether.

Proof. We evaluate the probability that the random walk hits the vertical (resp. horizon-
tal) axis for the (n + 1) time with n > 1, given that it has previously hit the vertical
axis at the n'™ time, as follows:

Py (midy < oem(sH, ) =0

n+1
= > Py (m(s,) =) Py <T:;il < 00,y (87, ) =0 ’HQ 1) = j/>
. L Tn n+1
7' zi+g
= > PV( i’j ) j') > vkefpy (k5 +0)
J'=i+j kL
= > Py (m(s) =)D w (al +0((ar v B1)20 *“”))
i) ™ Kt
= ka’ga’f +o(1)
.0
=0+ 0<1)7

and

n+1

ZPV( Sv :) <n+1<ooH2(S 1:0‘H2(sjgj)=j’)

j'zi+g n+
= > P"( Sh ) = ) vkef[h] (k,j" +0)
j'>i+j
= > Py (Hz = )Zvu (5] 4 0((on v B- )% +k+£)))
J'Zity

=o(1),

as i + j — oo. Summing the above two equalities, we deduce (35). The proof for (36)
follows similarly. O

Lemma 14 enables us to evaluate the asymptotic probability of n boundary contacts,
namely, f,(i,7), by carefully decomposing the event into a sequence of distinct sub-events
corresponding to the first, second, third, and subsequent boundary contacts.

Lemma 15. For any n > 1, we have as i + j — 00,
Falisd) = (1=21)87 ad + (1 — ho) k187, + o(1). (37)
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Proof. By iteratively decomposing the event {Tf’j < 00, . . I < oo,Tnil = 0o} using

the strong Markov property, together with the estimates from Lemma 14, we obtain the
following asymptotic evaluation for any n > 1 as i + j — oo:

Fuling) = P(vaj <oo,... ,T:;j <00, myly = 00, I (817)) = 0)
+ P<rf’j <00 Tl < 00,7y = 00, Iy (S,) = 0)
— Py (i, = )P;_l(ﬂ;j <o0)---PY(r7 < oo)P(T;%j < 00, I (8%) = 0)
+ PRy = 00) Py (7 < 00) -+ PR(r37 < 00)P () < o0, Iy (') = 0)

+o0(1)
= (1 -5l + (1 - ho)h2 187, + o(1).

Conclusion of the proof. Having established the asymptotic behavior of f,(i,7), we
are now prepared to prove Theorem 5.

Proof of Theorem 5. We prove the identity between f,, and g, by induction on n > 0.
Starting with the base case n = 0, note that both fy and go are harmonic on N2, vanish on
the boundary axes (as they satisfy Eqs. (14)—(16) by construction), and exhibit the same
asymptotic behavior as i + j — oo (see (32) and (33)). It follows that their difference
fo — go is also harmonic, vanishes on the boundary, and tends to zero at infinity. By the
maximum principle for harmonic functions, we deduce that fo — go = 0 on N3\ {(0,0)},
thus establishing the base case.

We now assume that f,, = g, for some n > 0, and aim to show that the same equality
holds for n 4+ 1. By construction, both f,;1 and g,y are harmonic on N2, and they
inherit the same boundary values from the equality f,, = g, established at the previous
step. In addition, f,+1 and g,41 share the same asymptotic behavior as i + j — oo (see
(32) and (37)). It follows that the difference f,,11 — gnt1 is harmonic on N2, vanishes
on the boundary, and tends to zero at infinity. Applying the same maximum principle
argument as in the base case, we conclude that f,4+1 — gnt1 = 0 on N2\ {(0,0)}. This
completes the induction step and establishes that f,, = g, for all n > 0. O

3.6 Asymptotic analytics

In this subsection, we examine the asymptotic decay of the probability f,(i,j) as n — oc.

Proposition 16. Under Assumptions (B1)—(B8), for any (i,j) € N3\ {(0,0)}, the num-
ber of contacts f,(i,7) has the asymptotic behavior as n — oo:

Fuliy) ~ Cij (’171 vﬁo)", (38)
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where

(1/v1 = 1)81(1/01), o > Eo,

Cij =4 (/31 = 1) [S1(1/31) + So(1/B1)], T = ho,
(1/h0 — 1)30(1/h0), 51 < h(),
(

the functions So(z) and S1(z) being defined by (41).

Proof. We will show in Lemma 18 that the generating function G(i, 7, z) has a simple
dominant pole. Proposition 16 then follows directly by applying singularity analysis for
meromorphic functions; see, for instance, [20, Thm IV.10|. The constant C; ; corresponds
to the residue of G(i, j, z) at its smallest pole, namely 1/(7; V hy). O

Since ¢, (2) and d,,(2) in (13) are defined as cumulative products of rational functions,
the number of poles in these coefficients increases with m. The following result aims to
clarify the ordering of these poles.

Lemma 17. We have for any m > 1,
l=ag=Po>amV Bom Z m APom >0V B = Qe A B > Qg1 V Bep—1-
Proof. We will only show that
1>V 1Zz2aANBy>a VB Za 1 AP >axV B o,

and the inequalities for m > 2 follow by an induction argument. It is readily seen that
1> aq,8-1. Now due to the construction and monotonicity of the functions u* and v*
in (27), we have:

ar =u(fo) >u"(f-1) =a—1 and f_1 >u"(f-1) = a1,
ar >v'(a1) =p1 and B =v" () > v (1) = fi.

Subsequently, we also have:

a1 =u"(f-1) >u*(f1) =z and B >u"(B1) = ag,
a_1>v"(a-1) = P2 and pi =v (1) > v (a-1) = B2,

which concludes the proof. O

The above lemma yields the precise location of v; and f~zg in relation to the values
Umy Um, N, and hy, defined in (29); namely, we have

1>61>A1 and 1>?L0>E_1, (39)
and for m > 1,

U1 > i}\erla U_mm, 5m+17 Uy and ho > a1 hem—1, hny1, hom. (40)

It is worth noting that, in general, the relative positions of v1, vy, ﬁo, and ﬁl may differ
depending on the particular model being studied.
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Lemma 18. There exists ¢ > 0 sufficiently small such that, for any (i, j) € N3\ {(0,0)},
the function G(i,j,z) is meromorphic in the open disk

B.={zeC:|z| <1/(B1V ho) + ¢},
and has a unique pole in this domain, located at 1/(vy \/7L0). This pole is simple.

Proof. Fix (i,7) € N3\ {(0,0)} for the rest of the proof and, without loss of generality,
assume vy > ﬁo. Choose ¢ > 0 so small that (1/77 +¢)~! exceeds all the values Uy, ﬁm,
O, and hyy, cited in (39) and (40).

We begin with the case v7 > hg. Since 1/7; is the unique pole of dy(z) = —%, we
can use (12) together with (13) to rewrite G(3, j, 2) as

G(i,j,2z) = S1(2)d1(2) + R1(2),

where

dm (2 em(2) 4 s
5@ = 2 (dl((z)) et dl((z))am@jn»

m>1

Riz) = Y (dm(2)ah B, + cm(2)ah B, )

m<0

It suffices to show that Si(z) and R;i(z) are analytic on %., and Si(1/v1) # 0. Observe
with (30) that for m > 2, d,,(2)/d1(z) can be written as

dpm(2) nﬁl 1—hpz 11—z
1—hpzl—Upg12’

k=1

of which all the poles are greater than 1/v;. Hence, any d,,(z)/di(z) with m > 1 is
analytic on the disk %’ By the same reasoning as in the proof of Lemma 12, we deduce
that the series Zm>1 h (( )) al, J _; is analytic on %.. Similarly, we conclude that the

series ) -4 ZT(Z) L B, > <o Am(2) J |, and > me<o Cm(2)al, 7, are all analytic
on ., and hence, so are Si(z) and Ri(z). N
We now show that S7(1/v1) # 0. In the subcase v1 > hq, let us reformulate S;(z) as

dm(z) i ( J Cm(z) j) _ dm(z) i j _ 1_7%712' j
1 di(z) %m \ Pm-1 ¥ dm (2) P m>1 di(z) @m | Pm— 1 —/fbmzﬁm '

dm(l/ 61)
di(1/v1) =
where the equality happens if 77 = 77, and

o 1— hp /01
ol ) Bl | >0, m>1,
m(ml 1—hm/51 m)

Since

0, m=2,
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then S1(1/71) > 0. Now in the subcase 7] < hy, we reformulate S)(z) as

af + Z <Cm oy, B, + Zj(lz()z)al}nﬂﬂfﬁ)

m>=1

a7 + n; dl(Z) /Bm (am 1— *6m+lzam+1> .

Since
61(51) 1-— hl/’l)l
dl(il) 1—h1/’01 z ’

then

en(1/1)  er(1/) 1 1 — Ok—1/01 1 — hy/D
di(1/v1)  di(1/01) ,}:[2 1= /01 1= hy,/ >0

Together with the fact that

o 1= om/o1
ﬂjm<a¢n_1_;[)f+1/;51a¢n+l >0, m=>1,
m

we deduce that S1(1/v1) > 0, which concludes the case v; > ho.

We now move to the case v; = hg. Noting that 1/v; is the unique simple pole of
do(2) = di(z) = —2=%, we rewrite G(i, j, z) as

012

G(Zaja Z) =1+ Sl(z)dl(z) + SO('Z)dO(z)?

where
Sl<z>—2<d S 0ty + 2 ”3])
2\ ai(2) i (2) "
_ m(2) ol B Cm—l(z)ai J
SO(Z) - nng() ( do(Z) B’m—l + d()(Z) mle—l) .

By similar arguments as the preceding case, S1(z) and Sp(z) are analytic on %, and
S1(1/v1) > 0, So(1/hg) > 0. Therefore, the lemma holds in this case as well, which
completes the proof. ]

We observe that if 1/77 and 1/ ho are indeed the two smallest simple poles of G (,7,2)
(more precisely, if v1 A hg > h1 VU_1), then the asymptotics (38) can be rewritten as

Fuling) = (1 =518 < 11) T4 (1= o) So <h ) iy o (@ AT

0
as n — oo, for any (i,j) € N2\ {(0,0)}. This form closely resembles the asymptotic
behavior given in (37) for f,(i,j) as i +j — oo. On the other hand, in situations
where the drift of the walk (both in the interior and on the boundary of the quadrant) is
strongly asymmetric, the ordering of the first few smallest poles may differ significantly
across various regimes of transition probabilities. In principle, more refined analyses
could yield sharper asymptotic estimates.
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4 Various examples

In this section, we explore several examples, particularly those that lie at the intersection
of the two models studied in this work (Section 2 and Section 3). These examples
demonstrate the versatility of the compensation approach for both singular and non-
singular random walks.

4.1 Singular walks with same horizontal and vertical reflections
We begin with the top-left model in Figure 4.
Proposition 19. Assume (B1)-(B8) and vy¢ = hiy = qi ¢ for any k, L. Then, for any

(i,7) € N2, the generating function F(i,j,2) of Z(; ;) has the expression

F(i,j,Z) - « IBJ - «
sz:Z 1- ZZM qreak, gl ™" 11— sz,g Qk,éaf:n_i,-llgfn

in+1ﬁ¥n) - (42)
As a consequence, the functions f, admit the closed-form expressions

foli,g) = > (b8l — oy 18],)

meZ
fu(iJ) = Z —(1- Z Q00 Bh,) (Z Qk,eaﬁlﬁﬁq)n_la%ﬂgﬁ
meL kol kol

+(1 — Z Qk,eafnﬂﬂﬁm) (Z Qk,éagq-s-lﬁfn)n_la%mﬂﬁgq , n=1
Y, kel

Since Assumptions (A1)—(A6) hold for the model, it is straightforward to verify that
the above expressions for f;,, satisfy the recurrence relation stated in Theorem 2.

Proof. Since vy ¢ = hy ¢ = qi ¢ for any k,/, then for any m € Z,
Om = hm = > qreob, B, and T =l =Y qrean, B, 1.
k.l k.t

Accordingly, the coefficients ¢;,(z) and d,,(z), defined through cumulative products in
(13), simplify to the expressions

1-=2 d dp(2) 1-=2
= an Z)=— 9
1—=23 0 e, B " L=z ke Gk 0k, Br,

cm(2)

which yields the simplified form (42) for the generating function introduced in (12). The
closed-form expressions for f,, then follow directly from the Taylor expansion of F'(i, j, 2)
in z. O
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Figure 4: Four examples considered in Section 4

We illustrate Proposition 19 with a concrete example. Consider the random walk with
weights p_11 = p1,-1 = p11 = % and deterministic reflections given by vi1 = hi1 =
¢1,1 = 1; this corresponds to the top-right model in Figure 4. As shown in [22], in this
setting the sequence {1/, 1/Bm tmez forms a subsequence of the Fibonacci numbers,

with the closed-form expression

V5 V5 ) p:1+\/5

(am; Bm) = (p4m—1 + pAm+17 pdmtl 4 p—dm—1 9

see also Figure 5 (left). More concretely, {1/am, 1/Bm }mez includes the values
1,2,5,13,34, 89,233, 610, 1597, . ..

(not necessary in the order indexed by m). Applying Proposition 19, we thus obtain the
following expression for the generating function of Z; ;:

Fi,j,2) 1—-=2 1 n 1-=2 1 1—=2 1
) 1—2/65 5131  1-2/10 521 1—2/2 2i
1—2z 1 1—2 1 1—2z 1
+1-

1—2/2 20 T1-2/10 251  1—2/65 1351 7
and the expressions for f,(i,J) as

1 n 1 1_1_1 1+ 1 1 n
51137 5120 2J 2t ' 9i5j  13i55 @ 77

foli,j) = ...
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Figure 5: Construction of the sequence {(ay,Bm)}mez in the model p11 = p1—1 =
pP_11 = % (left) and the model p; o = po1 = %, P—1,0 = Po,—1 = é (right).

fulind) =+ 64 9 N 1_%1 9 N 64 L1
n\bd) =T GEngi13  10n5i2d | on9d | 2ni  10m2i5) | 65713i50 -

To highlight the constrast in the generating function expressions between models with
identical reflections and those with arbitrary reflections, we consider the walk with the
weights p_11 =p1,-1 =p11 = %, as in the preceding example, but with reflection prob-
abilities given by vy o = hy1 = 1 (bottom-left model in Figure 4). Then the generating
function of Z; ; for this random walk is

1- =

o - 11—z 1-—2z2 10 1 11—z 1-—2z2 1 1—-2z 1

F(%J’Z)_'”_l_f'l_f'l_i.5i13j+1_f'1_f'5i2j_1_§.g
2 5 65 2 5 2

z z
1-2z 1 1-z =5 1 1-2 1-5 1-5

1-— - — . C— . . C
* 1-Z2 2’—’_175 12 253 (_Z _% {_% 135

+...

2 2 10 2 10 13

In the latter case, the cumulative products do not simplify.

4.2 Random walks with finite group and identical reflections

We now adapt the analysis from Section 3 to an example in which the random walk is

not singular and exhibits identical horizontal and vertical reflections. Specifically, we

consider a biased simple random walk with transition weights given by p19 = po1 = %

and p_10 = po,—1 = %, and where the reflection probabilities satisfy vg, = hg ¢ = qp 0.
Define ap = 6y =1 and a1 = B = %

Proposition 20. For any (i,5) € N2, we have:
foli,5) = o8] — o153 + ai ] — af,
. 1 i)
fuliyg) = (1 - Z%,ea’fﬁg) (Z gkt B5)" a8

k0 k0
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—- (1= Z Q0 BY) (Z Qk,ea’fﬂf)n_laﬁﬁf
o kol

+ (1= o)) (O Groa B abBl, n>1.
kol kol

The generating function F(i,j,z) of Z; ; is therefore given by (43).

Before turning to the proof of Proposition 20, we briefly explain our motivation for
presenting this particular example. This model has the double advantage that the survival
probability fy can be explicitly computed, and that it takes the form of a finite sum of
product terms. Such models are extremely rare; they typically arise in the context of
small-step walks in the quarter plane, when a certain group naturally associated with the
model is finite. See [18, Chap. 4] and [12, Sec. 3| for further details. In particular, Table 1
in [12] lists models with a finite group, for which the quantity fp can, in principle, be
expressed as a finite sum of exponential terms. For these models, the explicit expression
is given in |23, Cor. §|.

The question of when the stationary distribution of a reflected random walk in the
quarter plane can be expressed as a finite sum of exponential terms is addressed, and
partially resolved, in [14, 15].

Moreover, although this random walk is not a special case of the second model con-
sidered in Section 3, but rather an instance of the first model introduced in Section 2,
we can still apply the compensation approach to construct the generating function of the
number of contacts. This demonstrates that the compensation approach extends to a
broader class of models.

Proof of Proposition 20. Let us begin by introducing the kernel of the model:

3

1 1
= gazﬁ + %aﬂQ +-a+ ng —af.

K(a.8) 5

and its associated level set # as in (24). We construct a sequence {(m,Bm)}m>0
recursively as follows:

® ag=fo=1;
e For any m > 1, ayy, is the root of K (-, B,,—1) such that a,, # am—1;
e For any m > 1, (3, is the root of K (cuy,,-) such that B, # Bm—1.

Under this construction, we observe that after a finite number of iterations, the pair
(Qm, Bm) returns to the base value (ap,[p), so that only four distinct pairs actually
appear:

(QOaBO) = (17 l)a (ahBO) = (%7 l)a (alvﬁl) = (%7 %)7 (a07/61) = (17 %)7

see Figure 4 (right). This is a consequence of the model having a finite group in the sense
of [12,18].
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Let us now define the sum G(i, 7, 2) as

G(i, j,2) = co(2)ad B + da(2)ai B + e1(2)ai B] + do(2)ap B, (43)
where
Co(Z) = 1,
di(2) ( )1—22k7qu,w’8f3§ 1-=2
1(2) = —¢p(z = — ,
1— 237 ke BS 1— 237 ke B§
( ) d ( )1_221{7[(]&60/1?55 1—=2

C1 %) = —d1(z — 5
=23 pqreafBl 1 =237 qreaff]
1—23 ks Qk,falfﬁf 1—=2

do(2) = —c1(2) =- :
-2z Ek,é Qk,ﬁalgﬁf l—=z Ek,e lea’éﬁf

One can easily check that the sums (co(z)aé,é’g—l—dl(z)aliﬁg) and (cl(z)a’iﬁ{ —|—d0(z)a65{)
satisfy Eq. (20), while the sums (co(z)aéﬂg + do(z)af)B{‘) and (dl(z)aiﬁé + cl(z)ailﬁf)
satisfy Eq. (19). Together with the fact that each term of G(3, j, z) satisfies Eq. (18) and
G(i,7,1) =1, it implies that G (i, j, z) satisfies the full system (18)—(21).
Specializing [23, Cor. 8] to our current model, one readily verifies that the survival
probability is
foli:3) = (1= 5) (1= 5),

which is indeed equal to (af)ﬁg — a’iﬂg +at B{ — 0/65{). The Taylor expansion of G(i, j, z)
in the variable z yields the expressions for f, with n > 1, which can be readily seen to
satisfy the recurrence relation stated in Theorem 2. This is sufficient to conclude that
G(1, 7, z) is indeed the generating function of Z; ;. O

As a concrete example, let us consider the same model with reflections at the bound-
ary given by the weights v1 1 = h1,1 = ¢1,1 = 1. Applying Proposition 20, we find:

.. 1 1 1
fo(’L,j) - 1_§+3Z3] _ya
. 2 8 2

3n3i  9n3izi | 3n3d’

This example provides evidence that the compensation approach can be effectively
applied to non-singular random walks associated with finite groups; or, phrased more in
line with the present context, to situations where the sequence of pairs {(am, Bm)}m>0
takes only finitely many distinct values, provided that the reflections on the vertical and
horizontal axes are identical. In contrast, for non-singular walks with arbitrary boundary
reflections, the present computational framework does not produce a valid solution to the
system (18)—(21). Accordingly, the analysis of this more general case remains an open
problem.
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