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SPATIO-TEMPORAL DYNAMICS OF AN AGE-STRUCTURED
REACTION-DIFFUSION SYSTEM OF EPIDEMIC TYPE SUBJECTED BY
NEUMANN BOUNDARY CONDITION

CONG-BANG TRANG AND HOANG-HUNG VO*

ABSTRACT. This paper is concerned the spatio-temporal dynamics of an age-structured reaction-diffusion
system of KPP-epidemic type (SIS), subject to Neumann boundary conditions and incorporating L' blow-up
type death rate. We first establish the existence of time-dependent solutions using age-structured semigroup
theory. Afterward, the basic reproduction number Ry is derived by linearizing the system around the disease-
free equilibrium state. In the case Ry < 1, the existence, uniqueness and stability of disease-free equilibrium
are shown by using w-limit set approach of Langlais [33], combined with the technique developed in recent
works of Zhao et al. [65] and Ducrot et al. [17]. We highlight that the absence of a general comparison prin-
ciple for the age-structured SIS-model prevents the direct application of the semi-flow technique developed
in [17] to study the long time dynamics. To overcome this difficulty, sub- and super-solutions are constructed
from two distinct monotone systems to estimate the solution of our model. In particular, it is challenging
to establish the positive co-existence steady states as Ro > 1 for the age-structure models by developing
the using of the Leray—Schauder topological degree technique in Conti et al. [10], Tavares et al. [51] and
global bifurcation technique of Walker [59]. Due to the lack of uniqueness of the endemic equilibrium, we
partially characterize the spatio-temporal dynamics of our SIS disease transmission model to confirm the
persistence of infected individuals in the population. Finally, we investigate the long time stability of the
unique endemic equilibrium in a special case of our model, where we reduce the effect KPP net growth rate
of the susceptible population. We resolve this by re-evaluating the eigenvalue problem for the age-structured
model. We believe that our approach in this work can be applied to deeper study the spatio-temporal
dynamics of epidemic or ecological reaction-diffusion systems incorporating with age-structure arising in
applied science or in the real world proposed in [10,14,44,50-52, 59]
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1. Introduction

Our current paper focuses on spatio-temporal dynamics of an age-dependent transmission disease model
with spatial diffusion. The model takes the form of an age-structured heterogeneous reaction-diffusion
system as follows

(1.1)

( Uy + ug = dyAnu + m(z)u — n(z)u? — qux_iq:)v + q(x)v — p(z, a)u, t>0, (z,a) € 2 x(0,A),
v+ Vg = dyAnv + pzia:)_l;v —q(z)v — p(z,a)v, t>0, (x,a) € 2 x(0,A4),
u(t,z,0) = /()Aﬁ(w,a)u(t,x,a)da, v(t,z,0) = /OA Bz, a)v(t,x,a)da, t >0, €,
ou Ov
%,;,(gjl:_u%(x,a), v(0,z,a) = vo(z,a), 72;(10)’ 6(3(;) (E(),ajl)),>< o

where Q ¢ R¥ is a bounded domain with smooth boundary 0, d, > 0, d, > 0 are diffusion constants,
a € [0, A] denotes the physiological age, 0 < A < oo is the maximal age of the species, m = m(z) is the
m(x)

intrinsic growth rate, n = n(x) with is the carrying capacity of the environment, p = p(zx) is the

n(x
transmission rate, ¢ = ¢(z) denote the recovery rate of infectious individuals and 5 = B(z,a), p = p(z,a)
are the natural birth rate and morality rate of species, respectively.

System (1.1) takes the form of a susceptible-infected-susceptible (SIS) model, first proposed by Allen,
Bolker, Lou, and Neval [1], who analyzed the impact of spatial heterogeneity of environment and movement
of the species on the persistence and extinction of a disease via SIS epidemic reaction-diffusion model, which
reads as follows

( St—dSANS—BéxJiS;IJr'y(:c)L t>0, x €9,
I, = d;ANS + Béxlij —y(x)I, t>0, z€Q,
05 _ o _, t>0, z,€ 09,
On On

L S(0,2) = So(z), 1(0,z) =Ip(z), x€Q,

where S, I denote for the densities of susceptible and infected populations, dg, d;f > 0 are diffusion
constants measuring the mobility of susceptible and infected groups, respectively. 3, v are positive function
on ) presenting the disease transmission and recovery rate, respectively. The literature established the
existence, uniqueness of disease-free equilibrium (DFE) and endemic equilibrium (EE). Then, the authors
demonstrated the stability of (DFFE) and, in addition, the asymptotic behavior of the unique endemic
equilibrium when dg — 0. They further proposed open questions concerning the potential stability of the
endemic equilibrium (EFE), as its uniqueness had already been established. In this work, we shall focus
on investigation of spatial and temporal dynamics of system (1.1), which focus on the the existence of
the disease-free equilibrium (DFE) and the co-existence endemic equilibrium (E'E) via the age-structured
spectral theory. The long-time stability is further investigated in the special case reducing logistic term
in the first equation (1.1) by by using w-limit set approach of Langlais [33], combined with the technique
developed in recent works of Zhao et al. [65] and Ducrot et al. [17].

In epidemiology, such a model describes the evolution of disease transmission and recovery within a
spatially distributed population. Here, u = u(t, z,a) and v = v(t, z, a) present the density of a susceptible
population and an infectious population, respectively, at location x € Q, time ¢ > 0 and the age a € [0, A].



For convenience, we put O, := Q x (0,a) for any a € [0, A] and
pmax(a) 1= max p(z, a) and pmin(a) := min u(z, a),
Bmax(a) = Inaxﬂ(x, a’) and Bmin(a) = minﬁ(xv CL).
e €

Throughout this paper, we shall assume that
(A1) m, n, p, q are in C2(0Q).
1
A2) Supposen >0,p>0,p#0 and ¢ > 0. Also, m := |Q‘/ mdx > 0 and m is non-trivial.
Q

)
) 1= p(x,a) is a positive C*! function on Q x [0, A).
) i satisfies

a A
/ Umax (k)dE < 0o, Ya € (0, A), / Pmin (k)dk = 0.
0 0

and

ap — sup / 12 (z,a)da is continuous with respect to ag € [0, 4]
a€l0,a0] JQ

(A5) B = B(z,a) is a non-negative C>! function on O4, and there exists Ag, A1, Ay € (0,4), Ay <
Ay < Ay such that

Bumin(a) > 0, Ya € (Ag, A1) and supp(3) C Q x (Ao, A2),

and

4 /aMmin(k)dk
/ Bmax(a)e 70 da < 1.
0

Under condition (A2), if m is a non-constant function, it is not necessarily positive over the domain €.
This implies that some regions favor the population, while others do not. The last three conditions follow
the spirit of Guo and Chan [27], Delgado, Molina-Becerra and Sudrez [12] to develop the spectral theory
in the age-structured model. A typical example for the condition (A4) can be thought of is an increasing
function with respect to the age variable a, which is reasonable since the morality rate should increase as
an individual ages. In addition, the L' blow-up property of the morality rate u ensures no individual of
the species can live beyond the maximum age A. On the other hand, in the condition (A5), the birth rate
B is restricted to younger individuals of the species, meaning it vanishes beyond a certain age. This is
biologically consistent, as the older individuals are unable to reproduce the new generation. Furthermore,
the last condition in (A5) is inspired by the population equilibrium condition for demographic function
in Ducrot [15], see also Gurtin and Maccamy [28, Theorem 6|, Anita [5, Theorem 2.3.3]. This prevents
unbounded population growth driven by reproduction. For historical reasons, we define

- ' min (k)dk
W(a):e/ou “) , a€0,A) and 7(A) = 0.

Clearly, 7(a) € C([0, A],R) N C'((0, A),R) and 0 < 7(a) < 1 for any a € [0, A]. Define L = 7~ on [0, 4).
One can check L — oo as a — A.

Over the past a few decades, the age-structured model has been topic of intensive research. In particular,
in their celebrated work, Gurtin and Maccamy [28] have first proposed a nonlinear model for population
dynamics, in which the birth and death rates are age specific and depend upon the total population size and
provide a necessary and sufficient condition for an equilibrium age-distribution. After that, Langlais [33]
was the first to analyze the long-time dynamics of a nonlinear age-dependent population model with spatial
diffusion by using w-limits set approach in L?. The author demonstrated that, as ¢ — oo, the solution
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either tends to 0 or stabilizes to a nontrivial stationary solution with a separable density-dependent death
rate in bounded domain.

Alternatively, in a pioneering work, Walker [56] first investigated an age-structured predator—prey system
incorporating spatial diffusion and Holling—Tanner-type nonlinearities as follows
(ug +ug — diApu = —py(z, u, v)u, t>0, x€Q, ae(0,A4),
vt+vafd2ADv—fM2(:c U, v)u, t>0, x€Q, ae(0,A4),

u(t, z,0) /Blauv)(txa)d
v(t,z,0) /Bgauv)(txa)d

where pj, 85, j = 1,2 are the death and birth rates, respectively, depending nonlinearly on the predator
v and on the prey u, @ C RY is a bounded and smooth domain and A € (0, 00] is the maximal age. The
author focused on steady-state solutions, that is, time-independent non-negative solutions of the preceding
system subjected by Dirichlet boundary condition. Regarding the intensity of the fertility of the predator
as a bifurcation parameter, a branch of positive coexistence steady states is established via the bifurcation
from the marginal steady state without predators, owing to the compactness of the parabolic Laplacian
semigroup. An analogous result is observed when the fertility of the prey varies. Afterward, in a deep work,
Walker [59] focused on describing the structure of the set of positive solutions with respect to two parameters
measuring the intensities of the fertility of the species, especially establishing co-existence steady-states
by using global bifurcation techniques of an age-structured predator-prey model with Dirichlet boundary
condition read as follows

— Apu = —(a1u + agv)u, t>0, x€Q, ae(0,A4),
— Apv = —(fru — fov)v, t>0, x€Q, ae(0,A4),
A

u(t, z,0) :/0 nBi(a)u(t, z,a)da,
A
v(t,x,0) —/0 xB2(a)v(t, z,a)da.

Such equations arise as steady-state equations in an age-structured predator-prey model with diffusion.
solutions which are nonnegative and nontrivial in both components. For additional studies on bifurcation
analysis, we refer the reader to [55,57,58,60,61] for age-structured model including the well-posedness, and
the long-time exponential stability of the equilibrium solution under a properly chosen initial condition;
Nirenberg [41, Chapter 3] and the recent work by Li and Terracini [36] for reaction-diffusion models.
Research for bifurcation examines the existence, uniqueness and topological structure of steady state under
changes in the qualitative features or parameters. This serves as a powerful tool for investigating the global
dynamics of the age-structured reaction-diffusion models.

On the other hand, in a rigorous analysis, Kang and Ruan [30,31] and Ducrot, Kang and Ruan [18§]
studied the principal spectral theory for age-structured model with nonlocal diffusion. The theory is a
powerful tool to deal with many other important problems in the field of age-structured reaction-diffusion
equations. In particular, this serves as the first important step toward studying the global dynamics of
the age-structured model with non-local diffusion. Indeed, Ducrot, Kang and Ruan [17] investigated an
age-structured model with nonlocal diffusion of Dirichlet type and a monotone nonlinearity in the birth
rate, given by

ut—i—ua—D/ J(x —y)u(t,y,a )dy—u(txa)}—,u(:v,a)u, t>0, x€Q, ac(0,A4),

u(t,x </ﬂxa txa)d), t>0, x e,

w(0,z,a) = up(x,a), x €, ac(0,A).
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where a € (0,A) denotes the physiological age, 0 < A < oo is the maximum age of an individual,
Q c RY is a bounded domain with smooth boundary, D > 0 is the diffusion rate, f is a monotone type
nonlinearity describing the birth rate of the population, 8, y denote the age-specific birth rate and death
rate, respectively, u = u(t, r, a) presents the population density, J € C'(R") is a non-local diffusion kernel
is assumed to satisfy

J >0, J(0) >0, / J(z)dx =1 and supp(.J) C B(0,7) C RY for some r > 0.
RN

This age-structured model describes population movement in a non-local sense, incorporating the natural
death rate and the nonlinear birth rate. By applying the spectral theory, the authors established the
existence, uniqueness and regularity of a positive equilibrium via the classical super-sub-solutions method
for the age-structured model. They further emphasize that, due to the lack of compactness and regularity in
the non-local diffusion, the well-known fixed point theorems, such as Schauder theorem, and the bifurcation
methods proposed by Walker [56-59], cannot be directly applied in their work. Afterward, the existence,
uniqueness and positiveness of the original time-dependent non-local age-structured model are proven using
the semi-group theory. The stability of the steady state is also provided via the semi-flow technique. In
addition, the asymptotic behavior of the steady state in terms of diffusion rate and diffusion range is
investigated in this work.

To deeper the influence of the age structure on the population dynamics, which simplifies epidemic
model, Ducrot [15] also investigated traveling wave solution for a simplified SI model with age-structure.
The author further assumed the birth and morality rate to equilibrate the population to prevent the
population from going extinct and from exploding as tigne increases. Mathematically, the condition can

A — [ w(s)ds

be described by the demographic function / Bla)e 70 da = 1. Then, Ducrot et al. [15,17,20,22]
tactfully used the Schauder fixed point th%orem and the parabolic comparison principle to prove the
existence of traveling wave for the age-structured epidemic model associated with an implicit admissible
speed ¢ > ¢*. Afterward, Ducrot, Magal, and Ruan [21] provided sufficient conditions that ensure the
existence of traveling wave solutions for the age-structured epidemic population of multigroups. Each
group is further divided into two subclasses: susceptible and infected. A susceptible individual can become
infected through crisscross transmission by direct contact with infective individuals from any group, with
the transmission process depending on the disease age of the infections. As an application, the authors
numerically investigate a two-group model, illustrating its relevance to the crisscross transmission of feline
immunodeficiency virus (FIV) and certain sexually transmitted diseases. Recently, in a deep work, Deng
and Ducrot [14] studied the existence of pulsating traveling waves for the classical endemic (SI) system,
which is further well-known as the Kermack—McKendrick epidemic model with Fickian diffusion. The
authors first provided a necessary conditions to ensure the existence of an admissible speed ¢*(e) for each
unit direction e. Subsequently, the existence of the pulsating wave was established for wave speed ¢ > ¢*(e)
in each propagating unit direction e. Specifically, it was shown that these wave fronts are positive, globally
bounded and enjoy certain limiting properties. In addition, the wave front associated with the infected
population exhibits exponential decay.

Collaterally, Bekkal Brikci, Clairambault, Ribba and Perthame [7] used different way to study the age-
structured model. In particular, the authors neglected the spatial position and worked with the phenotypic
trait of the species of the age a, at the time ¢. This is an alternative way to understand how the age-
structure affects the population, see also [2,42,43] for more investigations about this subject. Besides,
Ferrriere and Tran [24] studied the age-structure by examining the mutation of general traits in species.
They showed that a random process converges to the solution of a Gurtin-McCamy type PDE. The result
on the limiting PDE and large deviation techniques in Freidlin-Wentzell provides estimates of the extinction
time and a better understanding of the long-time behavior time of the stochastic process, see also [48].
Further investigations on the age-structured model are referred to [9,16,19,22,39,45,53,54]. Beside that,
Zhao and Ruan [65] proposed an epidemic model (SIS) with fractional diffusion, subject to Neumann
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boundary conditions and incorporating the logistic source as follows

w + (—duAn)*u = a(z) — b(z)u? — p(i)“” +qz)v, (tz) eRT xQ
u v
X )uv
vt + (—dyAn)*2v = pzi —Z o q(z)v, (t,x) e RT x Q

u(0,z) = ug(z), v(0,z) =vo(x),

where u, v represents the densities of susceptible and infected populations, 0 < s; < 1 for ¢ = 1, 2 are
the fractional powers of the Laplace operator —Ay, (—dAy)?® is the Neumann fractional Laplace operator
for a diffusion constant d = d,,d, and a fractional power s = s1,s9, respectively. In this work, the
authors explained that the human mobility patterns exhibit scale-free, non-local dynamics with heavy-tailed
distributions. Such movements are modeled by Lévy flights, which are often mathematically represented via
the fractional Laplacian (—dAn)®, see Metzler and Klafter [49]. This approach fundamentally differs from
the classical one, in which human mobility is described by Brownian motion associated with the standard
Laplacian operator. As their main goals, Zhao and Ruan focused on the spatio-temporal dynamics via
the existence and stability of the disease-free equilibrium (DFE) and the endemic equilibrium (EE). The
uniqueness and stability of (DFFE) and the asymptotic behavior of (EFE) as d,, — 0, d,, = o0 and d,, — 00
are also established via in-depth studies of the fractional Laplacian spectral theory. In addition, in a special
case, the stability of (EE) is established. For further investigations of SIS endemic models, we refer the
reader to [26,34,35,47,63].

For relevant works in the spatial dynamics of of a biological system, Conti, Terracini and Verzini [10]
and Soave and Terracini [50] studied the system of k-partial differential equation as follows

—Au; = —Ku; Zaijuj + fz,u;), x€Q,
1#]

ui(z) = ¢i(w), x € 0N
where i = 1, ..., k, u; represents the population density of the ith species, f; = fi(x,u;) prescribes internal
dynamic of u;; the positive constants xka;; determine the interaction between the population u; and wu;,
which is possibly asymmetric. Besides, the boundary data ¢; are positive W °°(9€2)-functions with disjoint
supports, namely ¢;¢; = 0 for i # j, almost everywhere on 0. This system governs the steady state of k-
competing species coexisting in the same limited area 2. In this work, the authors utilized the topological
degree theory to demonstrate the existence of a solution for the system. Subsequently, the asymptotic
behavior of the positive solutions was investigated as the competition rate x tends to infinity. Beside
that, Noris, Terracini, Tavares and Verzini [44] investigated the Gross—Pitaevskii system or nonlinear
Schrodinger equations with the competition parameter 5 > 0. The authors first showed that the uniform
boundedness of the solution leads to the C*®-Hélder uniform boundedness for o € (0,1) and, then, as
B — 0o, the limiting profile is shown to be Lipschitz-continuous. Subsequently, Tavares, Terracini, Verzini,
and Weth [51] investigated the existence and non-existence of non-trivial solutions to the cubic Schrédinger
system associated with the coefficient matrix 5, employing topological degree theory. Afterward, Terracini,

Verzini, and Zilio [52] studied the fractional Gross—Pitaevskii system with the order s = 3 Similar to the

work in [44], they established that the uniform boundedness of the solution leads to C%*-Holder uniform
1

boundedness for a € (0, 5), provided that f is sufficiently large.

Coming back to our system (1.1), as previously mentioned, the aim of the present paper is to investigate
the spatio-temporal dynamics associated with the spatially heterogeneous reaction-diffusion system (1.1).
To begin the study, the basic reproduction number Ry is developed thanks to approaches in Chekroun
and Kuniya [9], Yang, Gon and Sun [64]. The main difficulty lies in the non-self-adjoint nature of the
age-structured operator, which complicates the calculation of Ry and its comparison with the principal
eigenvalue of these operators, as we shall discuss later in this work. This property distinguishes our study
from the existing literature, such as [1,65], where the operator is self-adjoint. After that, we develop the
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technique of using the topological degree theory, based on [4,25,41], to establish the co-existence of endemic
equilibrium (E'E) for the system (1.1). The key point is to first establish existence for a simplified system,
and then use the Leray—Schauder degree to determine the existence of a solution to the original system
via the homotopy invariance property. To our knowledge, this is the first application of the topological
degree theory to verify the existence of solutions for an age-structured model with fractional nonlinear
term. Furthermore, due to the complexity of the fractional nonlinear term in the system, we emphasize
that it is not feasible to apply Schauder or Banach fixed theorem to construct a (EFE)-solution. This
research marks the first significant application of topological degree theory to study the long-time behavior
for the age-structured disease transmission model. On other hand, the existence, uniqueness of disease-free
equilibrium (DFE) is provided thanks to the classical super-sub-solution method and the age-structured
comparison principle between these super-sub-solutions.
For the convenience of the reader, we define the endemic equilibrium system as follows

Ug = dyAnu + m(z)u — n(z)u? — p(?uv +q(z)v — p(z,a)u, (x,a) € Oy,
u+v
(1.2) Vg = dy ANV + %} —q(z)v — p(z,a)v, (z,a) € O4,

A A
u(z,0) :/0 B(x,a)u(z,a)da, v(z,0) :/0 B(x,a)v(z,a)da, x € .

Now, let us state our main results. The first result is about the existence of the equilibrium state of the
system (1.1) as follows

Theorem 1. Assume (A1) to (A5) hold. Let g, —m+p; Mdy,—m+p+n be the principal eigenvalue of
Ady,—mtpr Adu,—m+ptp, respectively. The following statements hold

(1) If Mgy, —m+p > 0 and Ro < 1, then (1.2) has no positive solution and it only has one semi-positive
solution (u1,0), where uy is the unique positive solution of

g = dyAnu + m(x)u — n(z)u? — p(z,a)u, (x,a) € O,

A
u(z,0) = /0 B(x,a)u(z,a)da, z € Q.

(1t) If Mgy, —mtptp > 0 and Ro > 1, then (1.2) admits a positive endemic steady state (u,v).

(1.3)

The formula for the age-structured operator Ag, ,+ will be provided in Section 2.1, along with a proper
choice of pu*. The significant challenge in our work is to use the age-structured spectral theory and the
topological degree theory to prove the positive co-existence of endemic steady state (u,v). The principal
eigenvalues \g, —m+, and Ag, —m+pt+p are both employed to construct the sub-solution of (1.2), ensuring
the nontriviality of its solution. In addition, a super-solution is determined to guarantee that the solution
does not blow up before reaching the maximal age A. We emphasize that, due to the fractional nonlinear
term, we are unable to employ other well-known fixed point theorems, such as the Banach contraction
principle or Schauder fixed point theorem, to establish the positive co-existence steady state, which is a
counterpart of using global bifurcation approach of Walker [59] to prove the positive co-existence of steady
states.

Now, we further characterize the long time behavior for system (1.1).

Theorem 2. Assume (A1) to (A5) hold. Suppose further that (ug,vo) € C(O4) x C(04) with ug, vy > 0,
ug, vo Z 0 and supp(up), supp(vg) C Qx[0,A). Let (u,v) = (u(t;ug,vo), v(t; up,vo)) be a solution of (1.1)
starting by the initial condition (ug,vo). Then, for any As < As < A, the following statements hold
(1) If Ady,—m+p > 0 and Ro < 1, one has
[|u(t; uo, vo) — ulHL"O(OT;?)) — 0, |Jv(t; uO;DO)”Lm(@) — 0.
and

[u(t; wo, vo) = uallLz0.4) = O, [|v(E; w0, vo)l Lo (0 ,4) = 0
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(i) If Ny, —m+ptp > 0 and Rg > 1, there exist €1, €2, Ky, Ko > 0 such that

0<er < hmmfu(t ug, V) < hmsup u(t; ug, vo) < K1,

0<er< hmlnfv(t U, V) < hmsupv(t ug, vo) < Ko, uniformly on 0 4.

One of the main difficulties in this result lies in the absence of a general age-structured comparison
principle, as the nonlinear term is not monotone. Consequently, system (1.1) cannot generate a semi-flow,
preventing the direct application of the technique in the work of Ducrot, Kang, and Ruan [17, Theorem
4.11]. In the spirit of Zhao and Ruan [65, Theorem 3.3], a super solution - being a solution of a age-
structured monotone system - is tactfully chosen to form a semi-flow. A similar construction is used
for a sub-solution. Afterward, it follows from the squeeze principle to establish the stability of disease-
free equilibrium. On the other hand, due to the lack of the uniqueness of the endemic equilibrium, we
are unable to estimate the long-time dynamics of the aforementioned super-solution, which prevents a
complete analysis of system (1.1) on the long time stability of the positive co-existence steady states.

Finally, we reduce the logistic term mu — nu? to obtain the uniqueness of the endemic equilibrium in a
certain sense. The main objective is to establish the long time stability of the positive co-existence endemic
equilibrium. In this case, we shall consider a new set of conditions (B1), (B2) and (B3), which are closely
related to the original ones and will be precisely described in the Section 5. Now, the system (1.1) is
reduced as follows

( ut—i-ua:dANu—#—i—qv—,u(a)u, t>0, (z,a) € 04,

u+v
vt—l—va:dANU—l—w—qv—,u( ), t>0, (z,a) € Oy,

(1.4) 4 utv

u(t,x,O):/ Bla)u(t, x,a)da, v(t,z,0) / Bla)v(t, z,a)da,

u(0,z,a) = uoo(:v a), v(0,z,a) = vo(z,a).

and the steady state system

Uq = _upivv + qu — pla)u, a€(0,4),
(1.5) = up+ v —qu — p(a)v, a€(0,4),
A
/ B(a)u(a)da, v(0) = B(a)v(a)da.
0

We shall prove that the endemic equilibrium is unique and independent of the spatial diffusion in Theorem
18, which is a noteworthy result. Next, we state the stability results as follows

Theorem 3. Assume (B1) to (B3) hold and Rg > 1. Suppose further that ug € C(O4) with ug > 0 and
supp(ug) C 2 x [0, A) and vy := KY,(a) for constants K, a > 0. Then, the system (1.5) admits a unique
positive solution (u*,v*), depending on (ug,vg), satisfying

0 / /b _/ dS/ wo(x, e)drdeda
o / B(b)bro(b)db

where wy 1= ug + v and w* := u* + v*. Moreover, if (u(t;ug,vo),v(t; ug,vo)) is a solution of the system
(1.4) starting by the initial condition (ug,vo), then there exists K, o > 0 large enough so that

> 0.

[|u(t; uo, vo) — u*HLz(OA) — 0, ||v(t;ug,vo) — U*HL2(OA) — 0.

The function Y, will be determined in Lemma 7 of this work. Upon examining the results, it is observed
that the existence, uniqueness and stability steady state deeply depend on the initial condition, relating
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with the classical approaches of Langlais [33, Theorem 4.9]. The key idea here is to sum the two equations of
system (1.4), thereby deriving an age-structured KPP-type equation for v. This equation admits a unique
steady state, depending on the choice of the constant w*(0), in a similar manner to Appendix section of
this work. Afterward, by choosing a suitable initial condition for v, one obtains the local L2-convergence
in the age variable. Then, Lebesgue dominated convergence theorem yields the global L?-convergence.

We structure the paper as follows: In Section 2, we introduce the preliminary results that are used
throughout the paper. Additionally, we prove the global-in-time existence of a unique solution to system
(1.1) based on the semi-group theory for a certain class of initial conditions. Three comparison principles,
which will be used in future work, are also stated in this section. In Section 3, we present a series of
properties concerning the basic reproduction number Ry and establish sufficient conditions to ensure the
existence of the endemic equilibrium. Section 4 first provides the stability of the disease-free equilibrium
(DFFE) for a super-solution to system (1.1) using the age-structured semi-flow theory. Afterward, we
develop a specific sub-solution and demonstrate its stability in a similar manner with the help of implicit
function theorem. Then, the long time behavior the disease-free equilibrium (DFE) for system (1.1) is
obtained. Finally, in Section 5, we completely investigate the long time stability of positive co-existence
endemic equilibrium (EE) for system (1.4).

Acknowlegment: The second author expresses his gratitude to Professor Benoit Perthame his course
about the age-structured model at Summer School on Mathematical Biology 2023 at Vietnam Institute for
Advanced Study in Mathematics (VIASM) and Professor Arnaud Ducrot for fruitful discussion. We deeply
appreciate their stimulating, tireless encouragement during this work. Part of this work had been done
while the second author was visiting VIASM, whose hospitality and financial support are acknowledged.

2. Preliminary results
Let us define H(z,u) = m(z)u — n(z)u?.
any K > 0, there exists £ > 0 such that

|(m(z)ur — n(x)u%) — (m(z)ug — n(w)u%” < klug —ugl|, Yuy, ug € [-K,K] and = € Q.

Based on the assumptions (A1), it is easy to check that for

This implies that the function 3 is Lipschitz continuous in u € [~ K, K], uniformly in 2 € Q. Also, consider
Fl(u)(x) = [m(z) — p(x) — n(z)ulu;  F"(u,0)(x) = [m(z) — n(z)ulu+ q(z)v,

and

Felu,v)(z) = [m(x) — n(z)u— ’; (i)ﬂ u+q@)v;  Glu,v)(z) = {Z (i)z - q(m)} .

Based on the arguments in [1, Section 1.1], it is known that F', F°, F" and G are local Lipchitz functions
on (u,v) € R?, independent with z. For the future purpose, with u, v > 0, we define

F(0,0) = F°(0,0) = F"(0,0) = G(0,0) = 0.
This still ensures the Lipschitz property of them.

Definition 4. Let F : R, x 04 xR+ R, F = F(t,2,a,u) be a continuous function. We say F is monotone
if for any My > 0 and ¢ > 0, there exists A > 0 such that

0< F(t,z,a,u) + I < F(t,r,a,v) + v, YVu, v ER, 0 <u<v< My, (z,a) € Oy, t€[0,0].
We recall some notations: For any u = (u1, uz), v = (v1,v2) € R?, we define
u < v if and only if u; < vy, us < vo.
Based on this notation, we can define the monotonicity similar to the function to R? as follows

Definition 5. Let G : 04 x R? = R2, G = G(x,a,u) be a continuous function. We say G is monotone
if for any My, M7 > 0, there exists A > 0 such that

0< G(z,a,u) + \u < G(z,a,v) + \v, Yu,v e R?, 0 <u<v < (M, M), (z,a) € 04.
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The definition of a monotone function is useful for future work, as it is an essential condition for applying
the semi-flow technique.
Next, for any A > 0 large enough, we consider

Fy(u,v) := (F\(u,v), Gx(u,v)) := Au,v) + (F"(u,v), G(u,v)).

Then, the Jacobian matrix of F'y is

v? u?
A+ m(z) —2n(z)u — p(z) ——  —pl)— + q(x)
A= JF(u,v) = g P )2 PO +ug)2 q
p(ﬂf)m >\+P($)m —q(z)

Now, for any M > 0, with 0 < w3 <wug < M, 0 <wv; <wvy <M and w; = (u3,v1), wo = (u2,v2), h =
W9 — W1, one has

1
Fy(wy) — Fy(wg) = / JF (w1 + th)hdt
0

A direct calculation yields that
F{(w1) — FX(w2) > (A = 20M —p) (u2 — u1) — p(vz — v1) > 2L(ug — u1) — L(va — v1),
Ga(w1) — Ga(wz2) > (A = q)(v2 — v1) > L(v2 — v1),

for A and L > 0 large enough. This shows the non-monotone structure of F.
For convenience, we introduce the following notations

X:=C(04); Xy ={ueX:u>0}) Xo:={uecX:ulx,A) =0, Yo}

Y:=0C9Q); Y+ ={ueY:u>0},

(2.1)

and
€:=L%0,), & ={ucé&:u>0ael},
Y="L%*Q), LP(04):={uecL>®04):u>0ae}.
Throughout this paper, whenever we say a positive solution u meaning that u > 0 on O4 and u > 0 on

O4. It maybe possible that u(z,0) > 0 and u(z, A) = 0 for any = € . Consider As < A3 < A and for any
appropriate function f, it is known that

Az

A As
/0 B(z,a)f(z,a)da = B(x,a)f(x,a)da = B(z,a)f(z,a)da

0 0
since supp(8) C 2 x (Ag, A]. Thus, one can consider the system (1.1) or (1.2) on O4, instead of O,

depending on the situation.

2.1. Spectral theory for age-structured model. Let us begin the section with the spectral theory for
our model in [13,27,29]. For d > 0, 8*, u* € C*1(Q x [0, A)), u* satisfies (A4) but not necessary positive.
Define

Ad,u*ﬁb(x? a) = dANQb(‘T? CL) - ¢a($7 CL) - :u*(xv a)gb(l‘a a),
where

D(Ag ) = {gb:gb Ag o €& % =0, ¢(x,0) = /Aﬁ(x a)p(x a)da}
S ) S ’ on 20 s s 0 ) )

C H' ((0,A4), L*(Q)) N L* ((0, A), H*(2)) -

(see, for example [6], about the Laplacian in Neumann boundary condition). It is well-known that if u €
H' ((0,A), L*(2)) then u € C([0, 4], L*()) (see [23, Section 5.9.2]). Thus, the continuity of ¢ € D(Aqg,,+)
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ensures that the equation ¢(z,0) = / B(x,a)¢(x,a)da is well-defined. Let us consider the eigenvalue
0

problem as follows
AANG — g — ¥ P = A,
A
Aded = A or ¢(x,0) = /0 B(x,a)p(z,a)da

Y.
and define
Bayr ¢ := —Ady ¢ = da(x,0) — dANG(z,a) — p* (2, a)(z, a),
with domain D(Bg,~) := D(Ag~). Thanks to Theorem A.5, there exists unique principal eigenvalue A7 .
of the operator B, ,~. Hence, Ag,+ admits unique principal eigenvalue Ay« = >‘d, e Furthermore, for

any other eigenvalue A of Ag -, one has Re(\) < Ag,+ and u* + Ag,+ is decreasing. The work in the
paper will be based on the sign of Ay ,+ with the appropriate chosen of x* and d > 0.

Now, in the case p* > 0, let us prove the m-disspative property of Ag,+. For any ¢ € D(Ag,+), it is
well-known that (dAn¢, ) < 0. Thus,

(-Ad,,u,*(bv ¢) (dAN¢ ¢ (¢aa ¢ -

/ /d)agbdxda——// (¢?)qdadz
§2/Q¢2(a:,0)d:c:2/ﬂ</o 6(x,a)¢(a;,a)da>2d:c
< ;/ /AB2(x,a)da/A ¢*(z, a)dadx

_sup/ B2(x, a)da (¢, 6

z€Q

which is m-disspative property. Similar to the one in [27, Theorem 1], (A — Ag,,) " exists for sufficiently
large A > 0. In addition, it is a compact map. As the result, (A + 3d,u)_ exists A > 0 large enough.

2.2. Semi-group theory for age-structured model in the bounded domain. Inspired by the semi-
group in [20], it is necessary to consider an Hille-Yosida linear operator to connect wug, dAxu and the
age-structure. In the case p* = p, it is known that (A5) implies the following Lebesgue measure

[{a € [0, A] : Bmin(a) > 0}] > 0.
Thus, similar to the one in [27, Theorem 1], the equation

{ w(t,x,a) = Agqw(t,z,a), t>0, (z,a) € 04,

(2.2) w(0,z,a) = wo(zx,a), (z,a) € 04,

admits a unique Cp-semi-group ®4,(t) generated from the infinitesimal generator Ag , and
{ w(t, ) = ®gqu(t)wo € C([0,00),E)  if wy € &,
w(t, ° ) = (I)d”u(t)U)o € Cl([O, OO), 8) if wy € D(.Ad#).
Furthermore, by similar arguments to those in [27, Lemma 1], with 0 < ap < A, we obtain the following

equation

{ g = dANu — p(z, a0 + a)u
u(r,z) = ¢(x)
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admits a unique mild solution u(zx, a; 7, ag, ) = H(ag, 7, a)p(x), where H(ap,7,a), 0 <7 <a < A—aqpis
a family of uniformly linear bounded compact positive operator on € and strongly continuous on 7,s. In
addition, one has

_/ Mmax(ao + k)dk —/ ,Umjn(a() + k)dk‘
e T ) <e T

(2.3) Tany (@ — 1) < H(ag, 7,a) < Tany (@ —T)

where Tya, (t), t > 0 is the analytic semi-group generated by Neumann Laplacian —dAy, which is well-
known to be strong positive on C(Q2) and L?(Q2). On the other hand, from (2.2), the characteristic line
calculation yields that

H(a —t,0,t)wo(-,a —t)(x), a>t,
w(t, v, a) = H(0,0,a) / B, s)w(t —a,-,s)ds(z), t>a.
or the second version
H(a —t,0,tyuwo(: a—t)() @zt
(2.4) wt:%,4) =93 300,04 / 8(, —a,-,8)ds(z), t>a.

since B(x,a) = 0, a > Ay for any x € Q. Thus, if wg > 0, one has that w > 0 on Q x [0, A) thanks to
the strong positive of the Neumann Laplacian semigroup Tya, (t), ¢ > 0. The definition of w > 0 may
understand as almost everywhere or the one in Definition A.1 depending on the situation. In addition,
thanks to positive property of the semi-group ®,4,,+(¢) and [17, Lemma 4.9 and Lemma 4.10], the comparison
principle holds for (2.2).

Next, consider wg € L>(04) and there exists M > 0 such that

0 < wo(z,a) < Mnm(a) on (x,a) € O4.
Define z = Mm(a), we can check that Ag,z — 2z = piminz — pz < 0 on O 4. Then, one has
0 < By (t)wo = w(t, -, ;wo) < Mn(a) on (z,a) € 04, t > 0.
For our purpose, consider
Br(04) :={ue L>®(04) : L(a)|u| < oo on 04}

and norm |[ul|_(0,) = [|Lu|[re(0,)- One can check it is a Banach space and Br(04) C L*>°(04).
Now, we are ready to state the first existence result

Lemma 6. Assume (A1) to (A5) hold. Suppose further that ug, vo € Br(04) and ug, vo > 0. Then,
there exists a unique local positive solution (u,v) = (u(t),v(t)) = (u(t,z,a;uo, vo), v(t, x, a;ug, vo)) to (1.1)
on [0,T%) x O4 starting by the initial condition (ug,vo) with T* < oo is the mazimum existence time and
u,v > 0.

Proof. 1t is easy to check (ug,vg) € € x E. We can rewrite the system (1.1) as the following Cauchy problem

up = Ag, pu+ F(u,v), t>0, (z,a) € Og,
v = Ag, v+ Gu,v), t>0, (z,a) € 04,
uw(0,z,a) = up(x,a), (z,a) € 04,
v(0,z,a) = vo(z,a), (x,a) € O4.

Let us define A := (Ag, ;i Ad,n), D(A) := D(Ag, ;) X D(Aqg,,,) and F(u,v) = (F°(u,v),G(u,v)) for
any (u,v) € ExE. It is easy to check that A is a closed operator since Ag, , and Ag, , are closed operators.
Using same arguments in [27], with ¢ = u or v, one has the m-disspative property of Ag, ,, as follows

(-Adi,ud) - C¢7 QS) S 07 v¢ € LZ(OA)7

(2.5)
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where C' = — sup / B2(x,a)da. Thus, thanks to [46, Theorem 4.2], we have that
er

NG + C) = Ay lll 0 ) 2 Kllll 20y, VE >0, 6 € LH(O.4).
Define A= K+ C > C > 0, then
1 = A )llz2(0,) = (A= Oll6l2(0,), YA > C:

In the proof of [27, Theorem 1] for AY > 0 large enough, then A\° € p(Ay, ), resolvent set of Ay, ,. We
also know that (\°T — Ay, ,) 7! is a compact mapping from L?(04) to itself whenever A° € p(Ag, ,,). Thus,

o(Ag; ) = C\ p(Ag, ) consists only eigenvalue of Ay, ,. On the other hand, based on Appendix A, there
exists unique principal eigenvalue A; , € R of Ag, , so that if Ay is any other eigenvalue of Ay, ,, then
Re(Xo) < Aiy. Thus, if A% > X; , and A\° > 0, then \° € p(Ag, ). As the results, one has

_ 1
1O = Adi ) dlliz0,) < 3= l19ll2(0,), VA > max{C Aiu}-

Hence, for any A > max{C, Ay 1, Ao,u},

_ 1
[[(A - A) 1||L2(OA)xL2(oA) < pNSak

where ||(u,v)||12(0.0)x22(0.4) = Mmax {|[ul|z2(0,), [v]|z2(0,)} is an usual product norm. As the results, A
generates a positive Cp-semi-group ®g4, 4, () thanks to Section 2.2 from &€ x & into itself and ®gq, 4,,,(t) =
(®ay pu> Pa, ) for any ¢ > 0, where @y, ,,, i = u, v is the semi-group generated by Ag, ,,. Similarly to Section
2.1, one can show that

(pdu,dv”u( ) B (OA) x B (OA) — BW(OA) X BF(OA)

and |[® g, d,u(t) (U V)8, (0.4)xBr(04) < M I [[(1,0)|8,(0.4)xB,(04) < M for any ¢ > 0, which is continuous.

On the other hand, F is a locally Lipchitz on B;(04) x B(04) to itself. This comes directly from
the fact that F° and G are local Lipchitz functions on (u,v) € R% and B(04) C L®(O4). By similar
arguments to those in [38, Lemma 5.2.4 and Lemma 5.2.5], the system (1.1) admits a unique mild solution
(u,v) = (u(t),v(t)) = (u(t,z,a;ug,vo),v(t,z,a;ug,vp)) on O4 and 0 < T < oo is a maximum existence
time so that

(2.6) (u(t),v(t)) = Pa,.dyu(t) (10, v0) +/0 Pa, dyu(t = 8)F(uls), v(s))ds, vt € [0,T7),

Similarly, with F(u,v) := (F'(u,v),G(u,v)) and F"(u,v) := (F"(u,v), G(u,v)), there exist maximum
existence time 0 < T}, T)¥ < oo such that

(U,l(t),ful(t)) = (]:)dmdu,#(t)(UQ,’l)()) + \/Ot (I)du,dv’u(t — s)Fl(ul(s),vl(s))d& YVt € [07’1}*),

(u"(t),v"(t)) = Pa, dy,u(t)(uo, vo) —i—/o Dy, dyu(t —s)F (u"(s),0v"(s))ds, Vt € [0,T}).

Since F(u,v) < F(u,v) < F"(u,v), it means that (u!(t),v!(t)) is the sub-solution of (2.6) and (u!(t),v!(t))
is the super-solution. Ome check that, with A > 0 large enough (A — A)_l(ul,ug) >0 if uy, ug >0
and (u1,u2) — Fl(u1,us) + A(ug, u) is positive and non-decreasing in the sense of [39, Assumption 4.1
and Assumption 4.4]. Since (u'(t),v!(t)) is bounded in local time, it follows from [39, Theorem 4.3 and
Theorem 4.5] that u! > 0, v! > 0 and the comparison principle holds for these solutions on O 4 and for any
suitable time ¢ > 0. Same conclusion holds for (u"(¢),v"(¢)). As the results, it follows from [17, Proposition
5.1 and Proposition 5.2] that

(0,0) < (' (1), v'(1)) < (u(t), v(t)) < (u'(£),0"(2))
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for any suitable time ¢ > 0 since (u(t),v(t)) is a super-solution of (u!(t),v'(t)) and a sub-solution of

(u"(£), 0" (1))
O

Next, the global-in-time existence result will be shown. Before going to prove it, let Y, be the solution
of

{ Y, + pmin(a)Y = aY — Y2,
Y (0) = yo.

where a and yg are constants which will be determined later. Then, one has

aa— min(k)dk
e /0 i () e

m(a)e
Ya(a) = a = g
o / iamin ()l 1/yo + efal@) — 1/yy + 7(a)ee
0

aa

1/y0+€

a
where Fy(a) = aa — / tmin(k)dk. Next, consider f§ = max . By similar arguments to the one in
0 04

[13, Theorem 14] and [29, Proposition 5.3|, with « large enough, there exist yo > 0 such that

A 1
/ efe@dq > =,
0 B

A eFa(a)
| da -
0 1+ yoeFa®

eFala)
a)da < —d =Y,(0).
/ B(z,a)Y, a B/ 1/y0+€Fa(a) =% (0)

So, with @ > 0 large enough, Y, satisfies upper-bounded of age-structured condition and 0 < Y, < 1.
Now, we will construct a super-solution of (1.1). Let us define u := MY,(a), v := NY,(a).

|

Thus,

Lemma 7. There exist M, N, a > 0 large enough such that (u,v) is a super-solution of (1.1).
Proof. Consider M > 0 large enough that will be determined later. Let K > 1 large enough so that

supp(z) < K inf ¢(z),
zeQ zef

Choose N =2KM > M > 0. For a > 1 large enough so that Y, satisfying the upper-bound age-structured
condition, one have

F7(@,7) = Uy + Ag, uT < m(x)MYa(a) = n(x) M?Y3(a) = MYg(a) = pmin(a) MYa(a) + g(x)NYa(a)
< mMYy(a) — nM*Y?2(a) — M(aYa Y2) + 2K MY,(a)
= MY, (a)[i+ (1 = nM)MY,(a) — o + 2GK]
)

(a)]
< MY, (a)[m —a+2¢K] <0,

1
provided that M > — and a > m+2¢K large enough. Here, we use m = maxm, n = minn > 0, § = maxgq.
n Q Q Q
On the other hand, with these constants

Ady yU = —Tq — p(x,a)0 < —N(Ya)a — pmin(a)NYq
= NY? - aNY, < NY, —aNY, = NY,(1—-a) <0
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and

G(u,) = V¢ + Ag, u¥ < p(x)MYo(a) — q(z)NYa(a)
< g(@)Ya(a) (KM — N) = —K Mq()Ya(a) < 0.
since Y, < 1. Furthermore,

A A
/ Bz, a)u(t,z,a)da = / B(x,a)MYy(a)da < MY, (0) =u(t,z,0).
0 0
Similar to v. Thus, (w,?) is a super-solution of (1.1). O
We are in the position to show the global-time existence results with bounded property in time.
Theorem 8. Assume (A1) to (A5) hold and ug,vo € LT (04). Assume further that
(2.7) 0<wuy<MY,, 0<wvg<NY, on0Oy

where M, N and o are determined in Lemma 7. Then, there exists a unique global positive solution
(u,v) = (u(t),v(t)) = (u(t,z,a;ug,vo), v(t,z,a;up,v0)) of (1.1) on O4 starting by the initial condition
(ug,vg). Moreover, it is bounded, i.e.

0 < u(t,z,a;ug,v9) < M, 0 <ov(t,z,a;up,vg) <N
on 04 and for any t > 0 if ug Z 0 and vy # 0.

Proof. We can show that ug, vg € Br(04). Then, it follows from the fact that (u,v) = (MY,, NY,) is a
super-solution of (1.1) and the comparison principle for age-structured model that

0 < wu(t,x,a;up,v9) < u(t,x,a;up,v9) < MY, < M,
0 <v(t,z,a;ug,v0) < u'(t,z,a;ug,v9) < NYy < N =2KM,

for any (x,a) € O4. In addition, one can prove that

lim u(t, x, a;ug,v9) = 0, lim v(¢, z, a;ug,vg) = 0,
a—A a—A

uniformly with 2 € Q and ¢t > 0. Thus, (u(t),v(t)) exists globally in time. Similarly, (u'(t),v'(t)) also
exists globally in time.

Next, thanks to Section 2.2, we can check that a modification formula for the mild solution in (2.6) as
follows

(u(t), 0(t)) > (u!(£),0'(t)) = e Mg, 4, u(t) (0, v0) +/O e Dy, 4, u(t — 5)FL (uls), v(s))ds
> e_/\t@du,dmu(t)(uo,vo) > (0,0) on Oy, Vt € 10,71,

where A > 0 large enough so that F (u,v) := F!(u,v) + A(u,v) > (0,0) for any 0 < u, v < N. Thus, one
has u(t) > 0, v(t) > 0 on Q x [0, A), Vt > 0.
This concludes the proof.
O

Remark 1. When ug, vg € C.(Q2x[0, A)), the space of continuous functions having compact support subset
of Q x [0, A), one can establish the continuity of (t,z,a) — u(t,z,a;up,vo), (t,x,a) — v(t,z,a;up,vy) on
(0,00) x 04, except possibly on measure-zero sets such as {t = a}, thanks to characteristics line formula
(2.4). If we suppose further that ug, vy satisfy the age-structured condition, the continuity holds over the
entire domain (0,00) x O4.
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Remark 2. The condition (2.7) can be replaced by an another bounded time-independent super-solution
(w,v) of (1.1). In this case, we assume
0<up<w; 0<vy <.
By comparison principle, we also obtain that
0 <u(t,z,a;up,v0) << Mp; 0 < w(t,z,a;u0,v0) <T < M

for some constant My > 0. As the results, the solution exists globally in time.

Remark 3. If we consider Az satisfies Ay < Az < A, we can remove the condition (2.7) to obtain the
global-time existence on Q x [0, Ag]. Since Yo(a) > 0 on Q x [0, Ag], one can find N > 0 large enough such
that

0 <wup < NYy(a), 0 <wvg < NYy(a) on Q x [0, Az].

2.3. Comparison principle for the age-structured model. This section states comparison principle
for some age-structured model that will be used throughout this paper.

There are two type of age-structure comparison principle based on the nonlinear term that we state
here: the monotone and super-sub comparison principle.

Monotone comparison principle. The statements are based on the work of [17, Lemma 4.9 and Lemma
4.10] and [39, Section 5].

Proposition 9 (Monotone comparison principle for one equation). Assume (A3) to (A5) hold. Let F :

Ry xO4 xR R, F=F(t,x,a,u) be a continuous function and local Lipschitz in u, independent with t,

x and a and F(t,z,a,0) = 0. Furthermore, F satisfies the monotonicity condition given in Definition 4.

Then, the following equation

(2.8) { wi(t,z,a) = Aguw(t,z,a) + F(t,z,a,w(t,z,a)), t>0, (z,a) € Oy,
’ w(0,x,a) = wo(z,a), (z,a) € O4,

admits the comparison principle, that is for any wy, wi € Br(04) and 0 < wy < wy, one has

0 <w(t,z,a;wy) < w(t,z,a;w), (x,a) € Og and for any possible t > 0,
where w(t,x,a;w;), i = 1,2 are the solutions of (2.8) with initial condition w(0,z,a;w;) = w;(z,a),
1 =1,2. The same property holds for the super-solution and sub-solution.

We present an analogue of the monotone comparison principle, a useful tool for future work, as follows

Proposition 10 (Monotone comparison principle for system). Assume (A3) to (A5) hold. Let A be the
operator in Lemma 6 and G : 04 x R? = R2, G = G(x,a,u) be a continuous function and local Lipschitz
in u, independent with z and a, G(x,a,0) = 0. Furthermore, G satisfies the monotonicity condition given
in Definition 5. Then, the following equation

= Au u), t
29 Lo 2o 50
admits the comparison principle, that is for any uy, u; € Br(04) X Br(04) and 0 < ug < uy, one has
0 < u(t; ug) < u(t; wr) for any possible t > 0,
where G(u)(a)(z) = G(x,a,w) and u(t;w;), i = 1,2 are the solutions of (2.9) with initial condition
u(0; w;) = w;, t = 1,2. The same property holds for the super-solution and sub-solution.

One can view the comparison principle as follows for any ug = (up,v0),u1 = (u1,v1) € Br(04) and
0 <ug < uy, one has

0 < wu(t,x,a;up,vo) < u(t,z,a;u,vr),

<
<

0 <o(t,z,a;up,v0) < v(t,z,a;ur,v1),
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for any (x,a) € O4 and any possible ¢ > 0, where (u(t, z, a; u;, v;)), v(t, z, a; u;, v;)), i = 0,1 are the solution
of the system (1.1) with the initial condition (u(0,z,a;u;,v;)),v(0,x, a;u;,v;)) = (uwi(z,a)),vi(z,a)), i =
0,1.

The systems associated with this type of function F' and G are called monotone systems.

Super-sub comparison principle. Define F¢ = F. Suppose there exists F~ and F* such that
F  <F°<F*"

These three functions are distinct and F~ and F* are monotone. Due to non-monotone structure of F¢
of our system (1.1) (see (2.1)), the comparison principle can only be stated in the following form based on
the following results [17, Proposition 5.3 and Proposition 5.4], see also [62, Lemma 2.1 of Chapter 8].

Proposition 11 (Super-sub comparison principle for system). Assume (A3) to (A5) hold. Let A and F
be the operator and function in Lemma 6. Consider the following systems

w = Au+ F(u), t>0
2.10 { ’ ’
fori = —,c,+. Then, the system with i = ¢ or F* = F admits the comparison principle, that is for any

ug € Br(04) X Br(04) and 0 < u_(0) < up < uy(0), one has
0 < u_(t) < u(t;ug) < ug(0) for any possible t > 0,

where u— = u_(t) is a sub-solution of (2.10) with i = —, uy = uy(t) is a super-solution of (2.10) with
i =+ and u(t; uy) is the solution of (2.10) with i = ¢, corresponding to the initial condition w(0;ug) = ug.

The arguments in Theorem 8 states that (1.1) and (2.10) are equivalent. Thus, the comparison principle
is also hold for (1.1), that is for any up = (ug,v9) € Br(04) X Bz(04) and 0 < u_(0) < ug, one has

0<u_(t,z, a)
0<ov_(t,x,a)

< u(t,z,a;up,vo),

< w(t,x,a;up, vp),

for any (z,a) € O4 and any possible ¢t > 0, where u_(t) = (u_(t,z,a),v_(t,x,a)) is the sub-solution of
(2.10) with ¢ = — and (u(t, z, a; up, vo)),v(t, x, a; ug,vp)) is the solution of the system (1.1) with the initial
condition (u(0, z, a;ug, vo)), v(0, z, a; ug, vo)) = (up(x,a)),vo(x,a)). This also holds for uy ().

This comparison principle is a direct consequence of Proposition 10 for a super-solution of the system
associated with F~ and a sub-solution of the system associated with FT. It is worth noting that one can
choose F~ = F! and F™ = F” as an example. In most cases, the functions F~ and FT are chosen to be
monotone, depending on the objective of each section, so that Proposition 10 can be applied to construct
a semi-flow and estimate the solution of system (1.1).

3. Existence of disease-free and endemic equilibrium
In this section, we study the existence of endemic equilibrium of (1.1). That is, the existence of positive
solutions (u,v) to the system (1.2).
3.1. Basic reproduction number Ry. We studies basic reproduction number for (1.2) using the approach
in [9,64]. First, let us consider a disease-free equation of (U,0) = (U(t,z,a),0) as follows
g + Ug = dyAnu+m(z)u — n(x)u? — p(z,a)u, t>0, (v,a) € Oy,
A
u(t,z,0) = / B(z,a)u(t, z,a)da, t>0, x €,

0
u(0,z,a) = ug(x,a) (x,a) € O4.
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Using arguments similar to those in Theorem 8, there exists a unique U = U (¢, «, a; uo) for each ug € C(04)
supp(ug) C 2 x [0, A). If Ag, —m4p, > 0, it admits a unique positive steady state U, = U, (z, a) satisfies
w, = dyAyw + m(z)u — n(z)w? — p(z,a)u, t>0, (r,a) € O,
A
u(t,x,0) = / B(z,a)u(t,z,a)da, t>0, z e
0

where \g, _m+, is the principal eigenvalue of A, for the case d = d,, u* = —m + p (see Theorem A.10).
Then, we linearize the second equation of (1.1) around the disease-free equilibrium E? = (U, 0) to obtain

Vi + Vo = dy ANV + [p(x) — q(z) — p(z,a)]V, t>0, (z,a) € Oy,
A

(3.1) V(t,z,0) = / Bz, a)V(t,x,a)da, t>0, e,
V(0,z,a) = VO'o(a:,a), (z,a) € O4.

First, for any 0 < ag < A, it is known that the following equation
(3 2) { Wa:dUANW+[p(x) _Q(x) —u(x,a+a0)] W7 (xaa) € OA7
' W(0,z) = Wy(x), x € Q.
admits a Cp-linear semi-group ¥(ap,a) : Y — Y such that W(a;ag) = ¥(ag,a)Wy is a solution of (3.2)
in the sense that W(ag,a)Wy — Wy as a — 0 for any Wy € C(Q) and W (a) > 0 for any a € (0, A — ag)
whenever Wy > 0 (see [37, Section 5.1.2]). Furthermore, it is known that
Wa < dUANW + [K — ,umin(a + a())] 7%

for some constant K > 0 large enough. By usual parabolic comparison principle, one has

Ka/ Mmln(k+a0)dk
0<W(x,a)<e 0 T, an (@)Wo(z)

where Wy > 0 and Ty, A, is the semi-group generated from Neumann-Laplacian operator —d,Ay. Passing
to the limit a — A — ap, W(z,a;a0) — 0 when a — A — ap uniformly with z € Q thanks to (A4).
Furthermore, one has

1% (ao, a)Wolloo < Ce™[Woll

since ||Tg, A (@) Wolloo < C||Wol|oo for some C' > 0 (see [37, Theorem 5.1.11]).
Now, using the characteristic line method, we solve the first equation in (3.1) with the initial condition
to obtain

_ [ Y(a—t,)V(na—t), ifa—t>0,
V(tv'aa) - { \I;(O’a)V(t_a,-’O) ift—a>0,

Then, we substitute this to the age-structure condition to obtain
min{t,A} A
V@wﬁ%:/ M@@@@ﬂﬂﬁ—GMWWMa+/ Bla,a)¥(a— t, )V a - t)(z)da
0 min{¢,A}

From here, following the approach in [9, Section 4] and [64, Section 4], we define the next infected generation
operator (NIGO) as follows

(3.3) /)Bxa (0)(z)da

and Rg := r(J), where ¥(a)(¢) = ¥(0,a)p, r(J) is the spectral radius of J on Y. The number Ry is called
basic reproduction number.

Theorem 12. Assume (A1) to (A5) hold. Let J be defined by (3.3). Then, the basic reproduction number
Ro := 7(J) is a simple positive eigenvalue of operator I, associated with a positive eigenvector v® = v°(x) €
Y+ \ {0}. Moreover, there is no other eigenvalue having positive eigenvector.
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Proof. One can check that

(1) J: %4_ — H+.

(2) There exists M > 0 such that ||I(¢)||cc < M||¢||co for any ¢ € Y.

(3) Jis a compact mapping.

(4) (94 \{0}) € ¥4 \ {0}
By applying Krein-Rutman theorem (see, for instance, [3, Theorem 3.2]), we obtain the desire results and
Ro > 0. O

It is known that J* : Y* — Y* also satisfies these four conditions (see [8, Section 2.6 and Theorem 6.4]),
where Y* and J* are the dual space of Y and the dual operator of J, respectively. Then, we apply again
the Krein-Rutman theorem r(J*) is the principal eigenvalue of J*. By the standard of spectral theory,
r(J*) = r(J) = Ro. Let w® € Y* be the eigenvector of J* corresponding to Ry and w’(y) > 0 (resp. > 0)
for any y € Y and y > 0 (resp. > 0) on .

On the other hand, consider case u* = —p + ¢ + p. Then, there exists unique principal eigenvalue
Ady,—p+g+p € R such that
d AN¢ ¢a + [p (IL’) ,u(m CL)] ¢ )\dv —p+q+lt¢a (CL‘, CL) € OA,
4
(3.4) é(z,0) / B(z,a)p(x,a)da x € €.

where ¢ = ¢(z, a) is the associated eigenfunction with the eigenvalue \g, _p4 4+, Note that lin}4 ¢(z,a) =0
a—r

uniformly with 2 € Q thanks to the assumption (A4) (see Appendix A). Thus, by defining ¢(z, A) = 0,
it is possible to obtain that ¢ € C ((9714) Furthermore, it follows from the classical bootstrap arguments
that ¢ € C(04) N C*1(04) (see [12, Theorem 2.6] and [15, Proposition 1] for techniques) and ¢ > 0
on Q x [0, A4). In addition, for any other eigenvalue Ao of d,Ax — 0, + [p(x) — q(x) — pu(z,a)] I, one has

Re(Mo) < Ady—ptq+u-
It is known that

/ B(-, ) da = Rgr®;  T*uw® = R,

Alternatively, with u%(z) = ¢(x,0), then ¥(a)u® = ¢(-,a). Thus, from (3.4), we define

A
Iy —prgrn (U0) (2) := / B(- a)e v—rrarntP(a) (u’)da = u.
0

Thanks to positivity of g, A — <w0, J A(u0)> is decreasing.
Let Ro > 1, if Mg, —ptq4p <0, then

W) = () = (u0, G, 1) = (w0, 9u) = (3" %) = R (w 1).
Thus, Rg < 1. This is contradiction. Hence, if Rg > 1, then Ag, _p4q4, > 0. Similarly, Rg < 1 then

Ady,—pt+q+p < 0. Let us state the theorem about the relationship between Ay, _p4q+, and Ro.

Theorem 13. Assume (A1) to (A5) hold. Let J be defined by (3.3), the basic reproduction number
Ro =1(J) and Ag,,—ptq+u s the principal eigenvalue of (3.4). Then, Ro > 1 if and only if Aq, —p+q+u > 0.
Furthermore, Ro = 1 if and only if Ag,,—ptq+pu = 0.

Remark 4. Although the condition A_p,4, > 0 is required to derive equation (3.1) from the original system
(1.1), it is not necessary that the existence of Ry depends on the sign of the principal eigenvalue A\_p ;.

3.2. Existence. In this section, we adapt the technique in [65] to obtain the existence of disease-free
equilibrium and endemic equilibrium.
First, let us discuss about the disease-free equilibrium.
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Proof of Theorem 1 (i). The existence and uniqueness of (1.3) have been proven in Theorem A.10 with
the help of Ay, —m4,u > 0. Thanks to the classical bootstrap argument, one has

up € C(OiA) N 02’1(OA)

Since Rg < 1, it is known that Ag, _ptq+u < 0. Next, assume by the contraction, there exists (u,v) is a
solution of (1.2) such that v > 0 and v > 0. Furthermore, we have

u, v e C(O04)NC*HO,).
Let ¢ > 0 be the eigenfunction associated with Ay, —piq+u, recall (3.4)
Yo = doAn® = [p(@) = a(z) = (@, A)]¢ = “Aprgsud, (2,0) € O,
¢(z,0) = / B(x,a)p(z,a)da, x €.
Thus, one gets 0
¢a = dANG = [p(z) = ¢(x) = p(2,a)]¢ > 0

Since < ¢, we get that

ug
u+ ¢
u

U+ ¢

6o~ o6 — [p(a) 1~ a(a) — )| 62 0
On the other hand, we have

Vg — dpy ANV — [p(a:)u —q(x) — u(x,a)} v=0, (z,a)€ Oy,

A uU+v
v(z,0) = /0 B(z,a)v(z,a)da, x € Q.
By applying comparison principle in Theorem A.11-Step 2, we obtain that
v<¢
Replace ¢ with co¢ for some ¢y > 0, one still has
v < ¢

Letting ¢g — 0, v < 0. Contradiction. Thus, there is no positive solution of (1.2). Furthermore, in this
case, it is not possible to obtain a non-negative solution v > 0 of (1.2) in a similar manner. Hence, the

solution (u1,0) is the only non-trivial solution of (1.2). This completes the proof.
O

This theorem shows that the disease may not spread in the case when Rg < 1 or the infected population
v =0.

In the next theorem, we study the existence of positive endemic steady state in the case the basic
reproduction number Ry > 1.

Proof of Theorem 1 (ii). Since pu* +— Mg+ is decreasing (see Section 2.1) and p > 0, one has A\g, —m4, >
Ady,—m~+p+p > 0. Furthermore, since Rg > 1, one has A\g, _pi g4 > 0.

Now, inspired by the technique in [65, Theorem 2.6] the strategy is to use the homotopy invariance of
Leray-Schauder topological degree to find the positive solution of (1.2). First, let us define

fla,u) = [m(x) = p(z) = n(@)ulu; [ (2,u,0) = [m(z) - n()ulu+ q(z)v,

and
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for the future purposes. Based on the arguments in [1, Section 1.1], it is known that f!, f¢, f" and g are
local Lipchitz functions.

Since 0 <

<1, it is easy to see that
u—+v

flau) < oz u,0) < f7(2,u,0)
for any x € Q and v > 0, v > 0 such that u + v # 0. Now, let us consider the following auxiliary system
Uq = dyAnu + fH(z,u) — p(z,a)u,
Vg =d ANU+g(ﬂs u,v) — p(z,a)v,

(3.5) u(z,0) /Baca u(z, a)da,
v(z,0) /Bwa (z,a)da

Thanks to Theorem A.10 (k = m — p) and the fact that Ay, —m4psu > 0, the first and third equations
admit a unique positive solution u; > 0 on Q x [0, A) and u;(z, A) = 0 for any z € Q (see Remark 10 in
Appendix).

Next, let us consider the existence of solution v; to

va—dANv—i-vhxul,) wu(x, a)v,
v(z,0) /Bma (z,a)da

where h(z,w(z,a),v) = W — ¢q(x). Then, since \g, —ptg+u > 0, (3.6) admits a unique positive
u(x,a) +v

solution v; > 0 on Q x [0, A) by thanks to Theorem A.11 (with A} —ptgtn = ~Ady,—ptg+p < 0). Thus,

the system (3.5) has a unique positive solution (u;,v;). The uniqueness is obvious since all the solutions

of (3.6) must satisfy the first and third one whose uniqueness are guaranteed. In addition, by standard

parabolic regularity and bootstrap arguments, similar to the one in [15, Proposition 1], one can check that
ul vl € C(04) N C%H0O,).

Next, we construct sub- and super- solutions to form the domain for the topological degree. For 0 < e <1,
we define u; = eu;. Then, one has 0 < u; < u; on Q x (0, A), y(x,A) =0 for any x € 2 and

(3.6)

[m(z) = p(z) — n(z)ew — p(z, a)lew
> dm(x) - p(x) - n(@)u; - plz, )
( ) duANgl.

The age-structured condition is obvious. Thus, a similar process to that used for v; is applied for u = 1
to obtain that v; is a positive solution of the following equation

fl(x7 av@l) - M(CIZ a)eul

Vg = dyAnv + g(z, a,u;,v) — u(x, a)v,
A
v(z,0) = / B(z,a)v(z,a)da.
0

A simple calculation yields that g(z, a,u;, v;) > g(x, a,u;,v;). Therefore, thanks to Lemma A.9, v; > v; on

Qx[0,4). Let 0 < e < 1. We can choose e, instead of v; so that v; > v; > ev; on Q2 x [0, A) and v is still a

sub-solution. Thus, we may assume v; > v; on  x [0, A). The pair (u;,v;) will be used as the sub-solution.
Next, we construct the super-solution. We recall u, := MY,, v, := 2KMY, from Lemma 7. It then

follows that (%, v,) is super-solution of the system (1.2). By Lemma A.9, u; < U, and v; < v, on Q x [0, A).
Now, let us define the domain and the homotopy function for the topological degree as follows

(3.7)

G::{(u,v)exoxfxo:gl<u<m, Ql<v<mon(‘)7,4}
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and F : [0,1] X(‘B—):)C()XDCO

((Bay o+ )\I)*l[)\u +(1- t)fl(a:, u) + tfe(z,u,v)]
7)) = (Por (Bay o+ AD) "0+ g (2, u,v)] )

for some A > 0 large enough. Clearly, € is an open set of Xy x Xo, (u;,v;) € € and F is continuous. Using
similar arguments to the one in [27, Theorem 1], one can check that JF(¢) is compact for any ¢ € [0, 1].
Because of the definitions of (v, v;) and (@, 0, ), it is known that F(¢)(u, v) # (u,v) on OC for any t € [0, 1].
Thus, the topological degree deg(I — F(t), C,0) is well-defined and is independent of ¢.

Next, let us calculate the value of deg(I — F(0), €,0). Define Ty 4, = (Ba, + AI)~!. Direct calculations
yield that

T [Bau + cr1(2)1] 0
I — DF(0)] (w,v;) = v?
| (O (wa,v0) Indos | Bdou — P@)WI> Thdo.n [de,u + coa()1] .
ul
where DJF(0) is the derivative of F(0) and ¢11(u)(x) = 2n(z)u;—m(z) —p(z), co2(x) = q(x) —p(gj)ﬁ'
w +

Put £ = [I — DF(0)](uz,v;). Similar to the one in [27, Theorem 1], B,, and B, have compact resolvents.
It follows from [8, Theorem 6.6] that £ is a Fredholm operator of index zero.

On one hand, (u;,v;) is the unique solution of (3.5), making it an isolated solution of I — F(0). On the
other hand, we can check that

o(£)\ {oo} = 0p(L) = 0p(Ba,pu + c11(2)I) Uop(Ba, u + c22(2)1).

where 0,(£) is the point spectrum (see [32, Chapter 7]). Let A1 be the principal eigenvalue of By, ,+ci1(x)]
and A2 be the principal eigenvalue of By, ,, + co2(z)I. It follows from

p(l‘)uz} o =0

By + | a() — 2

p(z)w
u; + vy

p(x)ul}’ we have that Ao > 0. Similarly, A\ > 0. As
u; + v

that 0 is the principal eigenvalue of By, , + {q(x) — } I. Thus, by arguments similar to those in

[13, Theorem 8] and the fact that caa(z) > [q(:ﬁ) -

the results,
5 (L) :=inf{Re(A): A€a(L)} >0

meaning [I — DF(0)] (u;,v;) is invertible. Consequently, by applying the topological degree theory in
Nirenberg [41, Theorem 2.8.1], one gets either deg(I —F(0),C,0) = 1 or = —1. Using homotopy invariance,
one has either deg(/ — F(1),€,0) = 1 or —1, meaning there exists (u,v) € € such that [I — F(1)](u,v) = 0.
As the results, (u,v) is the solution of the endemic equilibrium (1.2) and u > 0 and v > 0 on  x [0, A).
By standard parabolic regularity and bootstrap arguments, similar to the one in [15, Proposition 1], we
can check that

u, v € C(04)NC>(04).

and u(x, A) = v(z, A) = 0 for any z € Q. This completes the proof.



23

4. Stability of disease-free and endemic equilibrium

Since the monotone semi-flow property of the system (1.1) is not obtained, let us proceed by recalling
the upper-system as follows

up = Ag, pu+ F'(u,v), t>0, (x,a) € Oy,
v = Ag, v+ G(u,v), t>0, (x,a) € Oy,
u(0,z,a) = up(x,a), (x,a) € 04,
v(0,z,a) = vo(z,a), (x,a) € O4.

(4.1)

Thanks to the proof in Theorem 8, this system admits a unique positive global-in-time solution (u",v") =
(u" (t; up,vo),v" (t; ug,v0)) = (u" (¢, z,a;ug, vo),v" (¢, z,a;up,vo)). Furthermore, by similar calculation with
(2.1), the age-structured comparison principle holds for these solution based on the work in [39, Theorem
4.3 and Theorem 4.5]. We also define its steady state as follows

{ Adgy pu+ F"(u,v) =0, (z,a) € 04,

(4.2) Ag, uv+G(u,v) =0, (x,a) € 04.

By similar arguments with the one in Theorem 1 (i), one can prove that v = 0 and u = u;.
Next, consider (ug,vo) € X4+ x X4 with ug, vg Z 0, supp(ug), supp(vg) C Q x [0, A). It is known that
up, vo satisfying (2.7), ug, vo € Br(04) and, thus, (u,v) is bounded in the sense that

||ur(t’ K ';u(]avo)”Loo(OA) + ||,Ur(ta *y ';UO,UO)HL"O(OA) < 2N, vVt > 0.
where N > 0 is the constant in Theorem 8. Hence,
(4.3) [[u" (¢, -, 5 w0, v0)|[L2(0,4) + [0 (2, -, 5 w0, v0) || L2(0,4) < H, VE> 0,

for some H > 0.
Next, let us define the w-limit set depending on the initial condition (ug, vg)

w(ug,vo) ={(w, k) € € x &: It, — 0o as n — oo such that
u (tn, - ;3 u0,v0) = w, V' (tn, -, 5 ug,vo) — k weakly in €}

It is well-known that the w-limit set w4 (uo,vo) is non-empty thanks to (4.3).

4.1. Stability of the disease-free case Ry < 1. In this section, we study the stability of solution in
the disease-free case Ry < 1. We expect the infected population v(¢) will tends to zero in this case. By
adapting the technique in [65, Theorem 3.3|, the following lemma shows this statements clearly.

[
Lemma 14. Suppose that (ug,vo) € Xy x Xy with ug, vo # 0, supp(ug), supp(vo) C Q2x[0, A), Ag,,—m+p >
0 and Ro < 1. Then, |[v"(t,",")||Lec(0,) — 0 as t — oo.

Proof. It follows from Rg < 1 that Ag, _pig+pu < 0. Also, it is known that ug, vg € Br(04). Recall the
solution (u,v) of (4.1) and u(t), v(t) > 0 for ¢ > 0 on O4.
Let ¢ be the positive eigenfunction associated with the eigenvalue Ay, _,1q+,. Define

Y(t,x,a) = Cle’\dv’—f’ﬂﬂt(b(x,a) >0, V(z,a) € 04,
for some C7 > 0 will be chosen later. Thus, direct calculations yields that

Ut + o = dyANY + [p(2) — q(2) — p(z; @)l

U
< v for any u, v > 0, one has

Thanks to the fact that
U

o+ < dy Ay + [p(a) — q(x) — (e, @)V on O,
Furthermore, there exists C'y > 0 large enough so that

Y(0,z,a) = C1¢(z,a) > vo(z,a)
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for any (z,a) € O4. By the comparison principle in Proposition 9 for ¢ and v, one has
O (tx,a) <ty x,a) = Cretv—rratulp(z, a)
Since Ag,,—p+q+pu < 0, we get

Hvr(tv K ')HL"O(OA) — 0.

This concludes the proof for v.

Remark 5. The proof still holds if we assume there exists K > 0 such that
Uo(il?,(l) < K¢(IL‘,@), V(IE,CL) € oA

where ¢ is the eigenfunction associated with the eigenvalue \q, —piqtp- The w-limit set can be written as
follows

w(u07 UO) = {(’LU, O)}

Lemma 15. Suppose that all assumptions of Lemma 14 are satisfied. Assume further that all convergences
in the w-limit set w(ug,vo) are strongly in L?(04) (up to sub-sequence). Then, any (w,0) in w(ug,vo) is
an solution of (4.2) or a disease-free equilibrium.

Proof. Inspired by [33, Lemma 5.7], we consider x € C%(04), supp(x) C Q x [0, 4) and p € C®(R) such
that

1
p(5) 2 0 supp(p)  [-11) [ plpds =1
~1
Let w € w(ug,vp) and ¢, > 2 be the sequence such that
U (ty,-,-) = w weakly in L%(04).

Multiplying the first equation of (4.1) by p(t — t,)x(x,a) and integrating over [0,00) x O 4, one has

/ — [xp'(t = tn)u" = (Xa + duDx — p(x, @) X)u" p(t — t,)] dtdzda
(tnfl,tn+1)><OA

A
= / x(z,0) / Bz, a)u’ (t, z,a)p(t — t,)dadtdz + / F"(u",v")xp(t — t,)dtdzda
(tn—1,tn+1)xQ 0 (tn—1,tn+1)x0 4

Put s =t — t,, by changing variable, we have that
(4.4)

/ [~x6(5) = (Xa + dudX — i, @)x)p(5)] W (b0 + 5,7, a)dsdzda
(-1,1)x04

A
= / x(x,0) / Bz, a)u” (ty, + s, z,a)p(s)dadsdz + / F"(u"(ty, + s),v"(ty + s))xp(s)dsdzda.
(-1,1)xQ 0 (-1,1)x04
Claim: For any f € L>°(04), one has
/ u (tn, + s,x,a) f(x,a)p(s)dsdxda — / w(z,a)f(z,a)p(s)dsdxda as n — 0.
(—l,l)XOA (—1,1)><OA

Proof for the claim. Since u(ty,-, ) — w weakly in L?(0,), one gets

/ u"(tn + s,z,a) f(z,a)drda — w(z,a)f(r,a)dxda
OA OA
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and [[u"(tn + 5,-,-)|[L(©,) < N, where N > 0 is the constant in Theorem 8. Thus, the mapping s —
/ u (tn+s,z,a)f(r,a)drda is bounded for any n € N, s € [—1,1]. By the Lebesgue dominated theorem,
O0a

we obtain the desired result. O

Now, let us focus on

/ F"(u"(ty, + 8),0" (tn + s))xp(s)dsdzda
(71,1)><OA

= / [m(z) — n(z)u"]u"xp(s)dsdxda +/ q(z)v"xp(s)dsdxda
(-L,1)x04 (-1,1)x04

=I+IT+111

First, it is easy to check that |[TI| < Cyerdv.—ptatul for some Cy > 0. Thus, one has I11 — 0 as n — oo.
On the other hand, one has

I= / m(x)u" (t, + s, x,a)xp(s)dsdxda — / m(z)w(x,a)xp(s)dsdzda
(=1,1)x04 (—1,1)x04

since mp € L*>(04). Lastly,
I = / n(z)(u")(ty + s, z,a)xp(s)dsdzda
(—1,1)><OA

One can check that ¢ — ||(u")2(t, -, N z2(0,4) is bounded. Thus, we can assume that (up to sub-sequence)
(u")2(tn, -, ,-) — h weakly in L*(0,),

for some h € L?(04). As the results, by similar arguments to the above claim, we get that
I — n(x)h(x,a)xp(s)dsdxda as n — oo.
(-1,1)x04

Passing to the limit n — oo, from (4.4), one has

/(—1 1)x0 [—Xp'(s) = (Xa + dulhx — plz, (I)X)p(s)} w(z,a)dsdxda

A
:/ X(x,O)/ B(w,a)w(x,a)p(s)dadsdm—i—/ m(z)w(z,a)xp(s)dsdzda
(—1,1)xQ 0 (-1,1)x04

- / n(z)h(x,a)xp(s)dsdzxda
(-1,1)x04

1 1

p'(s) =0 and / p(s) =1, we obtain

Thanks to the facts that /
-1

1
_ /o [Xa + duAx — pu(, a)x)]w(z, a)dzda

(4.5) A )

— /QX(:U,O)/O B(x, a)w(z, a)dads + /OA m(z)w(z,a)xdzda —/ n(2)h(z, a)ydzda

04
Next, since u(ty, -, ) convergence strongly in L?(04) (up to sub-sequence), it follows that

h=w
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Thus, the equation (4.5) can be written as follows

= [ ot dux = a0t a)doda
(4.6) Oa |
= xT I, a)w\xr,a)aaaxr mlxr)w\xr, a raa — nxw2aja raaq.
= [ x@0) [ sle.apu(e.a)dad +/OA (@u(e,a)xdada ~ | n(o)u?(@,a)xded

0a

Since y is arbitrary, w > 0 is a very weak solution of (1.3). By standard parabolic arguments and the
age-structured initial condition, we can obtain w is indeed a strong solution of (1.3). Hence,

wa(uo,vo) = {(u1,0)}
In addition, it is standard to obtain that
u"(t,-,-) — uy strongly in L*(04) as t — oo.

This completes the proof.
O

Remark 6. The L?-strong convergence condition is essential. To obtain the KPP-type term in the final
result and thereby achieve the disease-free equilibrium, we require the L?-weak convergence of the "u?”
term. However, it is well-known that this weak convergence implies L?-strong convergence of u.

Next, inspired by the work of [11, Section 7], [17, Theorem 4.11] and [29, Proposition 5.3], we obtain
the following result

Theorem 16. Assume (A1) to (A5) hold. Suppose further that (up,vo) € X4 x Xy with ug, vo Z 0,
supp(uo), supp(vo) C Q2 x [0, A), Ag,,—m+u > 0 and Ro < 1. Then, for any Ay < Az < A, one has

" (¢, -, -5 ug, vo) — ulHLOO(OT;?)) — 0, [Jv"(¢,-, ‘§u077}0)HL°°(07AS) — 0.
Proof. Let Ay < Az < A. Since ug > 0 and vg > 0, one has
u" (24, 2, a;up, v9) > 0, v"(24, x, a;u0,v9) > 0, V(x,a) € O 4.
Thanks to the characteristic line formula, there exists § > 0 such that
u" (24, x, a;up,v0) > 6, v" (24, x,a;ug,v0) > 5, ¥(z,a) € Oa,.
Consider ¢ > 0 is the eigenfunction associated with Ay, _4, > 0
N L Y
o0 = [ 8o ajo(e.ayda
and ¢ > 0 be the eigenfunction associated with A\g, _piq4p, <0
Pa — dvAN(PA:‘ ez, a)p = p(x)e +q(2)0 = =Ad, —prgtn®s
o(z,0) :/0 Bz, a)p(x,a)da.
Define u := e¢¢ and v := 0 for some ¢ > 0. Choose € small enough so that
u, — dy A+ p(z,a)u — m(z)u < —n(2)u® < —n(z)u’ + q(z),

and
UV

u—+v

Vg — dyAnv + p(x, a)v < —p(x) + q(x)v.

Thus, (u,v) is a sub-solution of (4.1).
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On the other hand, we choose « large enough so that the upper-bound age-structured condition of Y, is
satisfied. Put w := K1Y, (a), U := Kap(x,a) for some K;, Kj large enough. One can show that T satisfies

wa = dyAyw + [p(x) — g(x) — (@, a)Jw — Ay —prgryw > doyw + |p(x)—— — g(x) — p(z,a) | w

u+w

since Ag,,—p+q+p < 0. It follows from arguments similar to those in Lemma 7 that (@, v) is a super-solution

of (4.2). Choose € smaller and K, Ky larger so that
u < u'(24,-, 5 uo,v0) < Us
v <v"(24,-, 5up,v9) <T

on O4,. By the uniqueness and the comparison principle (Proposition 10), one has

(4.7) u'(t, -, v) S U+ 24, 5 u0,v0) S U(E 5T, D);
| ?';ﬂ7 )

V(s u,v) < OT(E+ 24, -, 5 u,v9) < V(8 - v)

on O 4, for any ¢ > 0. It is known that (u”(t,-, %, ),v"(t,, %, )) and (u"(t, -, s u,v),v" (¢, -, s u,v)) exist
globally in time on O4 (see Remark 2 and 3).
Due to the uniqueness of (4.1) on O4, it is easy to check that

u(t, -, s u,v) =u(t,-, su); v(t, - ;u,v) =0 on Oy for any t >0
and u(t, -, -;u) solves
g + g = dyAnu +m(x)u —n(z)u? — p(z,a)u, t>0, z€Q, ac(0,A),
u(t,z,0) = /A Bz, a)u(t, z,a)da, t>0, x €,
u(0,z,a) = go(x, a), (z,a) € O4.

Now, let us work with the right-hand side of (4.7). By comparison principle for age-structured model
in Proposition 10, one has

u(t,x,a;w,w) < vy 0 (tx,a;w,v) < T, V(z,a) € 04, t > 0.
As the results, the uniqueness of solution admits that
u (t+ s, x,a;u,0) < u'(t,xz,a;w,v); v (t+s,z,a;w,0) <V'(t,x,a;u,0), Y(r,a) € Og, t, s> 0.
Thus, there exists w1 and ws such that as ¢t — oo
u'(t, z,a;w,v) — wy(z,a) pointwise,
v"(t,x,a;u,v) — we(x,a) pointwise,

for any (z,a) € O4. By Lebesgue dominated convergence theorem and the fact that (u,v) is bounded on
(0,00) x O4, one gets
u (tn, -, 1, ) — wy strongly on L?(04),
V" (tn, -, T, T) — wy strongly on L2(O4).
for any sequence t,, — 0o as n — 0o (up to sub-sequence). As the results, similar to the one in Lemma 15,
one must have w; = uy, wy =0 and, as t — o0,
u"(t, -, u,0) = up strongly on L?(04),
o' (t, -, w,v) = 0 strongly on L2(O4),
u"(t,z,a;u,v) — ui(x,a) pointwise,
v (t,x,a;u,T) = 0 pointwise,
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where u; solves

ug =d ANU + m(z)u — n(x)u? — p(z,a)u, (r,a) € Oy,

u(z,0) /ﬂwa ,a)da x €.

It follows from Dini’s theorem that

u”(t,-,;u,0) — u; uniformly on O 4,,
v"(t, -, u,v) — 0  uniformly on Oy4,.
By similar arguments for the left-hand side of (4.7), one has
u”(t,-, 5 u,v) =u"(t,-,;u) — u;  uniformly on O 4.
This is possible since
Ug = duAN’li‘-i- m(z)u — n(x)u? — p(z,a)u, (z,a) € Q x (0, Asz),

u(z,0) = /0 ’ B(x,a)u(x,a)da, x € €.

admits the unique solution u; and supp(8) C Q x (Ao, Aa] C [0, A3]. Consequently, one can prove that

u"(t, -, ;up,vp) — w1 uniformly on O4,,
V" (t, -, 5 up,v9) — 0 uniformly on O4,.

This completes the proof. O

Now, let us return the system (1.1). Recall the solution (u,v) = (u(t;uo,vo), v(t;ug, vp)) of the system
(1.1). Thanks to estimations in Theorem 8, one can have that

0 < u(t;ug,vo) < u'(t;ug,v0),

0 < v(t;up,v9) < V" (t;up,v9) < CoePdv—pratnt
where Cy can be found in Lemma 14. Thus, one has, as t — oo
(4.8) [[v(t; w0, v0)|| Lo (0,4) = 0,
and

0 < lim inf u(t; up, vo) < lim sup u(t; ug, vg) < up uniformly on O 4,.
t—o0 t—00

for Ay < A3 < A. In addition, the following properties hold
[[u(t, - 5 w0, v0) | Loo(04) + [V(E -5 5 10, v0) || Lo (0,4) < 2N, VE > 0.
and
u(t, -, w0, v0)l|L2(0.4) + [[v(E: - w0, v0)[|L2(0,4) < H, VE> 0,
We are position to prove the stability of disease-free equilibrium for system (1.1).

Proof of Theorem 2 (i). Consider A2 < Az < A. Thanks to the fact that u > 0 on 04, and (4.8), it follows
from the mild formula that for any e > 0, there exists T'= T'(¢) > 0 such that

u(t; uo, vo) — Pa, u(t)(uo) — /0 B, u(t — ) [m(x)u(s; ug, vo) — n(z)u?(s;ug, vo)] ds| < 5/0 D4, u(t —s)ds,

for any ¢t > T and uniformly on O 4. Due to the uniqueness, one can rewrite as follows
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t+T
u(t + T’ ug, vo) — Pg, . (t) (u(Ts uo, vo)) —/T B, u(t+T — ) [m(x)u(s;ug, vo) — n(z)u?(s; g, vo)] ds

t+T
< 5/ Qg u(t+T — s)ds,

T
for any ¢ > 0 and uniformly on O 4. Consider Ay < A3 < A and ¢ small enough. Choose ¢ = § min n(x)u? >
OA3
0, one can deduce that
u(t 4 T';ug, vo) > g, (t) (w(T uo, vo))
t+T
+ / Q4 u(t+T —5s) [m(m)u(s, Ug, Vo) — n(m)uQ(s; U, Vo) — 5n(:1:)uf] ds
T
Define
t+T
(49)  w(t) = Dy 0 (O)(u(T; o, v0)) + / gyt +T — 5) (mx)w(s) —n()w?(s) — on(z)ul) ds
T
This may have the steady state w™ satisfying
— Ayw + u x,a)w m(w)w —n(z)w? — dn(z)ui,
4.1
(4.10) (x,0) / B(x,a)w(x,a)da
To prove the existence of the steady state, for e > 0 that will be chosen later, we define w™ = (1 — €)uy
Then, one has
w, — Axw™ =m(z)w” —n(z)w u; = m(z)w™ —n(z)(w)?* — (1 — e)n(x)u?

1
At this point, we choose € > 0 is the positive solution of €2 — e+ = 0. If 0 < § < 7 Ve obtain

1—v1—-45
¢ = ————— > 0. In addition, it follows from a bootstrap argument that any steady-state solution

belongs to C (04,) NC% (04,).
Now, inspired of the technique in [65, Theorem 3.3], we define k = 2sup ™ and

Q n
m(z)T, T7<0
j(z,7) =& m(z)T —n(z)r? 0<7<k

n(x)kx% +m(x)T — 2n(x)kT, T > K.
Clearly, j € C! (ﬁ X ]R). We denote by H é((() A4) the following Banach space
A
Hé(OA3) = {¢ € Hl(oAs) : ¢(.T,0) = /O B(m,a)¢(:c,a)da}
Define F : Hé(OA3) xR — L(Hé(OA3),R), the duality space of Hé(OAB), as follows
(Fw,0) | ) = (A0 | v) + (i, w) — on(a)ed | v)
= —du/ VwVovdr — / wevdx — / u(z, a)wudz + (j(z, w) — on(x)u? | v).
Q Q Q

for w, v € Hi(Oa4). One can check that F € C* (Hé(OAg) X R) and
F(u1,0) =0, (OwF(ur,0)w | v) = (Aqg, gw | v) + ((Mm(z) = 2n(z)ui]w | v)
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Similar to the technique used in Theorem 1 (ii), it is known that 2nu; — m 4+ p > nu; — m + p and
duAnuy — (ur)e — [m(x) — n(x)ur — p(x,a)]ur = 0. Thus, A\g, —m+2nui+u < Ady,—mtnui+n = 0. This leads
to the fact that the spectrum of 9, F(uq,0) is in the negative real-part of the complex plane and, thus,
OwF(u1,0) is invertible. It then follows from the implicit function theorem that F(w,d) = 0 has a unique
solution on H é(@ A) for any 6 > 0 small enough. Similar to Theorem 16, one can show, from (4.9), that
there exists Ty > 0 such that

w(t) > w™ — €||ur]]oo, Vt > Tp, uniformly on O 4.
By the age-structured comparison principle (Proposition 11), one has
u(t; uo, vo) > up — 2€||ur|oo = ur — (1 — V1 — 46)||u1 |00, ¥t > T + Tp.
uniformly on O 4,. This implies that

up — (1 — V1 —40)||u1]eo < litrn inf u(t; uo, vo) < limsup u(t; uo, vo) < wy uniformly on O 4,.
o0 t—o0

This is true for any § > 0 small enough. One can deduce that
lim wu(t; up, vo) = w; uniformly on O 4,.
t—ro0

Finally, it is easy to check that
u(t; up, vg) — w1 pointwise on O 4,

since we can choose a suitable As for each a. It follows from Lebesgue dominated convergence theorem
that

u(t; ug,vg) — w1 strongly on L2(04),

This concludes the proof.
O

4.2. Stability of the endemic equilibrium Ry > 1. Let us begin the section with some remarks. For
any (w, k) € w(ug,vo), there exists t,, such that

u” (t;ug,v0) — w  weakly on L2(04),
V" (tn;ug, vo) — k  weakly on L2(04).

as n — oo. If these convergences are strong (up to sub-sequence), we can prove (w, k) is the solution of
(4.2) by similar calculations to the one in Lemma 15. An example for the convergences to be strong is by
choosing (ug, vg) as a super-solution or a sub-solution of (4.2). However, due to the lack of uniqueness, the
global stability of the endemic equilibrium is not generally achievable, i.e., convergence as t — oo cannot
be ensured. As the results, the estimation of (u,v), the solution of (1.1), becomes more complicated.

Let us state some results about long-time dynamics of (1.1).

Proof of Theorem 2 (ii). Consider Ay < A3 < A, recall that
A3

A Ao
/0 Bz, a)é(x,a)da = B(x,a)p(x,a)da = Bz, a)p(x,a)da

0 0

since supp(8) C Q x (Ag, Az]. Let ¢ > 0 be the eigenfunction associated with Ady,—mtp >0
Do — duAN¢A+ AL(JJ, a)¢ - m($)¢ = _/\du,—m+u¢7
3
o(w.0) = [ 8w a)o(e a)da
0



31

and ¢ > 0 be the eigenfunction associated with A\g, _piq4p >0
Pa — dvsz«ij p(x, a)p — p(e)e + q(2)p = —Ady,—prg+u®;
o(x,0) :/0 Bz, a)p(x,a)da.
Similar to the one in Theorem 16, we choose €; > 0 small enough so that
€10 < u(2A4;up,vp) on 07143.
and u := €1¢ satisfies
u, — duAyu+ p(z, a)u — m(z)u < —n(z)u’ — p(z)u

Next, choose h = u, k1 = p and ko = ¢ in Theorem A.11-Step 1 and €2 > 0 small enough such that
v 1= e satisfies
U

Vg — ANV + p(z, a)v < p(:v)u e q(z)v on O 4,,

and
eap < v(24;up,vp) on O4,.

As the results, (u,v) is a sub-solution of the system associated F! in Lemma 6 on 0a,;. Now, choose
u = K 1Y,(a) and v := KyY,(a) with Ky, Ko and « large enough such that (w,v) is a super-solution of
the system associated F" in Lemma 7 and

w(24; up, v9) <1

= 0
_ on .
< 0(24; up,v9) < As

By the uniqueness and the comparison principle (Proposition 11), it follows that

< u(t + 24;u0, vo)

U=~
(4.11) v < vt + 2A4;ug, vp)

<v a
<7 0 04,4, for any ¢ > 0.

As the result, there exists €1, €5 > 0 such that

0 < &1 < liminf u(t; ug, vo) < limsup u(t; ug, vg) < K,
t—00 t—o0

0 < g9 < liminf v(t;ug, vo) < limsup v(t; ug,vo) < Ko,
t—00 t—o00

uniformly on O 4,.

which concludes the proof. O

The results in Theorem 2 (ii) show the persistent of the disease in the population when Ry > 1, a
potential outbreak of the disease.

5. Stability of the endemic equilibrium Ry > 1 when m =n =20

In this section, we reduce the logistic term mu — nu?. The main objective is to establish the stability
of the endemic equilibrium by showing the uniqueness of the steady state in a certain sense, as will be
discussed later. Although the background setting is similar, we will highlight some important differences.

From this point, we assume that

(B1) dy, =d, =d, p, ¢ > 0 are constants and m =n = 0.
Let us consider an alternative version of the assumptions (A3) to (A5) as follows
(B2) u € CH([0, A)), u > 0 satisfies

/OA w(k)dk = oo.
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and
ap — sup p(a) is continuous with ag € [0, A].
a€[0,a0]
(B3) B is a non-negative function in C'([0, A]) and there exists Ay, Ay, Az € (0, A), Ag < A; < Ag such
that
ﬁ(a’) > 07 Va € (A()aAl) and Supp(/B) - (AO)AQ]u
and

R:= /OA Bla)e /oa”(k)dkda —1.

In [28], the authors interpreted R as the expected number of children born to an individual or the net
reproduction rate. For convenience, we define

mo(a) = e_/O M(k)dk, Lo(a) := 6/0 M(k)dk.

Let us consider the initial condition ug, vy of the system (1.4) satisfies
(5.1) 0<wug<Kmg, 0<wvy < Hmg on Oy.
for some constants K, H > 0. Similar to Lemma 6, there exists
(u,v) = (u(t; uo,vo), v(t; up,v0)) = (ul(t, x,a; ugp, vo), v(t, x, a; ug, vy))

is a solution of (1.4) and it is uniqueness in local time. Then, from first and second equation, with
w := u + v, one has

wi + we = dAnw — p(a)w.
Furthermore, one can check w := (K + H)mg(a) satisfying w, = —u(a)w. It follows from the age-structured
comparison principle that w < w on O4. As theresults, 0 < u <won 04 and 0 < v < w on O 4 for suitable
time ¢ > 0, meaning the solution exists globally for any ¢ > 0. We further obtain that u(t) > 0, v(¢) > 0

for t > 0 if ug £ 0, vy Z 0.
Now, let us consider the system

( ut—l—ua:—w—i—qv—u(a)u, t>0, ac(0,A4),

ot v
Vg + Vg = P —qu — p(a)v, t>0, ac(0,A4),
uAi— v
(5.2) u(t,0) = / B(a)u(t,a)da, t>0,
0
A

o(t,0) = / B(a)o(t, a)da, £ 0,

0
u(0,a) = uo(a), v(0,a) =wo(a), a€(0,4),
Similarly, there exists (u,v) = (u(t),v(t)) = (u(t, a;ug, vo), v(t, a;ug,vg)) is a solution of (5.2) and it is
uniqueness. On the other hand, this solution is also the solution of (1.4). As the result, the solution of
(1.4) is independent of space when the initial condition is independent of space.

Let us analyze the steady state system (1.5). For ug € C.([0, A))\ {0}, up > 0, when v = 0, (1.4) admits
a unique solution u(t) = u(t, a;ug) satisfying

ug + ug = —f{t(a)u,
u(t,0) = /0 B(a)u(t,a)da,
u(0,a) = up(a)
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and (5.2) admits
us(a) = us(0)mo(a).

for some constant u,(0) > 0. From the work of [5, Remark 2.3.1 and Theorem 2.3.3], for each ug > 0 such
that

A
| Bw(a)da £ 0
0
there exists u.(0) > 0 such that u(t) — u, as ¢ — oo uniformly on a € (0, A). Next, we linearize the second
equation of (1.4) around the disease-free equilibrium E° = (u,0) to obtain

UVt + Vg = p q— N( ))'l), t>07 CLE(O,A),
(5:3) v(t,0) / B(a)v(t,a)da.

Using the characteristic line method in [23, Chapter 2], we obtain that
(g _0(@) ¢ > ¢
v(t,a) = ¢ mo(a — t)vo(a ) az
e~ (a)v(t — a,0) a<t.

We substitute this to the age-structure condition to obtain
min(t,A) A
v(t,0) = / B(a)mo(a)eP~ D% (t — a,0)da + / B(a)L(a)e(p_Q)tvo(a —t)da.
0 min{t,A} 71'0((1 - t)

From here, similar to the one in [9,20,64], we define the basic reproduction number R as follows

A
Ro ::/ B(a)mo(a)eP~D%q.
0

Thanks to the condition (B3), one has Ry > 1 if and only if p > ¢. In addition, p = ¢ if and only if Ry = 1.
On the other hand, without state the exact formula of the next infected generation operator J, one has

Theorem 17. Assume (B1) to (B3) hold. Let J be the next infected generation operator (NIGO) and
Ady,—p+q+p denote the principal eigenvalue associated with (5.3). Then, Ro = r(J), the spectral radius of J
and Ro > 1 if and only if g, —pyg+n > 0. Furthermore, Ro = 1 if and only if g, —pyq+n = 0.

Remark 7. Consequently, \a, —pyq+pu > 0 if and only if p > q and N\g,,—pyq+p = 0 if and only if p = q.

The remainder of this section closely follows the structure of the previous one. Next, from the first and
second equations of (1.5), with w := u + v, one has

w(a) = —pla)w
which is w*(a) = w(0)mg(a) for some w*(0) > 0.
We are in position to state the existence and uniqueness of (1.5) in the case endemic equilibrium as
follows

Theorem 18. Assume (B1) to (B3) hold. Suppose further that Rg > 1. Then, for any w*(0) > 0, (1.5)
admits a unique positive solution (u*,v*).

Proof. Let A3 be the number satisfying Ao < A3 < A. Using the relation v = w — u, it follows from the
second equation that

p 2
(5.4) Vg + pla)v = (p — @)v — mv on Q x (0, A3)
Similar to Theorem A.10 and the fact that Ry > 1, for each w*(0) > 0, there exists a unique v* is the
solution of (5.4). As the results, with the uniqueness, one can extend v* to the domain O4 using similar
arguments to the one in Theorem A.10. This same holds for u*. |



34 CONG-BANG TRANG AND HOANG-HUNG VO*

Remark 8. Consider the system

[ uy = dANu — % + qu — p(a)u, (x,a) € Oy,

Y
pUv

Vg = dANU+

(5.5) / Sa
0= [ st

One can check the uniqueness thanks to Hopf’s lemma and strong maximum principle for the parabolic
equation in a similar manner to Lemma A.9. Thus, the system (1.5) and (5.5) admit the same unique
positive solution.

—qu — ,U,(CL)U, (1"7 a) € 0a,

Next, let us analyze the system (1.4). Assume ug, vg € X4, up < Hmp(a), ug < Kmg(a) for some
K, H > 0 and ug, vg, up+ vp Z 0. From (5.1), we get
wy + wg = dANw — p(a)w
A
w(t.2.0) = [ Sla)u(t.z.a)da,

0
w(0,z,a) = wo(z,a).

where w:=u+ v > 0 and wg := ug+ vy > 0 on O4. Consider Ay < A3 < A. Based on similar arguments
to [33, Theorem 4.9], it follows from R =1 that

w(t;uo, vo) — w*(0)mo(a)¢1(z) in L*(O4,)

“(0) - / /b _/ ds/wo(:z: €)1 (z)dzdeda y
/ B(b)bmo(b '

Note that since ¢; = 1 is the only L?-normalized positive eigenvector associated with the first eigenvalue
A1 = 0 of —dAp, one can omit the eigenvector in this result. Hence, the point-wise convergence on O 4 is
established. Since w is bounded on O 4, it follows that

w(t; ug, vo) — w*(0)mo(a) in L*(04)

where

Next, the second equation can be rewritten as follows
v + vg + p(a)v = dAyv+ (p — q)v — 51}2 for t > 0.
Since Rg > 1, we shall prove that
v(t; up,v9) — v*(a) > 0 as t — oo pointwise on O 4

where v* is the unique positive solution of

(v")a + pa)o* = (p — q)v* —

(5.6) A
v*(0) = /0 Bla)y

Similarly, one has u(t) — u* := w* — v*.
We are in position to prove the stability of endemic equilibrium for system (1.4).
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Proof of Theorem 3. For Ay < Az < A, the key point is to show vy = KY, is a super solution of the
following equation

vt + Vg + p(a)v = dAyv + (p — q)v—£v2 t>0, (r,a) € 04,4
w
(5.7)
v(t,z,0) /6 v(t,x,a)da

for o, K > 0 large enough. One can check that
(0)e + (0)a + (@)oo — (p = )0 + Lof = akYy = KYZ = (p— ) KVa + KLy
> KYa(a_Ya_p+Q) >0

provided that o > 0 large enough and w(t; ug, vg) > 0 on O 44, for any ¢ > 0. Thus, vy is a super solution of
(5.7). Note that the choice of K and « is independent with w. By the age-structured comparison principle
(Proposition 9) for the domain O4,, one can prove that

v(t; ug, vo) < vg and v(t + s;ug, vo) < v(t;ug, Vo)
for any (z,a) € Oa4, t, s > 0. As the results, there exists a measurable function 2* > 0 such that
v(t; ug,vo) — h™ as t — oo pointwise on O 4,.
The rest is similar to Lemma 15 and Theorem 16. We highlight an important detail in nonlinear term

IH:_/ pv*(tn + s;u0, v0)
(~1,1)x0,4, W(tn + 550, v0)

xp(s)dsdxda

It is known that

pv*(tn + 5300,00)  p(h*)’
w(tn + 8;u0,v0) w*(0)m(a)
and
pv2(t, + s;u0,v0)
u(tn + s;u0,v0) + v(tn + S5 w0, v0)
for some M > 0. Thanks to Lebesque dominated convergence theorem, one has
p(h*)?
(—1,1)x04, w*(0)7(a)

pv(tn + s; uo, vo)
w(tn + ;5 uo, UO)

< pu(tn +s) < pM.

117 — — xp(s)dsdzda.

It then follows that
h* = v* is the unique solution of (5.6) and v(t; ug, vg) — v* strongly on L*(O4,).
Define u* = w*(0)7(a) — v*. One can show that
u(t; ug, vo) — u* strongly on L?(04,).
Finally, it is easy to check that

u(t; up,vg) — u*  pointwise on Oy,
v(t; up,v9) — v*  pointwise on Oy,
since we can choose a suitable As for each a. It follows from Lebesgue dominated convergence theorem
that
u(t;ug,vo) — u*  strongly on L2(04),
v(t;up,vg) — v*  strongly on L?(04),

This concludes the proof.
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APPENDIX A. Spectral Theory for Age-Structured Model with Neumann Boundary
Conditions

In this section, we present the spectral theory of age-structured model for Neumann boundary condition,
analogues results with [13]. This work is essential since death rate y blows up at @ = A in the sense of L!.

Definition A.1. Denote by L% (Q) := {f € L*(Q) : f(z) > 0 a.e, x € Q}. We say that u € L2 () is
quasi-interior point of Li(Q), which is written as uw > 0, if

/ u(x)f(x)dz >0 for all f € L7(Q) and nontrivial.
Q

We say H1(Q) = L(HY(Q),R), the duality of H'(Q2) and (,-) is scalar product for the duality of
H=1(Q) and H'(Q).

Definition A.2. For any f € L*(04), we say u € L*(0, A; H'(Q)), uq + qu € L*(0, A; H~Y(Q)) is a weak

solution if

A
/ (g + qu,v)da+ | Vu-Vodrda = f(z,a)vdrda,
0 OA OA
u(:v,O) = ¢($)7 x € Q.
for any v € L?(0, A; HY(Q)).

Let us start with the eigenvalue-eigenfuntion equation as follows

Vo — dANG +M(a)p = X*¢, (x,a) € Oy,
(A1) —¢:0, x €0, ae(0,A),

where d > 0 and
(C1) M € L*>(0, Ap) for any 0 < Ag < A and

A
/ M(a)da = 0o
0
(C2) v € L*>®(0,A), v > 0 and there exists ag, a1 € (0,A) and ag < a; such that v > 0 on (ag,a1).

Lemma A.3. Suppose that (C1) and (C2) hold. Then, (A.1) admits a positive solution on Q x (0, A) if
and only if

)\*:)\14—7"3\/[

where ry; is the unique solution of

/0 ! ~(a) exp (rMa . /0 ' M(s)ds) da =1

and A = 0 is the principal eigenvalue of —dApn. Furthermore, one has
oé(x,a) = exp (rMa — / M(s)ds) v1(x)
0

where 1 is the eigenfunction associated with Ay and o1 > 0 on .
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Proof. To start the proof, we adapt the technique in [33, Theorem 3.5] to show all solutions of (A.1) is
separable. We denote by (A;, ¢;) the eigenvalues and eigenfunctions of the Neumann problem of —dAy in
2, meaning

A2 i

(4.2) 0% _y z € 0.

On

It is well-known that {u;};>1 is an orthonormal basis of L?(£2). Thus, one has
$(x,0) = > wviepi in L*(Q)

i>1

{ —dANnp; = Nipi, T € Q,

for some sequence {v;} in R. Then,

a
(x,a) = Zvi exp (—)\ia 4+ Na — / M(s)ds) 0
i>1 0
By using the age-structured condition, one gets

Zﬂi%‘ = ngpi /OA v(a) exp (ria — /Oa M(s)ds> da

i>1 i>1
where r; := A* — \;. This leads to

A a
either v; =0 or / v(a) exp (ria - / M(s)ds> da =1
0 0

A a
Thanks to the fact that / ~v(a) exp <ria — / M(s)ds) da = 1 admits at most one solution r; = 7y, we
0 0

conclude the separable property.
Now, consider ¢(x,a) = X (x)A(a). Then, one has

A(a) = po exp (ra - / M(s)ds)
0
and
A
A(0) = / v(a)A(a)da if and only if r = ry;.
0

On the other hand, one gets

—dANX = ()\* — Tj\/[)X, x €,
— = x € Of.

Using the fact that ¢; is only the positive eigenfunction on €, we conclude that \* = A\; + 7y =7, O
A
Remark 9. Note that liIIjl4 o(x,a) = 0 uniformly with x since / M(a)da = co. In fact, it is well-known
a— 0

a
that o1 is the constant function. Thus, the solution can be written as ¢(a,x) = C exp <7‘Ma — / M(s)ds)
0

for some constant C > 0. Furthermore, if the solution is reqular enough, we can recover the Neumann
boundary condition with the appropriate test functions.

Lemma A.4. Assume (C1) holds. Consider u is a solution (in weak sense) of
ug — dANu + M(a)u = f(z,a), (z,a) € Oy,

(A.3) — =0 x €09, a€(0,A),
u(z,0) = ¢(z), x €.
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and f >0, ¢ > 0 and some of inequalities are strict. Then, u>> 0 on O 4.
If f=¢=0, then u=0.

Proof. The proof is the analogous result to the one in [13, Lemma 6] based on the fact that the semi-group
of Neumann-Laplacian is strongly positive (see, for instance, [40, Theorem C-11I-3.2(b)]). We modify a
detail as follows: The solution is a constant function © = C' in the case f = ¢ = 0. Then,

M(a)C =0, Ya € (0, A).
If C # 0, then M(a) =0, Va € (0, A). Contradiction with (C1). Thus, C' = 0. O
Let us consider the following condition
(D1) p* = p*(z,a) € L>®(2 x (0, Ag)) for any 0 < Ag < A and

Hinin(0) = Inf 1" (2,0), rfae(a) = sup p*(z, )
e zeQ)

satisfy

a A
/ Umax (k)dE < oo, Ya € (0, A), / Hmin (k)dk = 0.
0 0

(D2) B* = B*(z,a) € Wh*(Q x (0, A)), B* > 0 and there exists ag,a; € (0, A) and ag < a; such that
By i= inf *(x,-) > 0 on (ag,a;) and supp(8*) C Q x (ag, A).
e

min
Next, let us state the main results of this Appendix A.
Ug — dANu + p*(x,a)u = XN*u, (x,a) € Oy,

ou
(A.4) - =0, z €09, ac(0,A),

on A
u(z,0) = / B*(z,a)u(z,a)da, x € Q.
0

We call an eigenvalue \* is principal if there exists an eigenfunction ¢ > 0 in Q x (0, A).
Now, we state the main result

Theorem A.5. Assume (D1) and (D2) hold. Then, there erists a unique principal eigenvalue of (A.4),
denoted by X;l’u*. Moreover, it is simple and the only eigenvalue having a positive eigenfunction. The
positive eigenfunctions can be taken bounded. Furthermore, for any other eigenvalue \* of (A.4), it holds
that

Re(\") > Ag x-
Finally, the map p* — X IS increasing.

Proof. There are several steps to prove this result as follows
Step 1: Let us consider the result for the general case

Uqg — dANU + /,L*(ZE,CL)U = f(IL‘,CL), (:z:,a) € 04y,

(A.5) gz =0 z€d, ac(0,A),
u(z,0) = ¢(x), z € Q.

where f € L?(04), f >0, ¢ € L*(Q), ¢ > 0, p* satisfies (D1). Then, there exists a unique weak solution
u of (A.5). Moreover, for any 0 < Ay < A, one has u € C([0, Ag]; L*(Q2)). Furthermore, we obtain the
following comparison principles
(i) If f >0 and ¢ > 0, then u > 0. If some of the inequalities are strict, we deduce that u > 0.
(i) If f1 > fo > 0 and ¢1 > ¢2 > 0 and pj < pd in their respective domains, then u; > ug, where u;,
i = 1,2 is the solution of (A.5) with f = f;, ¢ = ¢; and ¢ = ¢;. In addition, one can have u; > us
if one of the inequalities is strict.



The proof of this step is similar to the one in [13, Lemma 7] with some modifications as follows
(1) We change the weak convergence of w;, in functional spaces L?(0, A; H}(2)) to L?(0, A; HL(2)).
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(2) We use ¢ € C°(Q2x (0, A)) to obtain the first equation and then use ¢ € C°(Q x (0, A)) to recover

the Neumann boundary condition.

(3) In the uniqueness, with u; and ug are two distinct solutions and w = u; — ug. Then, w = C for

A
some constants C. Using the fact that / p*(x,a)da = oo, one has C' = 0.
0

Step 2: Before investigating the main theorem, some preliminary results are needed. For any ¢ € L?(€2),

we consider z(¢) is the solution of the following equation
Ug — dANu + p*(z,a)u =0, (x,a) € Oy,
0

(A.6) 6% =0, x €0, ac(0,A),
u(z,0) = ¢(x), x € .

and define By : L2(Q) — L?(Q2) by

A
B)\*(qﬁ):/o B*(z,a)2(¢)(z, a)e* “da

This operator is well-defined thanks to Step 1 and 8* € L. The following statements hold

(i) The operator By~ is compact and positive operator.
(ii) For ¢ € L?(f2), one has

Axe(¢) < Ba<(¢) < Crx(9)

where

A A
A () = /0 Brn (s @) w(9) (, a)da;  Cy () = /0 B, a)y(6) (x, a)da,

and w(¢) (resp. y(¢)) is the solution of (A.5) for the case f =0, m = puf, (resp. m = pul,.) with

the initial condition ¢.
(iii) By~ is an irreducible operator.
(iv) If ¢ is a fixed point of By~, then \* is an eigenvalue of (A.4).

(v) If (\*,¢) is a pair of eigenvalue-eigenfunction of (A.4). Then, ¢(z) := u(z,0) is a fixed point of

Byx.

The proof of this step is the analogous result to the one in [13, Lemma 9] with the help of strong
positive to obtain irreducible property. We highlight an important detail in the proof as follows: Due to
the properties of the mapping ¢ — z(¢) and the semi-group Tya, generated by dAy, it follows from (D2)

that By« is compact. We end the proof.

Let us denote by r(B)+) the spectral radius of By«. Then, similar to arguments in [13, pp. 373], one
has r(By«) > 0. By the Krein-Rutman theorem, r(B)-) is an algebraically simple eigenvalue with a
quasi-interior eigenfunction and is, therefore, the only eigenvalue associated with a positive eigenfunction.

Step 3: )3 is a principal eigenvalue of (A.4) if and only if 7(By;) = 1. The proof is similar to that of

[13, Corollary 10]. Thus, we omit the details here.

Thanks to this result, an important result is established as the first step to prove the existence of the

principal eigenvalue of (A.4).
Step 4: Assume (C1) and (C2) hold. Then,

r(®>\1+7"3v[) =1,
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where

A
Dy-(¢) = / Y(a)u(@)(z, a)e* “da,

and u(¢) is the solution of (A.5) for the case f = 0.

The technique for the proof can be found in [13, Proposition 11]. Thus, we omit it.

Step 5: Lastly, the proof is a similar manner to the one in [13, Theorem 8]. We highlight some important
details as follows

(1) It is easy to check that if A\] < A3, then By: < B);. Astheresults, r(By:) < 7(B.;) (see [3, Theorem
3.2(v)]).

(2) Let ¢ > 0 be the a principal eigenfunction associated with (B y«), meaning
B (o) = 7(Ba+)do.
and, for any € > 0, one has
Bxete(d0) < By (o) = r(Ba-)doe™
This is essential to prove the continuous of A\* — 7(By«).

(3) Applying Step 4 for Dy- = Ayx- and M = iy, one has 7 (Axryr,. ) =1.

Hmax

Similarly, r (G PR ) = 1. Thus, we can check that

) =1= " (‘A)\’1F+Tl‘«;knax) S " (B)\ik+r“fnax)

where A\] = 0 is the principal eigenvalue of —dApy, 7, is in Lemma 3. Then, there exists

r (B,\Hru*, ) <r (e/\’l‘JrrH*'
A € (T#fnmvrufnax) such that r (B /\Z*) = 1. By applying the Krein-Rutman theorem, A} .
is algebraically simple and Re(\*) > Ag,y for any other eigenvalue A* of (A.4).

(4) Assume ¢q; < g2. Prove that Mg < MNig- Suppose otherwise, Aj > A . Applying Step 1(ii),

one has 2z, (¢) > 2z4,(¢), where z4,(¢), ¢ = 1,2 is the solution of (A.6) with initial condition ¢.
Then,
q1 q2 g2
BAZlm (¢) > B,\;}’ql (¢) = B,\j‘i,q2 (¢)

where BY., i = 1,2 corresponding with the case ¢ = ¢;, i = 1,2 in (A.6). On the other hand, it is

known that
B ): (Bqa ):1,
7"( )‘d,qz " )‘d,qz

which contradicts [3, Theorem 3.2(v)]. Hence, it follows that Aj(q1) < Aj(g2).
O

Remark 10. We can check that if ¢ is eigenfunction corresponding to A}, then lilrr}4 o(x,a) = 0 uniformly
a—
with x € Q.

Let us discuss about the sign of the principal eigenvalue \); ! the case v = 7(a) first. Consider p* =0,
let ¢ be the positive eigenvalue of A}, then, one has

bq = )\270% a€(0,A),
00) = [ (@ola)da
since ¢ independent with x. Simple calculation yields that

A
8(a) = io and [ y(a)Vio'da =1
0
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We distinguish three cases: ||v[z1(0,4) = 1, [|[7[l1(0,4) < 1 and [|7||z1(0,4) > 1.
A

Case 1: [|7lp1(0,4) = /0 v(a)da = 1. Then, one can prove that A\j, = 0 since the function

A
F:A— / v(a)eMda
0
is increasing and F(0) = 1. Then, with z# > 0 (resp. p < 0), we have that A} , > (resp. <) Aj, =

A
Case 2: [|7|p1(0,4) = / v(a)da < 1. One can show there exists Ao > 0 such that
0

A
/ v(a)eMda = 1
0
Now, let us consider
(Z)a - )\0¢ = )\27)\0(1)7 ac (07 A)7
A
60) = [ s(@ola)da

leading to
A *
/ v(a)e@d,%o+ 2)agy =1
0

Thus, A7 ,, = 0. With 2> Ao (resp. u < Ag), we have that A} > (resp. <) Aj, =0.
A
Case 3: [|7lp1(0,4) = / v(a)da < 1. Similar to Case 2.
0

The general case 8 = [B(x,a) is similar but requires more advanced techniques, which we omit here.
Consequently, the sign of the principal eigenvalue can be positive, negative, or zero, depending on u*.

Next, we state the sub-supersolution method for the age-structured model. Let g : O4 x R — R be a
measurable function.

Definition A.6. We say that a function u € H(0, A; L2(Q)) N L?(0, A; HY(2)) is a solution if uq + qu €
L2(0, A; L*(Q)), g(x,a,u) € L*(O4) and

A
/ (ug + qu) vda + Vu - Vodzda = / g(z,a,u)vdzda,
0

Oq 04

(A.7) A
u(z,0) = /0 B*(z,a)u(z, a)dzda, x € €.

for any v € L?(0, A; H(Q)).
Definition A.7. We say that a function u € H(0,A; L2(2)) N L%(0, A; HY(Q)) is a super-solution if
g + qu € L?(0,A; L*(Q)), g(x,a,7) € L*(O4) and

A
/ (Uq + qu) vda + Vu - Vudzda > / g(z,a,w)vdzda,
0

(A8) OA OA

A
u(x,0) > / B*(x,a)u(x,a)dzda, x € Q.
0

for any v € L?(0, A; H(Q)).

We also define the sub-solution by interchanging the inequalities.
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Theorem A.8. Assume (D1) and (D2) hold and for any M > 0, there exists L > 0 such that
|g($,(1, 51) - g(x>a782)| < L|81 - 52‘5 V(.%’,CL) € @7 81,82 € (_M’ M)

Suppose further there exists a pair of sub- and super- solution (u,u), 0 < u <w anduw € L>*(04). Then,
(A.8) admits a solution.

Proof. We can adapt the proof in [13, Section 3] to the case of the homogeneous Neumann boundary
condition, with some modifications similar to those in Theorem A.5-Step 1. Thus, we omit the details. [

Next, it is necessary to prove the existence of some age-structure models. Consider

g — AANU + p(z,a)u = ulk(x,a) — no(z,a)ul, (x,a) € Oy,

ou
(A.9) o= 0, ) z €N, ac(0,A),
u(x,0) = / Bz, a)u(z,a)da, x e .
0

where p and B are the one in (A3) - (A4) and (A5), k, ng € C?(04) and ng > 0. Inspired by the work of
[29, Proposition 5.3], we consider the following eigenvalue-eigenfunction problem

Ug — dANU + p(z,a)u — k(z,a)u = XNu, (z,a) € Oy,

9u _,, z €09, ac(0,A),
On A
u(z,0) = (z,a)u(z,a)da, x € Q.

0

This problem admits a unique principal eigenvalue A; _; -

We begin with the comparison principle for sub- ans super-solutions as follows

Lemma A.9. Suppose (A3) to (A5) hold. Let v € C(O4) be a super-solution of (A.9) and u € C(O4) be
a sub-solution of (A.9). Suppose further, for any 0 < Az < A, that

u,v € 02’1((9A3)

and v > 0, v > 0 on Oa,. Then, u < v on Oa. In addition, if either v is a super-solution but not a
solution or u is a sub-solution but not a solution, then u < v on § x [0, A).

Proof. By arguments similar to those in Remark 10, we can show that v(z, A) = 0.

The strategy is to prove the inequality on (97,43 for some 0 < A3z < A to avoid the blow-up property of
p. Then, we pass to the limit to obtain the result. Let us recall 0 < Ay < Ay < A in (A5) such that
supp(8) C Q x (Ao, Aa].

Consider Ay < Ag < A. It is known that u, v € C (07A3) Thus, there exists a > 0 such that au < v on
04, Define

o =sup{a>0:au<von 04}

Put w(z,a) = v(z,a) — a*u(z,a) > 0. It is easy to show that there exists (zg,ap) € Oa, such that
w(zg,ap) = 0. If & > 1, then we are done. Suppose otherwise a* < 1.
If ap = 0, by (A5),

Az

A
O:w(xo,O):/O B(xo, a)w(zo, a)da = ; B(zo, a)w(zp, a)da.
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One can find a; € (0, A2) C (0, A3) such that w(zg,a1) = 0. Thus, without loss generality, we may assume
ap > 0. It is easy to check that

wq — dANw + p(z, a)w > v(k — nov) — & u(k — ngu)
> v(k —ngv) — a*u(k — a*nou)
= (k — nov — & nou)w,
or
we — dANw + (p(z,a) — k + ngv + a*nou)w > 0.
There exists Cy > 0 large enough such that
we — dAnw + Cow > 0.

. ) . . . ow )
Since v is super-solution and w is the sub-solution, one can check that — > 0 on 092 and (xg,ap) is a

minimum point of w. By Hopf’s lemma and strong maximum principle for tr}lle parabolic equation, we must
have w = 0 on Q X [0, ap]. This leads to contradiction. Hence, a* > 1 and u < v on O4,. As the result,
one gets that u < v on Oy4.

To prove the last statement, we assume, for the sake of contradiction, there exists As < As < A, (22, a2)
and 0 < ag < As such that 0 = w(ze, a2) := u(xg,as) — v(xe,az). By same arguments, one has u = v.
Contradiction.

This completes the proof.

O
Let us state the existence result as follows

Theorem A.10. Assume (A3) to (A5) hold. Suppose further Ny ;. < 0. Then, (A.9) admils a unique

solution.

Proof. The proof divides into two steps
Step 1: Existence. Let ¢ be the bounded eigenfunction associated with the eigenvalue A\; _; | W ¢ >0

on Q x [0, A) and ¢(z, A) = 0 for any = € Q. We choose ¢ > 0 small enough so that
eno(z,a)¢ < emaxnomax$ < —Ag _p,

Define u := €¢ for some € > 0, then

u, — dANU + p(z,a)u — k(z,a)u = Nj 4, u < —no(x, a)u’.

which is a sub-solution.

— | pmin(k)dk
Next, for any Ay < A3 < A, recallm =n(a) =e /0 , we define w := M (a) for some constant
M > 0. Then,

Ty — AANT + Wi — Tk + noU> = — fiminCT + p — Tk + nou> > M2n0772(a) — kMm(a) > 0 on Oy,

provided that M > 0 large enough. The age-structure can be proved as follows
As As As
Bz, a)u(x,a)da = M B(z,a)m(a)da < M Bmax(a)m(a)da < M
0 0 0

since (A5). Hence, w is a super-solution. By applying Lemma A.9, we get u < u. Then, thanks to sub-super
solution method, there exists u4, is a solution of the equation (A.9) on O 4,.

Step 2: Uniqueness. Let A3 be a positive number satisfying As < A3 < A, u and v be two nonnegative
bounded solution of (A.9). Using the bootstrap arguments in [15, Proposition 1] and [20, pp 22/480], one
has

u, v € C(04,) NCH(O4,)
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By strong parabolic maximum principle, one gets u > 0, v > 0 on Q x [0, A3]. Since u, v are solutions,
one can apply the comparison principle in Lemma A.9 so that v < v and v < w on Oy4,.

Step 3: Extension. By the uniqueness, one can extend the solution u on Q X [0, Apax), for some
Ay < Apax < A. Furthermore, we have

g — dANU < CU — pimin(a)u on Q x (0, Apaz)

for some C' > k(x,a) on O4, C is independent of A3 and u > 0 on [0, Apax). Thus, by parabolic comparison
principle, one gets

Ca— / fmin (8)ds
0

O<u<e Tuny (@)ug on Q x (0, Apax)

where ug(x) = u(z,0), Tun is the Cp semi-group generated by —dAy. Note that to calculate ug, one only
needs the data of u on  x [0, As] C Q X [0, Ajaz) since supp(B) C 2 x (Ao, Az]. As the results, the right
hand side is independent of the A,,q, and

Ca— / Lmin (S)ds
e 0

Taay (a)ug < e Jug|| oo () < 0

L>°(04)

Consequently, one can extend the solution u on € x [0, A) or Apax = A. Furthermore, by passing to the
limit a — A, we obtain that u(z, A) = 0 uniformly in = € Q. Thus, one can extend u € C(O4) so that
u>0onQx[0,4) and u(z, A) = 0 for any z € Q.
This completes the proof.
O

Remark 11. One can check that u(z, A) = 0 and lim u(z,a) = 0 uniformly with x € Q thanks to reqular

) ) o a—A
parabolic comparison principle.

Lastly, consider

B h(z,a)u
Ug — dANU + p(z,a)u = ki(x, a) h(z.a) +u — ka(z,a)u, (z,a)€ Oy,
(A.10) 9u _,, z €99, ac(0,A),
on "
u(x,0) = / B(x,a)u(z,a)da, x € .
0

where z and f are the one in (A3) - (A4) and (A5), k1, ko, h € C*(04), k1 > 0 is non-trivial, k1 > 0 on

O and h > 0 on Q x [0, A) and h(x, A) = 0 for any x € . For convenience, we define

h(z,a)u

k AT
1($7 a) h(SL‘, CL) tu

0 h=0oru=0.

g($’a) 'LL) == - k2(f1:,a)’u,7 h > 0 and u > 0’

It is easy to prove that g : 04 x [0, 00).
Theorem A.11. Assume (A3) to (A5) hold. Suppose further Nj _y \p ., < 0. Then, (A.10) admits an

unique solution u on O such that u >0 on Q x [0, A) and u(x, A) = 0 for any x € Q.

Proof. We divide the proof into three steps:
Step 1: Existence. Let Ay < A3 < A and ¢ be the bounded positive eigenfunction associated with
the eigenvalue )‘*—k+u' It is known that ¢, A > 0 on O4,. Define u := €¢ for some € > 0, then

Uy — AANU + p(T,a)u = N _p 4y, + K1 (T, a)u — Ka(z, a)u.
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Consider

h(z,a)
h(z,a) +u

€
h(z,a) + €p =

ki(x,a) — ki(z,a) ki(x,a) ki(z,a)

h(z,a

~—

for some K > 0. Choose € > 0 small enough so that Ke < _)‘Z,—k1+k2+u' Then,

h(z,a) .
ki(x,a) — k‘l(%a)m < =G ki thotp

As the results,

h
@:4) e, a)u,

u, — dANu + p(z, a)u < ki (z, G)mf

which is a sub-solution. Let % := Mm(a) for some constant M > 0. Then,

hu
h+u

Uq — AANT + pu — ky + kot > —kih + kou = Mkom(a) — kih > 0,

provided that M > 0 large enough and 7(a) > 0 on [0, A3]. The age-structure can be shown as follows

A A A
/0 B(z,a)u(x,a)da = M/o Bz, a)m(a)da < M/o Bmax(a)m(a)da < M

thanks to (A5). Thus, u is a super-solution. We can choose M > 0 large enough so that u < @ on Oyu,.
By applying sub-super solution method on O4;, there exists uy4, is a solution of the equation (A.10) on
(2 x [0, Ag]. This is possible since

A Az As
/ B(x,a)u(z,a)da = Bz, a)u(x,a)da = Bz, a)u(z,a)da.
0 0 0
Step 2: Comparison principle and uniqueness. The comparison principle on 04, can be obtain
by a similar manner to the one in Lemma A.9. We highlight an important detail: Consider a* < 1 and
w = v — «a*u as in Lemma A.9, one has

hw+ (1 — a™)uw h2w

— > —_ >
we — dANwW + p(x, a)w + ko(z,a)w > kih RS > 1(h+u)(h+v)_0

The conclusion © < v on (97,43 still hold if either v is a super-solution but not a solution or u is a sub-solution
but not a solution. Hence, the uniqueness can be achieved in this case.

Step 3: Extension. By the uniqueness, one can extend the solution u on © x [0, Apax), for some
As < Apax < A. Furthermore, we have

g — dANU < Cu — fiin(a)u on Q x (0, Apax)

for some C' > ky — kg on Oy4, C is independent of Ap.c. Thus, by parabolic comparison principle, one gets

Ca— / fmin (8)ds
0

O<u<e Tuny (@)ug on Q x (0, Apax)

where ug(z) = u(x,0), Tya, is the Cp semi-group generated by —dApy. The rest proceeds in a similar
manner to Step 3 of Theorem A.10. O
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