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SPATIO-TEMPORAL DYNAMICS OF AN AGE-STRUCTURED

REACTION-DIFFUSION SYSTEM OF EPIDEMIC TYPE SUBJECTED BY

NEUMANN BOUNDARY CONDITION

CONG-BANG TRANG AND HOANG-HUNG VO∗

Abstract. This paper is concerned the spatio-temporal dynamics of an age-structured reaction-diffusion
system of KPP-epidemic type (SIS), subject to Neumann boundary conditions and incorporating L1 blow-up
type death rate. We first establish the existence of time-dependent solutions using age-structured semigroup
theory. Afterward, the basic reproduction number R0 is derived by linearizing the system around the disease-
free equilibrium state. In the case R0 < 1, the existence, uniqueness and stability of disease-free equilibrium
are shown by using ω-limit set approach of Langlais [33], combined with the technique developed in recent
works of Zhao et al. [65] and Ducrot et al. [17]. We highlight that the absence of a general comparison prin-
ciple for the age-structured SIS-model prevents the direct application of the semi-flow technique developed
in [17] to study the long time dynamics. To overcome this difficulty, sub- and super-solutions are constructed
from two distinct monotone systems to estimate the solution of our model. In particular, it is challenging
to establish the positive co-existence steady states as R0 > 1 for the age-structure models by developing
the using of the Leray–Schauder topological degree technique in Conti et al. [10], Tavares et al. [51] and
global bifurcation technique of Walker [59]. Due to the lack of uniqueness of the endemic equilibrium, we
partially characterize the spatio-temporal dynamics of our SIS disease transmission model to confirm the
persistence of infected individuals in the population. Finally, we investigate the long time stability of the
unique endemic equilibrium in a special case of our model, where we reduce the effect KPP net growth rate
of the susceptible population. We resolve this by re-evaluating the eigenvalue problem for the age-structured
model. We believe that our approach in this work can be applied to deeper study the spatio-temporal
dynamics of epidemic or ecological reaction-diffusion systems incorporating with age-structure arising in
applied science or in the real world proposed in [10,14,44,50–52,59]
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1. Introduction

Our current paper focuses on spatio-temporal dynamics of an age-dependent transmission disease model
with spatial diffusion. The model takes the form of an age-structured heterogeneous reaction-diffusion
system as follows



ut + ua = du∆Nu+m(x)u− n(x)u2 − p(x)uv

u+ v
+ q(x)v − µ(x, a)u, t > 0, (x, a) ∈ Ω× (0, A),

vt + va = dv∆Nv +
p(x)uv

u+ v
− q(x)v − µ(x, a)v, t > 0, (x, a) ∈ Ω× (0, A),

u(t, x, 0) =

∫ A

0
β(x, a)u(t, x, a)da, v(t, x, 0) =

∫ A

0
β(x, a)v(t, x, a)da, t > 0, x ∈ Ω,

∂u

∂n
=
∂v

∂n
= 0, t > 0, (x, a) ∈ ∂Ω× (0, A),

u(0, x, a) = u0(x, a), v(0, x, a) = v0(x, a), (x, a) ∈ Ω× (0, A),

(1.1)

where Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω, du > 0, dv > 0 are diffusion constants,
a ∈ [0, A] denotes the physiological age, 0 < A < ∞ is the maximal age of the species, m = m(x) is the

intrinsic growth rate, n = n(x) with
m(x)

n(x)
is the carrying capacity of the environment, p = p(x) is the

transmission rate, q = q(x) denote the recovery rate of infectious individuals and β = β(x, a), µ = µ(x, a)
are the natural birth rate and morality rate of species, respectively.

System (1.1) takes the form of a susceptible-infected-susceptible (SIS) model, first proposed by Allen,
Bolker, Lou, and Neval [1], who analyzed the impact of spatial heterogeneity of environment and movement
of the species on the persistence and extinction of a disease via SIS epidemic reaction-diffusion model, which
reads as follows 

St = dS∆NS − β(x)SI

S + I
+ γ(x)I, t > 0, x ∈ Ω,

It = dI∆NS +
β(x)SI

S + I
− γ(x)I, t > 0, x ∈ Ω,

∂S

∂n
=
∂I

∂n
= 0, t > 0, x,∈ ∂Ω,

S(0, x) = S0(x), I(0, x) = I0(x), x ∈ Ω,

where S, I denote for the densities of susceptible and infected populations, dS , dI > 0 are diffusion
constants measuring the mobility of susceptible and infected groups, respectively. β, γ are positive function
on Ω presenting the disease transmission and recovery rate, respectively. The literature established the
existence, uniqueness of disease-free equilibrium (DFE) and endemic equilibrium (EE). Then, the authors
demonstrated the stability of (DFE) and, in addition, the asymptotic behavior of the unique endemic
equilibrium when dS → 0. They further proposed open questions concerning the potential stability of the
endemic equilibrium (EE), as its uniqueness had already been established. In this work, we shall focus
on investigation of spatial and temporal dynamics of system (1.1), which focus on the the existence of
the disease-free equilibrium (DFE) and the co-existence endemic equilibrium (EE) via the age-structured
spectral theory. The long-time stability is further investigated in the special case reducing logistic term
in the first equation (1.1) by by using ω-limit set approach of Langlais [33], combined with the technique
developed in recent works of Zhao et al. [65] and Ducrot et al. [17].

In epidemiology, such a model describes the evolution of disease transmission and recovery within a
spatially distributed population. Here, u = u(t, x, a) and v = v(t, x, a) present the density of a susceptible
population and an infectious population, respectively, at location x ∈ Ω, time t > 0 and the age a ∈ [0, A].
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For convenience, we put Oa := Ω× (0, a) for any a ∈ [0, A] and

µmax(a) := max
x∈Ω

µ(x, a) and µmin(a) := min
x∈Ω

µ(x, a),

βmax(a) := max
x∈Ω

β(x, a) and βmin(a) := min
x∈Ω

β(x, a).

Throughout this paper, we shall assume that

(A1) m, n, p, q are in C2(Ω).

(A2) Suppose n > 0, p ≥ 0, p ̸≡ 0 and q > 0. Also, m :=
1

|Ω|

∫
Ω
mdx ≥ 0 and m is non-trivial.

(A3) µ = µ(x, a) is a positive C2,1 function on Ω× [0, A).
(A4) µ satisfies ∫ a

0
µmax(k)dk <∞, ∀a ∈ (0, A),

∫ A

0
µmin(k)dk = ∞.

and

a0 7→ sup
a∈[0,a0]

∫
Ω
µ2(x, a)da is continuous with respect to a0 ∈ [0, A]

(A5) β = β(x, a) is a non-negative C2,1 function on OA, and there exists A0, A1, A2 ∈ (0, A), A0 <
A1 < A2 such that

βmin(a) > 0, ∀a ∈ (A0, A1) and supp(β) ⊂ Ω× (A0, A2],

and ∫ A

0
βmax(a)e

−

∫ a

0
µmin(k)dk

da ≤ 1.

Under condition (A2), if m is a non-constant function, it is not necessarily positive over the domain Ω.
This implies that some regions favor the population, while others do not. The last three conditions follow
the spirit of Guo and Chan [27], Delgado, Molina-Becerra and Suárez [12] to develop the spectral theory
in the age-structured model. A typical example for the condition (A4) can be thought of is an increasing
function with respect to the age variable a, which is reasonable since the morality rate should increase as
an individual ages. In addition, the L1 blow-up property of the morality rate µ ensures no individual of
the species can live beyond the maximum age A. On the other hand, in the condition (A5), the birth rate
β is restricted to younger individuals of the species, meaning it vanishes beyond a certain age. This is
biologically consistent, as the older individuals are unable to reproduce the new generation. Furthermore,
the last condition in (A5) is inspired by the population equilibrium condition for demographic function
in Ducrot [15], see also Gurtin and Maccamy [28, Theorem 6], Anita [5, Theorem 2.3.3]. This prevents
unbounded population growth driven by reproduction. For historical reasons, we define

π(a) = e
−

∫ a

0
µmin(k)dk

, a ∈ [0, A) and π(A) = 0.

Clearly, π(a) ∈ C([0, A],R) ∩ C1((0, A),R) and 0 ≤ π(a) ≤ 1 for any a ∈ [0, A]. Define L = π−1 on [0, A).
One can check L→ ∞ as a→ A.

Over the past a few decades, the age-structured model has been topic of intensive research. In particular,
in their celebrated work, Gurtin and Maccamy [28] have first proposed a nonlinear model for population
dynamics, in which the birth and death rates are age specific and depend upon the total population size and
provide a necessary and sufficient condition for an equilibrium age-distribution. After that, Langlais [33]
was the first to analyze the long-time dynamics of a nonlinear age-dependent population model with spatial
diffusion by using ω-limits set approach in L2. The author demonstrated that, as t → ∞, the solution
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either tends to 0 or stabilizes to a nontrivial stationary solution with a separable density-dependent death
rate in bounded domain.

Alternatively, in a pioneering work, Walker [56] first investigated an age-structured predator–prey system
incorporating spatial diffusion and Holling–Tanner-type nonlinearities as follows

ut + ua − d1∆Du = −µ1(x, u, v)u, t > 0, x ∈ Ω, a ∈ (0, A),
vt + va − d2∆Dv = −µ2(x, u, v)u, t > 0, x ∈ Ω, a ∈ (0, A),

u(t, x, 0) =

∫ A

0
β1(a, u, v)u(t, x, a)da,

v(t, x, 0) =

∫ A

0
β2(a, u, v)v(t, x, a)da

where µj , βj , j = 1, 2 are the death and birth rates, respectively, depending nonlinearly on the predator
v and on the prey u, Ω ⊂ RN is a bounded and smooth domain and A ∈ (0,∞] is the maximal age. The
author focused on steady-state solutions, that is, time-independent non-negative solutions of the preceding
system subjected by Dirichlet boundary condition. Regarding the intensity of the fertility of the predator
as a bifurcation parameter, a branch of positive coexistence steady states is established via the bifurcation
from the marginal steady state without predators, owing to the compactness of the parabolic Laplacian
semigroup. An analogous result is observed when the fertility of the prey varies. Afterward, in a deep work,
Walker [59] focused on describing the structure of the set of positive solutions with respect to two parameters
measuring the intensities of the fertility of the species, especially establishing co-existence steady-states
by using global bifurcation techniques of an age-structured predator-prey model with Dirichlet boundary
condition read as follows

ua −∆Du = −(α1u+ α2v)u, t > 0, x ∈ Ω, a ∈ (0, A),
va −∆Dv = −(β1u− β2v)v, t > 0, x ∈ Ω, a ∈ (0, A),

u(t, x, 0) =

∫ A

0
ηβ1(a)u(t, x, a)da,

v(t, x, 0) =

∫ A

0
χβ2(a)v(t, x, a)da.

Such equations arise as steady-state equations in an age-structured predator-prey model with diffusion.
solutions which are nonnegative and nontrivial in both components. For additional studies on bifurcation
analysis, we refer the reader to [55,57,58,60,61] for age-structured model including the well-posedness, and
the long-time exponential stability of the equilibrium solution under a properly chosen initial condition;
Nirenberg [41, Chapter 3] and the recent work by Li and Terracini [36] for reaction-diffusion models.
Research for bifurcation examines the existence, uniqueness and topological structure of steady state under
changes in the qualitative features or parameters. This serves as a powerful tool for investigating the global
dynamics of the age-structured reaction-diffusion models.

On the other hand, in a rigorous analysis, Kang and Ruan [30, 31] and Ducrot, Kang and Ruan [18]
studied the principal spectral theory for age-structured model with nonlocal diffusion. The theory is a
powerful tool to deal with many other important problems in the field of age-structured reaction-diffusion
equations. In particular, this serves as the first important step toward studying the global dynamics of
the age-structured model with non-local diffusion. Indeed, Ducrot, Kang and Ruan [17] investigated an
age-structured model with nonlocal diffusion of Dirichlet type and a monotone nonlinearity in the birth
rate, given by

ut + ua = D

ï∫
Ω
J(x− y)u(t, y, a)dy − u(t, x, a)

ò
− µ(x, a)u, t > 0, x ∈ Ω, a ∈ (0, A),

u(t, x, 0) = f

Ç∫ A

0
β(x, a)u(t, x, a)da

å
, t > 0, x ∈ Ω,

u(0, x, a) = u0(x, a), x ∈ Ω, a ∈ (0, A).
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where a ∈ (0, A) denotes the physiological age, 0 < A < ∞ is the maximum age of an individual,
Ω ⊂ RN is a bounded domain with smooth boundary, D > 0 is the diffusion rate, f is a monotone type
nonlinearity describing the birth rate of the population, β, µ denote the age-specific birth rate and death
rate, respectively, u = u(t, x, a) presents the population density, J ∈ C1(RN ) is a non-local diffusion kernel
is assumed to satisfy

J ≥ 0, J(0) > 0,

∫
RN

J(x)dx = 1 and supp(J) ⊂ B(0, r) ⊂ RN for some r > 0.

This age-structured model describes population movement in a non-local sense, incorporating the natural
death rate and the nonlinear birth rate. By applying the spectral theory, the authors established the
existence, uniqueness and regularity of a positive equilibrium via the classical super-sub-solutions method
for the age-structured model. They further emphasize that, due to the lack of compactness and regularity in
the non-local diffusion, the well-known fixed point theorems, such as Schauder theorem, and the bifurcation
methods proposed by Walker [56–59], cannot be directly applied in their work. Afterward, the existence,
uniqueness and positiveness of the original time-dependent non-local age-structured model are proven using
the semi-group theory. The stability of the steady state is also provided via the semi-flow technique. In
addition, the asymptotic behavior of the steady state in terms of diffusion rate and diffusion range is
investigated in this work.

To deeper the influence of the age structure on the population dynamics, which simplifies epidemic
model, Ducrot [15] also investigated traveling wave solution for a simplified SI model with age-structure.
The author further assumed the birth and morality rate to equilibrate the population to prevent the
population from going extinct and from exploding as time increases. Mathematically, the condition can

be described by the demographic function

∫ A

0
β(a)e

−

∫ a

0
µ(s)ds

da = 1. Then, Ducrot et al. [15,17,20,22]

tactfully used the Schauder fixed point theorem and the parabolic comparison principle to prove the
existence of traveling wave for the age-structured epidemic model associated with an implicit admissible
speed c > c∗. Afterward, Ducrot, Magal, and Ruan [21] provided sufficient conditions that ensure the
existence of traveling wave solutions for the age-structured epidemic population of multigroups. Each
group is further divided into two subclasses: susceptible and infected. A susceptible individual can become
infected through crisscross transmission by direct contact with infective individuals from any group, with
the transmission process depending on the disease age of the infections. As an application, the authors
numerically investigate a two-group model, illustrating its relevance to the crisscross transmission of feline
immunodeficiency virus (FIV) and certain sexually transmitted diseases. Recently, in a deep work, Deng
and Ducrot [14] studied the existence of pulsating traveling waves for the classical endemic (SI) system,
which is further well-known as the Kermack–McKendrick epidemic model with Fickian diffusion. The
authors first provided a necessary conditions to ensure the existence of an admissible speed c∗(e) for each
unit direction e. Subsequently, the existence of the pulsating wave was established for wave speed c > c∗(e)
in each propagating unit direction e. Specifically, it was shown that these wave fronts are positive, globally
bounded and enjoy certain limiting properties. In addition, the wave front associated with the infected
population exhibits exponential decay.

Collaterally, Bekkal Brikci, Clairambault, Ribba and Perthame [7] used different way to study the age-
structured model. In particular, the authors neglected the spatial position and worked with the phenotypic
trait of the species of the age a, at the time t. This is an alternative way to understand how the age-
structure affects the population, see also [2, 42, 43] for more investigations about this subject. Besides,
Ferrrière and Tran [24] studied the age-structure by examining the mutation of general traits in species.
They showed that a random process converges to the solution of a Gurtin-McCamy type PDE. The result
on the limiting PDE and large deviation techniques in Freidlin-Wentzell provides estimates of the extinction
time and a better understanding of the long-time behavior time of the stochastic process, see also [48].
Further investigations on the age-structured model are referred to [9, 16, 19, 22, 39, 45, 53, 54]. Beside that,
Zhao and Ruan [65] proposed an epidemic model (SIS) with fractional diffusion, subject to Neumann
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boundary conditions and incorporating the logistic source as follows
ut + (−du∆N )s1u = a(x)− b(x)u2 − p(x)uv

u+ v
+ q(x)v, (t, x) ∈ R+ × Ω

vt + (−dv∆N )s2v =
p(x)uv

u+ v
− q(x)v, (t, x) ∈ R+ × Ω

u(0, x) = u0(x), v(0, x) = v0(x),

where u, v represents the densities of susceptible and infected populations, 0 < si < 1 for i = 1, 2 are
the fractional powers of the Laplace operator −∆N , (−d∆N )s is the Neumann fractional Laplace operator
for a diffusion constant d = du, dv and a fractional power s = s1, s2, respectively. In this work, the
authors explained that the human mobility patterns exhibit scale-free, non-local dynamics with heavy-tailed
distributions. Such movements are modeled by Lévy flights, which are often mathematically represented via
the fractional Laplacian (−d∆N )s, see Metzler and Klafter [49]. This approach fundamentally differs from
the classical one, in which human mobility is described by Brownian motion associated with the standard
Laplacian operator. As their main goals, Zhao and Ruan focused on the spatio-temporal dynamics via
the existence and stability of the disease-free equilibrium (DFE) and the endemic equilibrium (EE). The
uniqueness and stability of (DFE) and the asymptotic behavior of (EE) as du → 0, du → ∞ and dv → ∞
are also established via in-depth studies of the fractional Laplacian spectral theory. In addition, in a special
case, the stability of (EE) is established. For further investigations of SIS endemic models, we refer the
reader to [26,34,35,47,63].

For relevant works in the spatial dynamics of of a biological system, Conti, Terracini and Verzini [10]
and Soave and Terracini [50] studied the system of k-partial differential equation as follows −∆ui = −κui

∑
i ̸=j

aijuj + f(x, ui), x ∈ Ω,

ui(x) = ϕi(x), x ∈ ∂Ω.

where i = 1, ..., k, ui represents the population density of the ith species, fi = fi(x, ui) prescribes internal
dynamic of ui; the positive constants κaij determine the interaction between the population ui and uj ,
which is possibly asymmetric. Besides, the boundary data ϕi are positiveW

1,∞(∂Ω)-functions with disjoint
supports, namely ϕiϕj = 0 for i ̸= j, almost everywhere on ∂Ω. This system governs the steady state of k-
competing species coexisting in the same limited area Ω. In this work, the authors utilized the topological
degree theory to demonstrate the existence of a solution for the system. Subsequently, the asymptotic
behavior of the positive solutions was investigated as the competition rate κ tends to infinity. Beside
that, Noris, Terracini, Tavares and Verzini [44] investigated the Gross–Pitaevskii system or nonlinear
Schrödinger equations with the competition parameter β > 0. The authors first showed that the uniform
boundedness of the solution leads to the C0,α-Hölder uniform boundedness for α ∈ (0, 1) and, then, as
β → ∞, the limiting profile is shown to be Lipschitz-continuous. Subsequently, Tavares, Terracini, Verzini,
and Weth [51] investigated the existence and non-existence of non-trivial solutions to the cubic Schrödinger
system associated with the coefficient matrix β, employing topological degree theory. Afterward, Terracini,

Verzini, and Zilio [52] studied the fractional Gross–Pitaevskii system with the order s =
1

2
. Similar to the

work in [44], they established that the uniform boundedness of the solution leads to C0,α-Hölder uniform

boundedness for α ∈
Å
0,

1

2

ã
, provided that β is sufficiently large.

Coming back to our system (1.1), as previously mentioned, the aim of the present paper is to investigate
the spatio-temporal dynamics associated with the spatially heterogeneous reaction-diffusion system (1.1).
To begin the study, the basic reproduction number R0 is developed thanks to approaches in Chekroun
and Kuniya [9], Yang, Gon and Sun [64]. The main difficulty lies in the non-self-adjoint nature of the
age-structured operator, which complicates the calculation of R0 and its comparison with the principal
eigenvalue of these operators, as we shall discuss later in this work. This property distinguishes our study
from the existing literature, such as [1, 65], where the operator is self-adjoint. After that, we develop the
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technique of using the topological degree theory, based on [4,25,41], to establish the co-existence of endemic
equilibrium (EE) for the system (1.1). The key point is to first establish existence for a simplified system,
and then use the Leray–Schauder degree to determine the existence of a solution to the original system
via the homotopy invariance property. To our knowledge, this is the first application of the topological
degree theory to verify the existence of solutions for an age-structured model with fractional nonlinear
term. Furthermore, due to the complexity of the fractional nonlinear term in the system, we emphasize
that it is not feasible to apply Schauder or Banach fixed theorem to construct a (EE)-solution. This
research marks the first significant application of topological degree theory to study the long-time behavior
for the age-structured disease transmission model. On other hand, the existence, uniqueness of disease-free
equilibrium (DFE) is provided thanks to the classical super-sub-solution method and the age-structured
comparison principle between these super-sub-solutions.

For the convenience of the reader, we define the endemic equilibrium system as follows
ua = du∆Nu+m(x)u− n(x)u2 − p(x)uv

u+ v
+ q(x)v − µ(x, a)u, (x, a) ∈ OA,

va = dv∆Nv +
p(x)uv

u+ v
− q(x)v − µ(x, a)v, (x, a) ∈ OA,

u(x, 0) =

∫ A

0
β(x, a)u(x, a)da, v(x, 0) =

∫ A

0
β(x, a)v(x, a)da, x ∈ Ω.

(1.2)

Now, let us state our main results. The first result is about the existence of the equilibrium state of the
system (1.1) as follows

Theorem 1. Assume (A1) to (A5) hold. Let λdu,−m+µ, λdu,−m+p+µ be the principal eigenvalue of
Adu,−m+µ, Adu,−m+p+µ, respectively. The following statements hold

(i) If λdu,−m+µ > 0 and R0 ≤ 1, then (1.2) has no positive solution and it only has one semi-positive
solution (u1, 0), where u1 is the unique positive solution of

ua = du∆Nu+m(x)u− n(x)u2 − µ(x, a)u, (x, a) ∈ OA,

u(x, 0) =

∫ A

0
β(x, a)u(x, a)da, x ∈ Ω.

(1.3)

(ii) If λdu,−m+p+µ > 0 and R0 > 1, then (1.2) admits a positive endemic steady state (u, v).

The formula for the age-structured operator Adu,µ∗ will be provided in Section 2.1, along with a proper
choice of µ∗. The significant challenge in our work is to use the age-structured spectral theory and the
topological degree theory to prove the positive co-existence of endemic steady state (u, v). The principal
eigenvalues λdu,−m+µ and λdu,−m+p+µ are both employed to construct the sub-solution of (1.2), ensuring
the nontriviality of its solution. In addition, a super-solution is determined to guarantee that the solution
does not blow up before reaching the maximal age A. We emphasize that, due to the fractional nonlinear
term, we are unable to employ other well-known fixed point theorems, such as the Banach contraction
principle or Schauder fixed point theorem, to establish the positive co-existence steady state, which is a
counterpart of using global bifurcation approach of Walker [59] to prove the positive co-existence of steady
states.

Now, we further characterize the long time behavior for system (1.1).

Theorem 2. Assume (A1) to (A5) hold. Suppose further that (u0, v0) ∈ C(OA)×C(OA) with u0, v0 ≥ 0,
u0, v0 ̸≡ 0 and supp(u0), supp(v0) ⊂ Ω× [0, A). Let (u, v) = (u(t;u0, v0), v(t;u0, v0)) be a solution of (1.1)
starting by the initial condition (u0, v0). Then, for any A2 < A3 < A, the following statements hold

(i) If λdu,−m+µ > 0 and R0 < 1, one has

||u(t;u0, v0)− u1||L∞(OA3
) → 0, ||v(t;u0, v0)||L∞(OA3

) → 0.

and

||u(t;u0, v0)− u1||L2(OA) → 0, ||v(t;u0, v0)||L∞(OA) → 0.
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(ii) If λdu,−m+µ+p > 0 and R0 > 1, there exist ε1, ε2, K1, K2 > 0 such that

0 < ε1 < lim inf
t→∞

u(t;u0, v0) ≤ lim sup
t→∞

u(t;u0, v0) ≤ K1,

0 < ε2 < lim inf
t→∞

v(t;u0, v0) ≤ lim sup
t→∞

v(t;u0, v0) ≤ K2,
uniformly on OA3.

One of the main difficulties in this result lies in the absence of a general age-structured comparison
principle, as the nonlinear term is not monotone. Consequently, system (1.1) cannot generate a semi-flow,
preventing the direct application of the technique in the work of Ducrot, Kang, and Ruan [17, Theorem
4.11]. In the spirit of Zhao and Ruan [65, Theorem 3.3], a super solution - being a solution of a age-
structured monotone system - is tactfully chosen to form a semi-flow. A similar construction is used
for a sub-solution. Afterward, it follows from the squeeze principle to establish the stability of disease-
free equilibrium. On the other hand, due to the lack of the uniqueness of the endemic equilibrium, we
are unable to estimate the long-time dynamics of the aforementioned super-solution, which prevents a
complete analysis of system (1.1) on the long time stability of the positive co-existence steady states.

Finally, we reduce the logistic term mu− nu2 to obtain the uniqueness of the endemic equilibrium in a
certain sense. The main objective is to establish the long time stability of the positive co-existence endemic
equilibrium. In this case, we shall consider a new set of conditions (B1), (B2) and (B3), which are closely
related to the original ones and will be precisely described in the Section 5. Now, the system (1.1) is
reduced as follows

ut + ua = d∆Nu− puv

u+ v
+ qv − µ(a)u, t > 0, (x, a) ∈ OA,

vt + va = d∆Nv +
puv

u+ v
− qv − µ(a)v, t > 0, (x, a) ∈ OA,

u(t, x, 0) =

∫ A

0
β(a)u(t, x, a)da, v(t, x, 0) =

∫ A

0
β(a)v(t, x, a)da,

u(0, x, a) = u0(x, a), v(0, x, a) = v0(x, a).

(1.4)

and the steady state system
ua = − puv

u+ v
+ qv − µ(a)u, a ∈ (0, A),

va =
puv

u+ v
− qv − µ(a)v, a ∈ (0, A),

u(0) =

∫ A

0
β(a)u(a)da, v(0) =

∫ A

0
β(a)v(a)da.

(1.5)

We shall prove that the endemic equilibrium is unique and independent of the spatial diffusion in Theorem
18, which is a noteworthy result. Next, we state the stability results as follows

Theorem 3. Assume (B1) to (B3) hold and R0 > 1. Suppose further that u0 ∈ C(OA) with u0 ≥ 0 and
supp(u0) ⊂ Ω× [0, A) and v0 := KYα(a) for constants K, α > 0. Then, the system (1.5) admits a unique
positive solution (u∗, v∗), depending on (u0, v0), satisfying

w∗(0) :=

∫ A

0
β(b)

∫ b

0
e
−

∫ e

b
µ(s)ds ∫

Ω
w0(x, e)dxdeda∫ A

0
β(b)bπ0(b)db

> 0.

where w0 := u0 + v0 and w∗ := u∗ + v∗. Moreover, if (u(t;u0, v0), v(t;u0, v0)) is a solution of the system
(1.4) starting by the initial condition (u0, v0), then there exists K, α > 0 large enough so that

||u(t;u0, v0)− u∗||L2(OA) → 0, ||v(t;u0, v0)− v∗||L2(OA) → 0.

The function Yα will be determined in Lemma 7 of this work. Upon examining the results, it is observed
that the existence, uniqueness and stability steady state deeply depend on the initial condition, relating
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with the classical approaches of Langlais [33, Theorem 4.9]. The key idea here is to sum the two equations of
system (1.4), thereby deriving an age-structured KPP-type equation for v. This equation admits a unique
steady state, depending on the choice of the constant w∗(0), in a similar manner to Appendix section of
this work. Afterward, by choosing a suitable initial condition for v, one obtains the local L2-convergence
in the age variable. Then, Lebesgue dominated convergence theorem yields the global L2-convergence.

We structure the paper as follows: In Section 2, we introduce the preliminary results that are used
throughout the paper. Additionally, we prove the global-in-time existence of a unique solution to system
(1.1) based on the semi-group theory for a certain class of initial conditions. Three comparison principles,
which will be used in future work, are also stated in this section. In Section 3, we present a series of
properties concerning the basic reproduction number R0 and establish sufficient conditions to ensure the
existence of the endemic equilibrium. Section 4 first provides the stability of the disease-free equilibrium
(DFE) for a super-solution to system (1.1) using the age-structured semi-flow theory. Afterward, we
develop a specific sub-solution and demonstrate its stability in a similar manner with the help of implicit
function theorem. Then, the long time behavior the disease-free equilibrium (DFE) for system (1.1) is
obtained. Finally, in Section 5, we completely investigate the long time stability of positive co-existence
endemic equilibrium (EE) for system (1.4).

Acknowlegment: The second author expresses his gratitude to Professor Benôıt Perthame his course
about the age-structured model at Summer School on Mathematical Biology 2023 at Vietnam Institute for
Advanced Study in Mathematics (VIASM) and Professor Arnaud Ducrot for fruitful discussion. We deeply
appreciate their stimulating, tireless encouragement during this work. Part of this work had been done
while the second author was visiting VIASM, whose hospitality and financial support are acknowledged.

2. Preliminary results

Let us define H(x, u) = m(x)u − n(x)u2. Based on the assumptions (A1), it is easy to check that for
any K > 0, there exists k > 0 such that∣∣(m(x)u1 − n(x)u21

)
−
(
m(x)u2 − n(x)u22

)∣∣ ≤ k|u1 − u2|, ∀u1, u2 ∈ [−K,K] and x ∈ Ω.

This implies that the function H is Lipschitz continuous in u ∈ [−K,K], uniformly in x ∈ Ω. Also, consider

F l(u)(x) = [m(x)− p(x)− n(x)u]u; F r(u, v)(x) = [m(x)− n(x)u]u+ q(x)v,

and

F c(u, v)(x) =

ï
m(x)− n(x)u− p(x)v

u+ v

ò
u+ q(x)v; G(u, v)(x) =

ï
p(x)u

u+ v
− q(x)

ò
v.

Based on the arguments in [1, Section 1.1], it is known that F l, F c, F r and G are local Lipchitz functions
on (u, v) ∈ R2

+, independent with x. For the future purpose, with u, v ≥ 0, we define

F l(0, 0) = F c(0, 0) = F r(0, 0) = G(0, 0) = 0.

This still ensures the Lipschitz property of them.

Definition 4. Let F : R+×OA×R 7→ R, F = F (t, x, a, u) be a continuous function. We say F is monotone
if for any M0 > 0 and σ > 0, there exists λ > 0 such that

0 ≤ F (t, x, a, u) + λu ≤ F (t, x, a, v) + λv, ∀u, v ∈ R, 0 ≤ u ≤ v ≤M0, (x, a) ∈ OA, t ∈ [0, σ].

We recall some notations: For any u = (u1, u2),v = (v1, v2) ∈ R2, we define

u ≤ v if and only if u1 ≤ v1, u2 ≤ v2.

Based on this notation, we can define the monotonicity similar to the function to R2 as follows

Definition 5. Let G : OA × R2 7→ R2, G = G(x, a, u) be a continuous function. We say G is monotone
if for any M0, M1 > 0, there exists λ > 0 such that

0 ≤ G(x, a,u) + λu ≤ G(x, a,v) + λv, ∀u,v ∈ R2, 0 ≤ u ≤ v ≤ (M0,M1), (x, a) ∈ OA.
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The definition of a monotone function is useful for future work, as it is an essential condition for applying
the semi-flow technique.

Next, for any λ > 0 large enough, we consider

Fλ(u, v) := (F c
λ(u, v), Gλ(u, v)) := λ(u, v) + (F r(u, v), G(u, v)).

Then, the Jacobian matrix of Fλ is

A := JFλ(u, v) =

Ü
λ+m(x)− 2n(x)u− p(x)

v2

(u+ v)2
−p(x) u2

(u+ v)2
+ q(x)

p(x)
v2

(u+ v)2
λ+ p(x)

u2

(u+ v)2
− q(x)

ê
Now, for any M > 0, with 0 ≤ u1 ≤ u2 ≤ M , 0 ≤ v1 ≤ v2 ≤ M and w1 = (u1, v1), w2 = (u2, v2), h =
w2 −w1, one has

Fλ(w1)− Fλ(w2) =

∫ 1

0
JFλ(w1 + th)hdt

A direct calculation yields that

F r
λ(w1)− F r

λ(w2) ≥ (λ− 2nM − p) (u2 − u1)− p(v2 − v1) ≥ 2L(u2 − u1)− L(v2 − v1),

Gλ(w1)−Gλ(w2) ≥ (λ− q)(v2 − v1) ≥ L(v2 − v1),
(2.1)

for λ and L > 0 large enough. This shows the non-monotone structure of F.
For convenience, we introduce the following notations

X := C(OA); X+ := {u ∈ X : u ≥ 0}; X0 := {u ∈ X : u(x,A) = 0, ∀x ∈ Ω}
Y := C(Ω); Y+ := {u ∈ Y : u ≥ 0},

and

E := L2(OA), E+ := {u ∈ E : u ≥ 0 a.e.},
Y = L2(Ω), L∞

+ (OA) := {u ∈ L∞(OA) : u ≥ 0 a.e.}.

Throughout this paper, whenever we say a positive solution u meaning that u > 0 on OA and u ≥ 0 on
OA. It maybe possible that u(x, 0) > 0 and u(x,A) = 0 for any x ∈ Ω. Consider A2 < A3 < A and for any
appropriate function f , it is known that∫ A

0
β(x, a)f(x, a)da =

∫ A2

0
β(x, a)f(x, a)da =

∫ A3

0
β(x, a)f(x, a)da

since supp(β) ⊂ Ω × (A0, A2]. Thus, one can consider the system (1.1) or (1.2) on OA3 instead of OA,
depending on the situation.

2.1. Spectral theory for age-structured model. Let us begin the section with the spectral theory for
our model in [13,27,29]. For d > 0, β∗, µ∗ ∈ C2,1(Ω× [0, A)), µ∗ satisfies (A4) but not necessary positive.
Define

Ad,µ∗ϕ(x, a) := d∆Nϕ(x, a)− ϕa(x, a)− µ∗(x, a)ϕ(x, a),

where

D(Ad,µ∗) :=

®
ϕ : ϕ, Ad,µ∗ϕ ∈ E,

∂ϕ

∂n

∣∣∣∣
∂Ω

= 0, ϕ(x, 0) =

∫ A

0
β(x, a)ϕ(x, a)da

´
⊂ H1

(
(0, A), L2(Ω)

)
∩ L2

(
(0, A), H2(Ω)

)
·

(see, for example [6], about the Laplacian in Neumann boundary condition). It is well-known that if u ∈
H1

(
(0, A), L2(Ω)

)
then u ∈ C([0, A], L2(Ω)) (see [23, Section 5.9.2]). Thus, the continuity of ϕ ∈ D(Ad,µ∗)
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ensures that the equation ϕ(x, 0) =

∫ A

0
β(x, a)ϕ(x, a)da is well-defined. Let us consider the eigenvalue

problem as follows

Ad,µ∗ϕ = λϕ or


d∆Nϕ− ϕa − µ∗ϕ = λϕ,

ϕ(x, 0) =

∫ A

0
β(x, a)ϕ(x, a)da,

∂ϕ

∂n

∣∣∣∣
∂Ω

= 0,

and define

Bd,µ∗ϕ := −Ad,µ∗ϕ = ϕa(x, a)− d∆Nϕ(x, a)− µ∗(x, a)ϕ(x, a),

with domain D(Bd,µ∗) := D(Ad,µ∗). Thanks to Theorem A.5, there exists unique principal eigenvalue λ∗d,µ∗

of the operator Bd,µ∗ . Hence, Ad,µ∗ admits unique principal eigenvalue λd,µ∗ = −λ∗d,µ∗ . Furthermore, for

any other eigenvalue λ of Ad,µ∗ , one has Re(λ) < λd,µ∗ and µ∗ 7→ λd,µ∗ is decreasing. The work in the
paper will be based on the sign of λd,µ∗ with the appropriate chosen of µ∗ and d > 0.

Now, in the case µ∗ ≥ 0, let us prove the m-disspative property of Ad,µ∗ . For any ϕ ∈ D(Ad,µ∗), it is
well-known that (d∆Nϕ, ϕ)E ≤ 0. Thus,

(Ad,µ∗ϕ, ϕ)
E
= (d∆Nϕ, ϕ)E − (ϕa, ϕ)E − (µ∗ϕ, ϕ)E ,

≤ −
∫ A

0

∫
Ω
ϕaϕdxda = −1

2

∫
Ω

∫ A

0
(ϕ2)adadx

≤ 1

2

∫
Ω
ϕ2(x, 0)dx =

1

2

∫
Ω

Ç∫ A

0
β(x, a)ϕ(x, a)da

å2

dx

≤ 1

2

∫
Ω

∫ A

0
β2(x, a)da

∫ A

0
ϕ2(x, a)dadx

≤ 1

2
sup
x∈Ω

∫ A

0
β2(x, a)da (ϕ, ϕ)E

which is m-disspative property. Similar to the one in [27, Theorem 1], (λI −Ad,µ)
−1 exists for sufficiently

large λ > 0. In addition, it is a compact map. As the result, (λI +Bd,µ)
−1 exists λ > 0 large enough.

2.2. Semi-group theory for age-structured model in the bounded domain. Inspired by the semi-
group in [20], it is necessary to consider an Hille-Yosida linear operator to connect ua, d∆Nu and the
age-structure. In the case µ∗ = µ, it is known that (A5) implies the following Lebesgue measure

|{a ∈ [0, A] : βmin(a) > 0}| > 0.

Thus, similar to the one in [27, Theorem 1], the equationß
wt(t, x, a) = Ad,µw(t, x, a), t > 0, (x, a) ∈ OA,
w(0, x, a) = w0(x, a), (x, a) ∈ OA,

(2.2)

admits a unique C0-semi-group Φd,µ(t) generated from the infinitesimal generator Ad,µ andß
w(t, ·, ·) = Φd,µ(t)w0 ∈ C([0,∞),E) if w0 ∈ E,
w(t, ·, ·) = Φd,µ(t)w0 ∈ C1([0,∞),E) if w0 ∈ D(Ad,µ).

Furthermore, by similar arguments to those in [27, Lemma 1], with 0 ≤ a0 < A, we obtain the following
equation ß

ua = d∆Nu− µ(x, a0 + a)u
u(τ, x) = ϕ(x)
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admits a unique mild solution u(x, a; τ, a0, ϕ) = H(a0, τ, a)ϕ(x), where H(a0, τ, a), 0 ≤ τ ≤ a ≤ A − a0 is
a family of uniformly linear bounded compact positive operator on E and strongly continuous on τ, s. In
addition, one has

e
−
∫ a

τ
µmax(a0 + k)dk

Td∆N
(a− τ) ≤ H(a0, τ, a) ≤ e

−
∫ a

τ
µmin(a0 + k)dk

Td∆N
(a− τ)(2.3)

where Td∆N
(t), t > 0 is the analytic semi-group generated by Neumann Laplacian −d∆N , which is well-

known to be strong positive on C(Ω) and L2(Ω). On the other hand, from (2.2), the characteristic line
calculation yields that

w(t, x, a) =


H(a− t, 0, t)w0(·, a− t)(x), a ≥ t,

H(0, 0, a)

∫ A

0
β(·, s)w(t− a, ·, s)ds(x), t > a.

or the second version

w(t, x, a) =


H(a− t, 0, t)w0(·, a− t)(x), a ≥ t,

H(0, 0, a)

∫ A2

0
β(·, s)w(t− a, ·, s)ds(x), t > a.

(2.4)

since β(x, a) = 0, a > A2 for any x ∈ Ω. Thus, if w0 ≥ 0, one has that w > 0 on Ω × [0, A) thanks to
the strong positive of the Neumann Laplacian semigroup Td∆N

(t), t > 0. The definition of w > 0 may
understand as almost everywhere or the one in Definition A.1 depending on the situation. In addition,
thanks to positive property of the semi-group Φd,µ∗(t) and [17, Lemma 4.9 and Lemma 4.10], the comparison
principle holds for (2.2).

Next, consider w0 ∈ L∞(OA) and there exists M > 0 such that

0 ≤ w0(x, a) ≤Mπ(a) on (x, a) ∈ OA.

Define z =Mπ(a), we can check that Ad,µz − zt = µminz − µz ≤ 0 on OA. Then, one has

0 ≤ Φd,µ∗(t)w0 = w(t, ·, ·;w0) ≤Mπ(a) on (x, a) ∈ OA, t > 0.

For our purpose, consider

Bπ(OA) := {u ∈ L∞(OA) : L(a)|u| <∞ on OA}

and norm ||u||Bπ(OA) = ||Lu||L∞(OA). One can check it is a Banach space and Bπ(OA) ⊂ L∞(OA).
Now, we are ready to state the first existence result

Lemma 6. Assume (A1) to (A5) hold. Suppose further that u0, v0 ∈ Bπ(OA) and u0, v0 ≥ 0. Then,
there exists a unique local positive solution (u, v) = (u(t), v(t)) = (u(t, x, a;u0, v0), v(t, x, a;u0, v0)) to (1.1)
on [0, T ∗)× OA starting by the initial condition (u0, v0) with T ∗ ≤ ∞ is the maximum existence time and
u, v ≥ 0.

Proof. It is easy to check (u0, v0) ∈ E×E. We can rewrite the system (1.1) as the following Cauchy problem
ut = Adu,µu+ F c(u, v), t > 0, (x, a) ∈ OA,
vt = Adv ,µv +G(u, v), t > 0, (x, a) ∈ OA,
u(0, x, a) = u0(x, a), (x, a) ∈ OA,
v(0, x, a) = v0(x, a), (x, a) ∈ OA.

(2.5)

Let us define A := (Adu,µ,Adv ,µ), D(A) := D(Adu,µ) ×D(Adv ,µ) and Fc(u, v) = (F c(u, v), G(u, v)) for
any (u, v) ∈ E×E. It is easy to check that A is a closed operator since Adu,µ and Adv ,µ are closed operators.
Using same arguments in [27], with i = u or v, one has the m-disspative property of Adi,µ as follows

(Adi,µϕ− Cϕ, ϕ) ≤ 0, ∀ϕ ∈ L2(OA),
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where C =
1

2
sup
x∈Ω

∫ A

0
β2(x, a)da. Thus, thanks to [46, Theorem 4.2], we have that

∥[(K + C)I −Adi,µ]ϕ∥L2(OA) ≥ K||ϕ||L2(OA), ∀K > 0, ϕ ∈ L2(OA).

Define λ = K + C > C > 0, then

||(λI −Adi,µ)ϕ||L2(OA) ≥ (λ− C)||ϕ||L2(OA), ∀λ > C.

In the proof of [27, Theorem 1], for λ0 > 0 large enough, then λ0 ∈ ρ(Adi,µ), resolvent set of Adi,µ. We
also know that (λ0I −Adi,µ)

−1 is a compact mapping from L2(OA) to itself whenever λ0 ∈ ρ(Adi,µ). Thus,
σ(Adi,µ) = C \ ρ(Adi,µ) consists only eigenvalue of Adi,µ. On the other hand, based on Appendix A, there
exists unique principal eigenvalue λi,µ ∈ R of Adi,µ so that if λ0 is any other eigenvalue of Adi,µ, then
Re(λ0) < λi,µ. Thus, if λ

0 > λi,µ and λ0 > 0, then λ0 ∈ ρ(Adi,µ). As the results, one has

||(λI −Adi,µ)
−1ϕ||L2(OA) ≤

1

λ− C
||ϕ||L2(OA), ∀λ > max{C, λi,µ}.

Hence, for any λ > max{C, λu,µ, λv,µ},

||(λI −A)−1||L2(OA)×L2(OA) ≤
1

λ− C
,

where ||(u, v)||L2(OA)×L2(OA) = max
{
||u||L2(OA), ||v||L2(OA)

}
is an usual product norm. As the results, A

generates a positive C0-semi-group Φdu,dv ,µ(t) thanks to Section 2.2 from E×E into itself and Φdu,dv ,µ(t) =
(Φdu,µ,Φdv ,µ) for any t > 0, where Φdi,µ, i = u, v is the semi-group generated by Adi,µ. Similarly to Section
2.1, one can show that

Φdu,dv ,µ(t) : Bπ(OA)×Bπ(OA) → Bπ(OA)×Bπ(OA)

and ||Φdu,dv ,µ(t)(u, v)||Bπ(OA)×Bπ(OA) < M if ||(u, v)||Bπ(OA)×Bπ(OA) < M for any t > 0, which is continuous.
On the other hand, F is a locally Lipchitz on Bπ(OA) × Bπ(OA) to itself. This comes directly from

the fact that F c and G are local Lipchitz functions on (u, v) ∈ R2
+ and Bπ(OA) ⊂ L∞(OA). By similar

arguments to those in [38, Lemma 5.2.4 and Lemma 5.2.5], the system (1.1) admits a unique mild solution
(u, v) = (u(t), v(t)) = (u(t, x, a;u0, v0), v(t, x, a;u0, v0)) on OA and 0 < T ∗

c ≤ ∞ is a maximum existence
time so that

(u(t), v(t)) = Φdu,dv ,µ(t)(u0, v0) +

∫ t

0
Φdu,dv ,µ(t− s)Fc(u(s), v(s))ds, ∀t ∈ [0, T ∗

c ),(2.6)

Similarly, with Fl(u, v) := (F l(u, v), G(u, v)) and Fr(u, v) := (F r(u, v), G(u, v)), there exist maximum
existence time 0 < T ∗

l , T
∗
r ≤ ∞ such that

(ul(t), vl(t)) = Φdu,dv ,µ(t)(u0, v0) +

∫ t

0
Φdu,dv ,µ(t− s)Fl(ul(s), vl(s))ds, ∀t ∈ [0, T ∗

l ),

(ur(t), vr(t)) = Φdu,dv ,µ(t)(u0, v0) +

∫ t

0
Φdu,dv ,µ(t− s)Fr(ur(s), vr(s))ds, ∀t ∈ [0, T ∗

r ).

Since Fl(u, v) ≤ F(u, v) ≤ Fr(u, v), it means that (ul(t), vl(t)) is the sub-solution of (2.6) and (ul(t), vl(t))
is the super-solution. One check that, with λ > 0 large enough (λI − A)−1(u1, u2) ≥ 0 if u1, u2 ≥ 0
and (u1, u2) 7→ Fl(u1, u2) + λ(u1, u2) is positive and non-decreasing in the sense of [39, Assumption 4.1
and Assumption 4.4]. Since (ul(t), vl(t)) is bounded in local time, it follows from [39, Theorem 4.3 and
Theorem 4.5] that ul ≥ 0, vl ≥ 0 and the comparison principle holds for these solutions on OA and for any
suitable time t > 0. Same conclusion holds for (ur(t), vr(t)). As the results, it follows from [17, Proposition
5.1 and Proposition 5.2] that

(0, 0) ≤ (ul(t), vl(t)) ≤ (u(t), v(t)) ≤ (ur(t), vr(t))
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for any suitable time t > 0 since (u(t), v(t)) is a super-solution of (ul(t), vl(t)) and a sub-solution of
(ur(t), vr(t)).

□

Next, the global-in-time existence result will be shown. Before going to prove it, let Yα be the solution
of ß

Ya + µmin(a)Y = αY − Y 2,
Y (0) = y0.

where α and y0 are constants which will be determined later. Then, one has

Yα(a) =
e
αa−

∫ a

0
µmin(k)dk

1/y0 + e
αa−

∫ a

0
µmin(k)dk

=
eFα(a)

1/y0 + eFα(a)
=

π(a)eαa

1/y0 + π(a)eαa

where Fα(a) := αa −
∫ a

0
µmin(k)dk. Next, consider β̂ = max

OA

β. By similar arguments to the one in

[13, Theorem 14] and [29, Proposition 5.3], with α large enough, there exist y0 > 0 such that∫ A

0
eFα(a)da >

1

β̂
,∫ A

0

eFα(a)

1 + y0eFα(a)
da =

1

β̂

Thus, ∫ A

0
β(x, a)Yα(a)da ≤ β̂

∫ A

0

eFα(a)

1/y0 + eFα(a)
da = y0 = Yα(0).

So, with α > 0 large enough, Yα satisfies upper-bounded of age-structured condition and 0 ≤ Yα ≤ 1.
Now, we will construct a super-solution of (1.1). Let us define u :=MYα(a), v := NYα(a).

Lemma 7. There exist M, N, α > 0 large enough such that (u, v) is a super-solution of (1.1).

Proof. Consider M > 0 large enough that will be determined later. Let K > 1 large enough so that

sup
x∈Ω

p(x) ≤ K inf
x∈Ω

q(x),

Choose N = 2KM > M > 0. For α > 1 large enough so that Yα satisfying the upper-bound age-structured
condition, one have

F r(u, v)− ut +Adu,µu ≤ m(x)MYα(a)− n(x)M2Y 2
α (a)−MY ′

α(a)− µmin(a)MYα(a) + q(x)NYα(a)

≤ m̂MYα(a)− nM2Y 2
α (a)−M(αYα − Y 2

α ) + q̂2KMYα(a)

=MYα(a)[m̂+ (1− nM)MYα(a)− α+ 2q̂K]

≤MYα(a)[m̂− α+ 2q̂K] ≤ 0,

provided thatM >
1

n̂
and α > m̂+2q̂K large enough. Here, we use m̂ = max

Ω
m, n = min

Ω
n > 0, q̂ = max

Ω
q.

On the other hand, with these constants

Adv ,µv = −va − µ(x, a)v ≤ −N(Yα)a − µmin(a)NYα

= NY 2
α − αNYα ≤ NYα − αNYα = NYα(1− α) ≤ 0
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and

G(u, v)− vt +Adv ,µv ≤ p(x)MYα(a)− q(x)NYα(a)

≤ q(x)Yα(a)(KM −N) = −KMq(x)Yα(a) ≤ 0.

since Yα ≤ 1. Furthermore,∫ A

0
β(x, a)u(t, x, a)da =

∫ A

0
β(x, a)MYα(a)da ≤MYα(0) = u(t, x, 0).

Similar to v. Thus, (u, v) is a super-solution of (1.1). □

We are in the position to show the global-time existence results with bounded property in time.

Theorem 8. Assume (A1) to (A5) hold and u0, v0 ∈ L∞
+ (OA). Assume further that

0 ≤ u0 ≤MYα, 0 ≤ v0 ≤ NYα on OA(2.7)

where M , N and α are determined in Lemma 7. Then, there exists a unique global positive solution
(u, v) = (u(t), v(t)) = (u(t, x, a;u0, v0), v(t, x, a;u0, v0)) of (1.1) on OA starting by the initial condition
(u0, v0). Moreover, it is bounded, i.e.

0 < u(t, x, a;u0, v0) ≤M, 0 < v(t, x, a;u0, v0) ≤ N

on OA and for any t > 0 if u0 ̸≡ 0 and v0 ̸≡ 0.

Proof. We can show that u0, v0 ∈ Bπ(OA). Then, it follows from the fact that (u, v) = (MYα, NYα) is a
super-solution of (1.1) and the comparison principle for age-structured model that

0 ≤ u(t, x, a;u0, v0) ≤ ur(t, x, a;u0, v0) ≤MYα ≤M,

0 ≤ v(t, x, a;u0, v0) ≤ ur(t, x, a;u0, v0) ≤ NYα ≤ N = 2KM,

for any (x, a) ∈ OA. In addition, one can prove that

lim
a→A

u(t, x, a;u0, v0) = 0, lim
a→A

v(t, x, a;u0, v0) = 0,

uniformly with x ∈ Ω and t > 0. Thus, (u(t), v(t)) exists globally in time. Similarly, (ul(t), vl(t)) also
exists globally in time.

Next, thanks to Section 2.2, we can check that a modification formula for the mild solution in (2.6) as
follows

(u(t), v(t)) ≥ (ul(t), vl(t)) = e−λtΦdu,dv ,µ(t)(u0, v0) +

∫ t

0
e−λ(t−s)Φdu,dv ,µ(t− s)Fl

λ(u(s), v(s))ds

≥ e−λtΦdu,dv ,µ(t)(u0, v0) > (0, 0) on OA, ∀t ∈ [0, T ],

where λ > 0 large enough so that Fl
λ(u, v) := Fl(u, v) + λ(u, v) ≥ (0, 0) for any 0 ≤ u, v ≤ N . Thus, one

has u(t) > 0, v(t) > 0 on Ω× [0, A), ∀t > 0.
This concludes the proof.

□

Remark 1. When u0, v0 ∈ Cc(Ω×[0, A)), the space of continuous functions having compact support subset
of Ω × [0, A), one can establish the continuity of (t, x, a) 7→ u(t, x, a;u0, v0), (t, x, a) 7→ v(t, x, a;u0, v0) on
(0,∞) × OA, except possibly on measure-zero sets such as {t = a}, thanks to characteristics line formula
(2.4). If we suppose further that u0, v0 satisfy the age-structured condition, the continuity holds over the
entire domain (0,∞)× OA.
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Remark 2. The condition (2.7) can be replaced by an another bounded time-independent super-solution
(u, v) of (1.1). In this case, we assume

0 ≤ u0 ≤ u; 0 ≤ v0 ≤ v.

By comparison principle, we also obtain that

0 ≤ u(t, x, a;u0, v0) ≤ u ≤M0; 0 ≤ v(t, x, a;u0, v0) ≤ v ≤M0

for some constant M0 > 0. As the results, the solution exists globally in time.

Remark 3. If we consider A3 satisfies A2 < A3 < A, we can remove the condition (2.7) to obtain the
global-time existence on Ω× [0, A3]. Since Yα(a) > 0 on Ω× [0, A3], one can find N > 0 large enough such
that

0 ≤ u0 ≤ NYα(a), 0 ≤ v0 ≤ NYα(a) on Ω× [0, A3].

2.3. Comparison principle for the age-structured model. This section states comparison principle
for some age-structured model that will be used throughout this paper.

There are two type of age-structure comparison principle based on the nonlinear term that we state
here: the monotone and super-sub comparison principle.

Monotone comparison principle. The statements are based on the work of [17, Lemma 4.9 and Lemma
4.10] and [39, Section 5].

Proposition 9 (Monotone comparison principle for one equation). Assume (A3) to (A5) hold. Let F :
R+ ×OA ×R 7→ R, F = F (t, x, a, u) be a continuous function and local Lipschitz in u, independent with t,
x and a and F (t, x, a, 0) = 0. Furthermore, F satisfies the monotonicity condition given in Definition 4.
Then, the following equationß

wt(t, x, a) = Ad,µw(t, x, a) + F (t, x, a, w(t, x, a)), t > 0, (x, a) ∈ OA,
w(0, x, a) = w0(x, a), (x, a) ∈ OA,

(2.8)

admits the comparison principle, that is for any w0, w1 ∈ Bπ(OA) and 0 ≤ w0 ≤ w1, one has

0 ≤ w(t, x, a;w0) ≤ w(t, x, a;w1), (x, a) ∈ OA and for any possible t > 0,

where w(t, x, a;wi), i = 1, 2 are the solutions of (2.8) with initial condition w(0, x, a;wi) = wi(x, a),
i = 1, 2. The same property holds for the super-solution and sub-solution.

We present an analogue of the monotone comparison principle, a useful tool for future work, as follows

Proposition 10 (Monotone comparison principle for system). Assume (A3) to (A5) hold. Let A be the
operator in Lemma 6 and G : OA ×R2 7→ R2, G = G(x, a, u) be a continuous function and local Lipschitz
in u, independent with x and a, G(x, a, 0) = 0. Furthermore, G satisfies the monotonicity condition given
in Definition 5. Then, the following equationß

ut = Au+G(u), t > 0,
u(0) = u0,

(2.9)

admits the comparison principle, that is for any u0, u1 ∈ Bπ(OA)×Bπ(OA) and 0 ≤ u0 ≤ u1, one has

0 ≤ u(t;u0) ≤ u(t;u1) for any possible t > 0,

where G(u)(a)(x) = G(x, a,u) and u(t;ui), i = 1, 2 are the solutions of (2.9) with initial condition
u(0;ui) = ui, i = 1, 2. The same property holds for the super-solution and sub-solution.

One can view the comparison principle as follows for any u0 = (u0, v0),u1 = (u1, v1) ∈ Bπ(OA) and
0 ≤ u0 ≤ u1, one has

0 ≤ u(t, x, a;u0, v0) ≤ u(t, x, a;u1, v1),

0 ≤ v(t, x, a;u0, v0) ≤ v(t, x, a;u1, v1),
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for any (x, a) ∈ OA and any possible t > 0, where (u(t, x, a;ui, vi)), v(t, x, a;ui, vi)), i = 0, 1 are the solution
of the system (1.1) with the initial condition (u(0, x, a;ui, vi)), v(0, x, a;ui, vi)) = (ui(x, a)), vi(x, a)), i =
0, 1.

The systems associated with this type of function F and G are called monotone systems.

Super-sub comparison principle. Define Fc = F. Suppose there exists F− and F+ such that

F− ≤ Fc ≤ F+

These three functions are distinct and F− and F+ are monotone. Due to non-monotone structure of Fc

of our system (1.1) (see (2.1)), the comparison principle can only be stated in the following form based on
the following results [17, Proposition 5.3 and Proposition 5.4], see also [62, Lemma 2.1 of Chapter 8].

Proposition 11 (Super-sub comparison principle for system). Assume (A3) to (A5) hold. Let A and F
be the operator and function in Lemma 6. Consider the following systemsß

ut = Au+ Fi(u), t > 0,
u(0) = u0,

(2.10)

for i = −, c,+. Then, the system with i = c or Fi = F admits the comparison principle, that is for any
u0 ∈ Bπ(OA)×Bπ(OA) and 0 ≤ u−(0) ≤ u0 ≤ u+(0), one has

0 ≤ u−(t) ≤ u(t;u0) ≤ u+(0) for any possible t > 0,

where u− = u−(t) is a sub-solution of (2.10) with i = −, u+ = u+(t) is a super-solution of (2.10) with
i = + and u(t;u0) is the solution of (2.10) with i = c, corresponding to the initial condition u(0;u0) = u0.

The arguments in Theorem 8 states that (1.1) and (2.10) are equivalent. Thus, the comparison principle
is also hold for (1.1), that is for any u0 = (u0, v0) ∈ Bπ(OA)×Bπ(OA) and 0 ≤ u−(0) ≤ u0, one has

0 ≤ u−(t, x, a) ≤ u(t, x, a;u0, v0),

0 ≤ v−(t, x, a) ≤ v(t, x, a;u0, v0),

for any (x, a) ∈ OA and any possible t > 0, where u−(t) = (u−(t, x, a), v−(t, x, a)) is the sub-solution of
(2.10) with i = − and (u(t, x, a;u0, v0)), v(t, x, a;u0, v0)) is the solution of the system (1.1) with the initial
condition (u(0, x, a;u0, v0)), v(0, x, a;u0, v0)) = (u0(x, a)), v0(x, a)). This also holds for u+(t).

This comparison principle is a direct consequence of Proposition 10 for a super-solution of the system
associated with F− and a sub-solution of the system associated with F+. It is worth noting that one can
choose F− = Fl and F+ = Fr as an example. In most cases, the functions F− and F+ are chosen to be
monotone, depending on the objective of each section, so that Proposition 10 can be applied to construct
a semi-flow and estimate the solution of system (1.1).

3. Existence of disease-free and endemic equilibrium

In this section, we study the existence of endemic equilibrium of (1.1). That is, the existence of positive
solutions (u, v) to the system (1.2).

3.1. Basic reproduction number R0. We studies basic reproduction number for (1.2) using the approach
in [9, 64]. First, let us consider a disease-free equation of (U, 0) = (U(t, x, a), 0) as follows

ut + ua = du∆Nu+m(x)u− n(x)u2 − µ(x, a)u, t > 0, (x, a) ∈ OA,

u(t, x, 0) =

∫ A

0
β(x, a)u(t, x, a)da, t > 0, x ∈ Ω,

u(0, x, a) = u0(x, a) (x, a) ∈ OA.
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Using arguments similar to those in Theorem 8, there exists a unique U = U(t, x, a;u0) for each u0 ∈ C(OA)
supp(u0) ⊂ Ω× [0, A). If λdu,−m+µ > 0, it admits a unique positive steady state U∗ = U∗(x, a) satisfies

wa = du∆Nw +m(x)u− n(x)w2 − µ(x, a)u, t > 0, (x, a) ∈ OA,

u(t, x, 0) =

∫ A

0
β(x, a)u(t, x, a)da, t > 0, x ∈ Ω.

where λdu,−m+µ is the principal eigenvalue of Aµ∗ for the case d = du, µ
∗ = −m+ µ (see Theorem A.10).

Then, we linearize the second equation of (1.1) around the disease-free equilibrium E0 = (U∗, 0) to obtain
Vt + Va = dv∆NV + [p(x)− q(x)− µ(x, a)]V, t > 0, (x, a) ∈ OA,

V (t, x, 0) =

∫ A

0
β(x, a)V (t, x, a)da, t > 0, x ∈ Ω,

V (0, x, a) = V0(x, a), (x, a) ∈ OA.

(3.1)

First, for any 0 ≤ a0 < A, it is known that the following equationß
Wa = dv∆NW + [p(x)− q(x)− µ(x, a+ a0)]W, (x, a) ∈ OA,
W (0, x) =W0(x), x ∈ Ω.

(3.2)

admits a C0-linear semi-group Ψ(a0, a) : Y → Y such that W (a; a0) = Ψ(a0, a)W0 is a solution of (3.2)
in the sense that Ψ(a0, a)W0 → W0 as a → 0 for any W0 ∈ C(Ω) and W (a) > 0 for any a ∈ (0, A − a0)
whenever W0 ≥ 0 (see [37, Section 5.1.2]). Furthermore, it is known that

Wa ≤ dv∆NW + [K − µmin(a+ a0)]W

for some constant K > 0 large enough. By usual parabolic comparison principle, one has

0 ≤W (x, a) ≤ e
Ka−

∫ a

0
µmin(k + a0)dk

Tdv∆N
(a)W0(x)

where W0 ≥ 0 and Tdv∆N
is the semi-group generated from Neumann-Laplacian operator −dv∆N . Passing

to the limit a → A − a0, W (x, a; a0) → 0 when a → A − a0 uniformly with x ∈ Ω thanks to (A4).
Furthermore, one has

||Ψ(a0, a)W0||∞ ≤ CeNA||W0||∞
since ||Tdv∆N

(a)W0||∞ ≤ C||W0||∞ for some C > 0 (see [37, Theorem 5.1.11]).
Now, using the characteristic line method, we solve the first equation in (3.1) with the initial condition

to obtain

V (t, ·, a) =
ß

Ψ(a− t, t)V0(·, a− t), if a− t ≥ 0,
Ψ(0, a)V (t− a, ·, 0) if t− a > 0,

Then, we substitute this to the age-structure condition to obtain

V (t, x, 0) =

∫ min{t,A}

0
β(x, a)Ψ(0, a)V (t− a, ·, 0)(x)da+

∫ A

min{t,A}
β(x, a)Ψ(a− t, t)V0(·, a− t)(x)da

From here, following the approach in [9, Section 4] and [64, Section 4], we define the next infected generation
operator (NIGO) as follows

I(φ)(x) =

∫ A

0
β(x, a)Ψ(a)(φ)(x)da(3.3)

and R0 := r(I), where Ψ(a)(φ) = Ψ(0, a)φ, r(I) is the spectral radius of I on Y. The number R0 is called
basic reproduction number.

Theorem 12. Assume (A1) to (A5) hold. Let I be defined by (3.3). Then, the basic reproduction number
R0 := r(I) is a simple positive eigenvalue of operator I, associated with a positive eigenvector v0 = v0(x) ∈
Y+ \ {0}. Moreover, there is no other eigenvalue having positive eigenvector.
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Proof. One can check that

(1) I : Y+ → Y+.
(2) There exists M > 0 such that ||I(φ)||∞ ≤M ||φ||∞ for any ϕ ∈ Y.
(3) I is a compact mapping.
(4) I(Y+ \ {0}) ⊂ Y+ \ {0}.

By applying Krein-Rutman theorem (see, for instance, [3, Theorem 3.2]), we obtain the desire results and
R0 > 0. □

It is known that J∗ : Y∗ → Y∗ also satisfies these four conditions (see [8, Section 2.6 and Theorem 6.4]),
where Y∗ and J∗ are the dual space of Y and the dual operator of J, respectively. Then, we apply again
the Krein-Rutman theorem r(J∗) is the principal eigenvalue of J∗. By the standard of spectral theory,
r(J∗) = r(J) = R0. Let w0 ∈ Y∗ be the eigenvector of J∗ corresponding to R0 and w0(y) > 0 (resp. ≥ 0)
for any y ∈ Y and y > 0 (resp. ≥ 0) on Ω.

On the other hand, consider case µ∗ = −p + q + µ. Then, there exists unique principal eigenvalue
λdv ,−p+q+µ ∈ R such that

dv∆Nϕ− ϕa + [p(x)− q(x)− µ(x, a)]ϕ = λdv ,−p+q+µϕ, (x, a) ∈ OA,

ϕ(x, 0) =

∫ A

0
β(x, a)ϕ(x, a)da, x ∈ Ω.

(3.4)

where ϕ = ϕ(x, a) is the associated eigenfunction with the eigenvalue λdv ,−p+q+µ. Note that lim
a→A

ϕ(x, a) = 0

uniformly with x ∈ Ω thanks to the assumption (A4) (see Appendix A). Thus, by defining ϕ(x,A) = 0,
it is possible to obtain that ϕ ∈ C

(
OA

)
. Furthermore, it follows from the classical bootstrap arguments

that ϕ ∈ C(OA) ∩ C2,1(OA) (see [12, Theorem 2.6] and [15, Proposition 1] for techniques) and ϕ > 0
on Ω × [0, A). In addition, for any other eigenvalue λ0 of dv∆N − ∂a + [p(x)− q(x)− µ(x, a)] I, one has
Re(λ0) < λdv ,−p+q+µ.

It is known that ∫ A

0
β(·, a)Ψ(a)(v0)da = R0v

0; J∗w0 = R0w
0.

Alternatively, with u0(x) = ϕ(x, 0), then Ψ(a)u0 = ϕ(·, a). Thus, from (3.4), we define

Jλdv,−p+q+µ
(u0)(x) :=

∫ A

0
β(·, a)e−λdv,−p+q+µaΨ(a)(u0)da = u0.

Thanks to positivity of J, λ 7→
〈
w0, Jλ(u

0)
〉
is decreasing.

Let R0 > 1, if λdv ,−p+q+µ ≤ 0, then

w0(u0) =
〈
w0, u0

〉
=

〈
w0, Jλdv,−p+q+µ

u0
〉
≥

〈
w0, Ju0

〉
=

〈
J∗w0, u0

〉
= R0

〈
w0, u0

〉
.

Thus, R0 ≤ 1. This is contradiction. Hence, if R0 > 1, then λdv ,−p+q+µ > 0. Similarly, R0 ≤ 1 then
λdv ,−p+q+µ ≤ 0. Let us state the theorem about the relationship between λdv ,−p+q+µ and R0.

Theorem 13. Assume (A1) to (A5) hold. Let I be defined by (3.3), the basic reproduction number
R0 = r(I) and λdv ,−p+q+µ is the principal eigenvalue of (3.4). Then, R0 > 1 if and only if λdv ,−p+q+µ > 0.
Furthermore, R0 = 1 if and only if λdv ,−p+q+µ = 0.

Remark 4. Although the condition λ−m+µ > 0 is required to derive equation (3.1) from the original system
(1.1), it is not necessary that the existence of R0 depends on the sign of the principal eigenvalue λ−m+µ.

3.2. Existence. In this section, we adapt the technique in [65] to obtain the existence of disease-free
equilibrium and endemic equilibrium.

First, let us discuss about the disease-free equilibrium.
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Proof of Theorem 1 (i). The existence and uniqueness of (1.3) have been proven in Theorem A.10 with
the help of λdu,−m+µ > 0. Thanks to the classical bootstrap argument, one has

u1 ∈ C(OA) ∩ C2,1(OA)

Since R0 ≤ 1, it is known that λdv ,−p+q+µ ≤ 0. Next, assume by the contraction, there exists (u, v) is a
solution of (1.2) such that u > 0 and v > 0. Furthermore, we have

u, v ∈ C(OA) ∩ C2,1(OA).

Let ϕ > 0 be the eigenfunction associated with λdv ,−p+q+µ, recall (3.4)
ϕa − dv∆Nϕ− [p(x)− q(x)− µ(x, a)]ϕ = −λ−p+q+µϕ, (x, a) ∈ OA,

ϕ(x, 0) =

∫ A

0
β(x, a)ϕ(x, a)da, x ∈ Ω.

Thus, one gets

ϕa − dv∆Nϕ− [p(x)− q(x)− µ(x, a)]ϕ ≥ 0

Since
uϕ

u+ ϕ
≤ ϕ, we get that

ϕa − dv∆Nϕ−
ï
p(x)

u

u+ ϕ
− q(x)− µ(x, a)

ò
ϕ ≥ 0

On the other hand, we have
va − dv∆Nv −

ï
p(x)u

u+ v
− q(x)− µ(x, a)

ò
v = 0, (x, a) ∈ OA,

v(x, 0) =

∫ A

0
β(x, a)v(x, a)da, x ∈ Ω.

By applying comparison principle in Theorem A.11-Step 2, we obtain that

v ≤ ϕ

Replace ϕ with c0ϕ for some c0 > 0, one still has

v ≤ c0ϕ

Letting c0 → 0, v ≤ 0. Contradiction. Thus, there is no positive solution of (1.2). Furthermore, in this
case, it is not possible to obtain a non-negative solution v ≥ 0 of (1.2) in a similar manner. Hence, the
solution (u1, 0) is the only non-trivial solution of (1.2). This completes the proof.

□

This theorem shows that the disease may not spread in the case when R0 ≤ 1 or the infected population
v = 0.

In the next theorem, we study the existence of positive endemic steady state in the case the basic
reproduction number R0 > 1.

Proof of Theorem 1 (ii). Since µ∗ 7→ λd,µ∗ is decreasing (see Section 2.1) and p ≥ 0, one has λdu,−m+µ >
λdu,−m+p+µ > 0. Furthermore, since R0 > 1, one has λdv ,−p+q+µ > 0.

Now, inspired by the technique in [65, Theorem 2.6] the strategy is to use the homotopy invariance of
Leray-Schauder topological degree to find the positive solution of (1.2). First, let us define

f l(x, u) = [m(x)− p(x)− n(x)u]u; f r(x, u, v) = [m(x)− n(x)u]u+ q(x)v,

and

f c(x, u, v) =

ï
m(x)− n(x)u− p(x)v

u+ v

ò
u+ q(x)v; g(x, u, v) =

ï
p(x)u

u+ v
− q(x)

ò
v.
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for the future purposes. Based on the arguments in [1, Section 1.1], it is known that f l, f c, f r and g are
local Lipchitz functions.

Since 0 ≤ v

u+ v
≤ 1, it is easy to see that

f l(x, u) ≤ f c(x, u, v) ≤ f r(x, u, v)

for any x ∈ Ω and u ≥ 0, v ≥ 0 such that u+ v ̸= 0. Now, let us consider the following auxiliary system

ua = du∆Nu+ f l(x, u)− µ(x, a)u,
va = dv∆Nv + g(x, u, v)− µ(x, a)v,

u(x, 0) =

∫ A

0
β(x, a)u(x, a)da,

v(x, 0) =

∫ A

0
β(x, a)v(x, a)da.

(3.5)

Thanks to Theorem A.10 (k = m − p) and the fact that λdu,−m+p+µ > 0, the first and third equations

admit a unique positive solution ul > 0 on Ω × [0, A) and u1(x,A) = 0 for any x ∈ Ω (see Remark 10 in
Appendix).

Next, let us consider the existence of solution vl to
va = dv∆Nv + vh(x, ul, v)− µ(x, a)v,

v(x, 0) =

∫ A

0
β(x, a)v(x, a)da.

(3.6)

where h(x, ul(x, a), v) =
p(x)ul(x, a)

ul(x, a) + v
− q(x). Then, since λdv ,−p+q+µ > 0, (3.6) admits a unique positive

solution vl > 0 on Ω × [0, A) by thanks to Theorem A.11 (with λ∗dv ,−p+q+µ = −λdv ,−p+q+µ < 0). Thus,

the system (3.5) has a unique positive solution (ul, vl). The uniqueness is obvious since all the solutions
of (3.6) must satisfy the first and third one whose uniqueness are guaranteed. In addition, by standard
parabolic regularity and bootstrap arguments, similar to the one in [15, Proposition 1], one can check that

ul, vl ∈ C(OA) ∩ C2,1(OA).

Next, we construct sub- and super- solutions to form the domain for the topological degree. For 0 < ϵ < 1,
we define ul = ϵul. Then, one has 0 < ul < ul on Ω× (0, A), ul(x,A) = 0 for any x ∈ Ω and

f l(x, a, ul)− µ(x, a)ϵul = [m(x)− p(x)− n(x)ϵul − µ(x, a)]ϵul

≥ ϵ[m(x)− p(x)− n(x)ul − µ(x, a)]ul

= (ul)a − du∆Nul.

The age-structured condition is obvious. Thus, a similar process to that used for vl is applied for u = ul
to obtain that vl is a positive solution of the following equation

va = dv∆Nv + g(x, a, ul, v)− µ(x, a)v,

v(x, 0) =

∫ A

0
β(x, a)v(x, a)da.

(3.7)

A simple calculation yields that g(x, a, ul, vl) ≥ g(x, a, ul, vl). Therefore, thanks to Lemma A.9, vl ≥ vl on
Ω× [0, A). Let 0 < ϵ < 1. We can choose ϵvl instead of vl so that vl ≥ vl > ϵvl on Ω× [0, A) and vl is still a

sub-solution. Thus, we may assume vl > vl on Ω× [0, A). The pair (ul, vl) will be used as the sub-solution.
Next, we construct the super-solution. We recall ur := MYα, vr := 2KMYα from Lemma 7. It then

follows that (ur, vr) is super-solution of the system (1.2). By Lemma A.9, ul < ur and vl < vr on Ω× [0, A).
Now, let us define the domain and the homotopy function for the topological degree as follows

C :=
{
(u, v) ∈ X0 × X0 : ul < u < ur, vl < v < vr on OA

}
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and F : [0, 1]× C → X0 × X0

F(t)(u, v) =

Å
(Bdu,µ + λI)−1[λu+ (1− t)f l(x, u) + tf c(x, u, v)]

(Bdv ,µ + λI)−1[λv + g(x, u, v)]

ã
.

for some λ > 0 large enough. Clearly, C is an open set of X0 × X0, (ul, vl) ∈ C and F is continuous. Using
similar arguments to the one in [27, Theorem 1], one can check that F(t) is compact for any t ∈ [0, 1].
Because of the definitions of (ul, vl) and (ur, vr), it is known that F(t)(u, v) ̸= (u, v) on ∂C for any t ∈ [0, 1].
Thus, the topological degree deg(I − F(t),C, 0) is well-defined and is independent of t.

Next, let us calculate the value of deg(I −F(0),C, 0). Define Tλ,d,µ = (Bd,µ + λI)−1. Direct calculations
yield that

[I −DF(0)] (ul, vl) =

Ñ
Tλ,du,µ [Bdu,µ + c11(x)I] 0

Tλ,dv ,µ

Ç
Bdv ,µ − p(x)

v2l
(ul + vl)2

I

å
Tλ,dv ,µ [Bdv ,µ + c22(x)I] .

é
.

where DF(0) is the derivative of F(0) and c11(u)(x) = 2n(x)ul−m(x)−p(x), c22(x) = q(x)−p(x)
u2l

(ul + vl)2
.

Put L = [I −DF(0)](ul, vl). Similar to the one in [27, Theorem 1], Bdu and Bdv have compact resolvents.
It follows from [8, Theorem 6.6] that L is a Fredholm operator of index zero.

On one hand, (ul, vl) is the unique solution of (3.5), making it an isolated solution of I − F(0). On the
other hand, we can check that

σ(L) \ {∞} = σp(L) = σp(Bdu,µ + c11(x)I) ∪ σp(Bdv ,µ + c22(x)I).

where σp(L) is the point spectrum (see [32, Chapter 7]). Let λ1 be the principal eigenvalue of Bdu,µ+c11(x)I
and λ2 be the principal eigenvalue of Bdv ,µ + c22(x)I. It follows from

Bdu,µvl +

ï
q(x)− p(x)ul

ul + vl

ò
vl = 0

that 0 is the principal eigenvalue of Bdu,µ +

ï
q(x)− p(x)ul

ul + vl

ò
I. Thus, by arguments similar to those in

[13, Theorem 8] and the fact that c22(x) ≥
ï
q(x)− p(x)ul

ul + vl

ò
, we have that λ2 > 0. Similarly, λ1 > 0. As

the results,

s (L) := inf{Re(λ) : λ ∈ σ(L)} > 0

meaning [I −DF(0)] (ul, vl) is invertible. Consequently, by applying the topological degree theory in
Nirenberg [41, Theorem 2.8.1], one gets either deg(I−F(0),C, 0) = 1 or = −1. Using homotopy invariance,
one has either deg(I −F(1),C, 0) = 1 or −1, meaning there exists (u, v) ∈ C such that [I −F(1)](u, v) = 0.
As the results, (u, v) is the solution of the endemic equilibrium (1.2) and u > 0 and v > 0 on Ω × [0, A).
By standard parabolic regularity and bootstrap arguments, similar to the one in [15, Proposition 1], we
can check that

u, v ∈ C(OA) ∩ C2,1(OA).

and u(x,A) = v(x,A) = 0 for any x ∈ Ω. This completes the proof.
□
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4. Stability of disease-free and endemic equilibrium

Since the monotone semi-flow property of the system (1.1) is not obtained, let us proceed by recalling
the upper-system as follows 

ut = Adu,µu+ F r(u, v), t > 0, (x, a) ∈ OA,
vt = Adv ,µv +G(u, v), t > 0, (x, a) ∈ OA,
u(0, x, a) = u0(x, a), (x, a) ∈ OA,
v(0, x, a) = v0(x, a), (x, a) ∈ OA.

(4.1)

Thanks to the proof in Theorem 8, this system admits a unique positive global-in-time solution (ur, vr) =
(ur(t;u0, v0), v

r(t;u0, v0)) = (ur(t, x, a;u0, v0), v
r(t, x, a;u0, v0)). Furthermore, by similar calculation with

(2.1), the age-structured comparison principle holds for these solution based on the work in [39, Theorem
4.3 and Theorem 4.5]. We also define its steady state as followsß

Adu,µu+ F r(u, v) = 0, (x, a) ∈ OA,
Adv ,µv +G(u, v) = 0, (x, a) ∈ OA.

(4.2)

By similar arguments with the one in Theorem 1 (i), one can prove that v = 0 and u = u1.
Next, consider (u0, v0) ∈ X+ × X+ with u0, v0 ̸≡ 0, supp(u0), supp(v0) ⊂ Ω × [0, A). It is known that

u0, v0 satisfying (2.7), u0, v0 ∈ Bπ(OA) and, thus, (u, v) is bounded in the sense that

||ur(t, ·, ·;u0, v0)||L∞(OA) + ||vr(t, ·, ·;u0, v0)||L∞(OA) ≤ 2N, ∀t > 0.

where N > 0 is the constant in Theorem 8. Hence,

||ur(t, ·, ·;u0, v0)||L2(OA) + ||vr(t, ·, ·;u0, v0)||L2(OA) ≤ H, ∀t > 0,(4.3)

for some H > 0.
Next, let us define the ω-limit set depending on the initial condition (u0, v0)

ω(u0, v0) ={(w, k) ∈ E× E : ∃tn → ∞ as n→ ∞ such that

ur(tn, ·, ·;u0, v0) → w, vr(tn, ·, ·;u0, v0) → k weakly in E}

It is well-known that the ω-limit set ωA(u0, v0) is non-empty thanks to (4.3).

4.1. Stability of the disease-free case R0 < 1. In this section, we study the stability of solution in
the disease-free case R0 < 1. We expect the infected population v(t) will tends to zero in this case. By
adapting the technique in [65, Theorem 3.3], the following lemma shows this statements clearly.

Lemma 14. Suppose that (u0, v0) ∈ X+×X+ with u0, v0 ̸≡ 0, supp(u0), supp(v0) ⊂ Ω×[0, A), λdu,−m+µ >
0 and R0 < 1. Then, ||vr(t, ·, ·)||L∞(OA) → 0 as t→ ∞.

Proof. It follows from R0 < 1 that λdv ,−p+q+µ < 0. Also, it is known that u0, v0 ∈ Bπ(OA). Recall the
solution (u, v) of (4.1) and u(t), v(t) > 0 for t > 0 on OA.

Let ϕ be the positive eigenfunction associated with the eigenvalue λdv ,−p+q+µ. Define

ψ(t, x, a) = C1e
λdv,−p+q+µtϕ(x, a) > 0, ∀(x, a) ∈ OA,

for some C1 > 0 will be chosen later. Thus, direct calculations yields that

ψt + ψa = dv∆Nψ + [p(x)− q(x)− µ(x, a)]ψ

Thanks to the fact that
uv

u+ v
≤ v for any u, v ≥ 0, one has

vrt + vra ≤ dv∆Nv
r + [p(x)− q(x)− µ(x, a)] vr on OA

Furthermore, there exists C1 > 0 large enough so that

ψ(0, x, a) = C1ϕ(x, a) ≥ v0(x, a)
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for any (x, a) ∈ OA. By the comparison principle in Proposition 9 for ψ and v, one has

vr(t, x, a) ≤ ψ(t, x, a) = C1e
λdv,−p+q+µtϕ(x, a)

Since λdv ,−p+q+µ < 0, we get

||vr(t, ·, ·)||L∞(OA) → 0.

This concludes the proof for v.
□

Remark 5. The proof still holds if we assume there exists K > 0 such that

v0(x, a) ≤ Kϕ(x, a), ∀(x, a) ∈ OA

where ϕ is the eigenfunction associated with the eigenvalue λdv ,−p+q+µ. The ω-limit set can be written as
follows

ω(u0, v0) = {(w, 0)}

Lemma 15. Suppose that all assumptions of Lemma 14 are satisfied. Assume further that all convergences
in the ω-limit set ω(u0, v0) are strongly in L2(OA) (up to sub-sequence). Then, any (w, 0) in ω(u0, v0) is
an solution of (4.2) or a disease-free equilibrium.

Proof. Inspired by [33, Lemma 5.7], we consider χ ∈ C2(OA), supp(χ) ⊂ Ω × [0, A) and ρ ∈ C∞(R) such
that

ρ(s) ≥ 0; supp(ρ) ⊂ [−1, 1];

∫ 1

−1
ρ(s)ds = 1

Let w ∈ ω(u0, v0) and tn ≥ 2 be the sequence such that

ur(tn, ·, ·) → w weakly in L2(OA).

Multiplying the first equation of (4.1) by ρ(t− tn)χ(x, a) and integrating over [0,∞)× OA, one has∫
(tn−1,tn+1)×OA

−
[
χρ′(t− tn)u

r − (χa + du∆χ− µ(x, a)χ)urρ(t− tn)
]
dtdxda

=

∫
(tn−1,tn+1)×Ω

χ(x, 0)

∫ A

0
β(x, a)ur(t, x, a)ρ(t− tn)dadtdx+

∫
(tn−1,tn+1)×OA

F r(ur, vr)χρ(t− tn)dtdxda

Put s = t− tn, by changing variable, we have that

∫
(−1,1)×OA

[
−χρ′(s)− (χa + du∆χ− µ(x, a)χ)ρ(s)

]
ur(tn + s, x, a)dsdxda

=

∫
(−1,1)×Ω

χ(x, 0)

∫ A

0
β(x, a)ur(tn + s, x, a)ρ(s)dadsdx+

∫
(−1,1)×OA

F r(ur(tn + s), vr(tn + s))χρ(s)dsdxda.

(4.4)

Claim: For any f ∈ L∞(OA), one has∫
(−1,1)×OA

ur(tn + s, x, a)f(x, a)ρ(s)dsdxda→
∫
(−1,1)×OA

w(x, a)f(x, a)ρ(s)dsdxda as n→ ∞.

Proof for the claim. Since u(tn, ·, ·) → w weakly in L2(OA), one gets∫
OA

ur(tn + s, x, a)f(x, a)dxda→
∫
OA

w(x, a)f(x, a)dxda
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and ||ur(tn + s, ·, ·)||L∞(OA) ≤ N , where N > 0 is the constant in Theorem 8. Thus, the mapping s 7→∫
OA

ur(tn+s, x, a)f(x, a)dxda is bounded for any n ∈ N, s ∈ [−1, 1]. By the Lebesgue dominated theorem,

we obtain the desired result. □

Now, let us focus on∫
(−1,1)×OA

F r(ur(tn + s), vr(tn + s))χρ(s)dsdxda

=

∫
(−1,1)×OA

[m(x)− n(x)ur]urχρ(s)dsdxda+

∫
(−1,1)×OA

q(x)vrχρ(s)dsdxda

= I + II + III

First, it is easy to check that |III| ≤ C2e
λdv,−p+q+µt for some C2 > 0. Thus, one has III → 0 as n→ ∞.

On the other hand, one has

I =

∫
(−1,1)×OA

m(x)ur(tn + s, x, a)χρ(s)dsdxda→
∫
(−1,1)×OA

m(x)w(x, a)χρ(s)dsdxda

since mρ ∈ L∞(OA). Lastly,

II =

∫
(−1,1)×OA

n(x)(ur)2(tn + s, x, a)χρ(s)dsdxda

One can check that t 7→ ||(ur)2(t, ·, ·)||L2(OA) is bounded. Thus, we can assume that (up to sub-sequence)

(ur)2(tn, ·, , ·) → h weakly in L2(OA),

for some h ∈ L2(OA). As the results, by similar arguments to the above claim, we get that

II →
∫
(−1,1)×OA

n(x)h(x, a)χρ(s)dsdxda as n→ ∞.

Passing to the limit n→ ∞, from (4.4), one has∫
(−1,1)×OA

[
−χρ′(s)− (χa + du∆χ− µ(x, a)χ)ρ(s)

]
w(x, a)dsdxda

=

∫
(−1,1)×Ω

χ(x, 0)

∫ A

0
β(x, a)w(x, a)ρ(s)dadsdx+

∫
(−1,1)×OA

m(x)w(x, a)χρ(s)dsdxda

−
∫
(−1,1)×OA

n(x)h(x, a)χρ(s)dsdxda

Thanks to the facts that

∫ 1

−1
ρ′(s) = 0 and

∫ 1

−1
ρ(s) = 1, we obtain

−
∫
OA

[χa + du∆χ− µ(x, a)χ)]w(x, a)dxda

=

∫
Ω
χ(x, 0)

∫ A

0
β(x, a)w(x, a)dadx+

∫
OA

m(x)w(x, a)χdxda−
∫
OA

n(x)h(x, a)χdxda

(4.5)

Next, since u(tn, ·, ·) convergence strongly in L2(OA) (up to sub-sequence), it follows that

h = w2
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Thus, the equation (4.5) can be written as follows

−
∫
OA

[χa + du∆χ− µ(x, a)χ)]w(x, a)dxda

=

∫
Ω
χ(x, 0)

∫ A

0
β(x, a)w(x, a)dadx+

∫
OA

m(x)w(x, a)χdxda−
∫
OA

n(x)w2(x, a)χdxda.

(4.6)

Since χ is arbitrary, w ≥ 0 is a very weak solution of (1.3). By standard parabolic arguments and the
age-structured initial condition, we can obtain w is indeed a strong solution of (1.3). Hence,

ωA(u0, v0) = {(u1, 0)}

In addition, it is standard to obtain that

ur(t, ·, ·) → u1 strongly in L2(OA) as t→ ∞.

This completes the proof.
□

Remark 6. The L2-strong convergence condition is essential. To obtain the KPP-type term in the final
result and thereby achieve the disease-free equilibrium, we require the L2-weak convergence of the ”u2”
term. However, it is well-known that this weak convergence implies L2-strong convergence of u.

Next, inspired by the work of [11, Section 7], [17, Theorem 4.11] and [29, Proposition 5.3], we obtain
the following result

Theorem 16. Assume (A1) to (A5) hold. Suppose further that (u0, v0) ∈ X+ × X+ with u0, v0 ̸≡ 0,
supp(u0), supp(v0) ⊂ Ω× [0, A), λdu,−m+µ > 0 and R0 < 1. Then, for any A2 < A3 < A, one has

||ur(t, ·, ·;u0, v0)− u1||L∞(OA3
) → 0, ||vr(t, ·, ·;u0, v0)||L∞(OA3

) → 0.

Proof. Let A2 < A3 < A. Since u0 ≥ 0 and v0 ≥ 0, one has

ur(2A, x, a;u0, v0) > 0, vr(2A, x, a;u0, v0) > 0, ∀(x, a) ∈ OA3 .

Thanks to the characteristic line formula, there exists δ > 0 such that

ur(2A, x, a;u0, v0) > δ, vr(2A, x, a;u0, v0) > δ, ∀(x, a) ∈ OA3 .

Consider ϕ > 0 is the eigenfunction associated with λdu,−m+µ > 0
ϕa − du∆Nϕ+ µ(x, a)ϕ−m(x)ϕ = −λdu,−m+µϕ,

ϕ(x, 0) =

∫ A3

0
β(x, a)ϕ(x, a)da.

and φ > 0 be the eigenfunction associated with λdv ,−p+q+µ < 0
φa − dv∆Nφ+ µ(x, a)φ− p(x)φ+ q(x)φ = −λdv ,−p+q+µφ,

φ(x, 0) =

∫ A3

0
β(x, a)φ(x, a)da.

Define u := ϵϕ and v := 0 for some ϵ > 0. Choose ϵ small enough so that

ua − du∆Nu+ µ(x, a)u−m(x)u ≤ −n(x)u2 ≤ −n(x)u2 + q(x)v,

and

va − du∆Nv + µ(x, a)v ≤ −p(x) uv

u+ v
+ q(x)v.

Thus, (u, v) is a sub-solution of (4.1).
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On the other hand, we choose α large enough so that the upper-bound age-structured condition of Yα is
satisfied. Put u := K1Yα(a), v := K2φ(x, a) for some K1, K2 large enough. One can show that v satisfies

wa = dv∆Nw + [p(x)− q(x)− µ(x, a)]w − λdv ,−p+q+µw ≥ dv∆Nw +

ï
p(x)

u

u+ w
− q(x)− µ(x, a)

ò
w

since λdv ,−p+q+µ < 0. It follows from arguments similar to those in Lemma 7 that (u, v) is a super-solution
of (4.2). Choose ϵ smaller and K1, K2 larger so that

u ≤ ur(2A, ·, ·;u0, v0) ≤ u;

v ≤ vr(2A, ·, ·;u0, v0) ≤ v.

on OA3 . By the uniqueness and the comparison principle (Proposition 10), one has

ur(t, ·, ·;u, v) ≤ ur(t+ 2A, ·, ·;u0, v0) ≤ ur(t, ·, ·;u, v);
vr(t, ·, ·;u, v) ≤ vr(t+ 2A, ·, ·;u0, v0) ≤ vr(t, ·, ·;u, v),(4.7)

on OA3 , for any t > 0. It is known that (ur(t, ·, ·;u, v), vr(t, ·, ·;u, v)) and (ur(t, ·, ·;u, v), vr(t, ·, ·;u, v)) exist
globally in time on OA (see Remark 2 and 3).

Due to the uniqueness of (4.1) on OA, it is easy to check that

u(t, ·, ·;u, v) = u(t, ·, ·;u); v(t, ·, ·;u, v) = 0 on OA for any t > 0

and u(t, ·, ·;u) solves
ut + ua = du∆Nu+m(x)u− n(x)u2 − µ(x, a)u, t > 0, x ∈ Ω, a ∈ (0, A),

u(t, x, 0) =

∫ A

0
β(x, a)u(t, x, a)da, t > 0, x ∈ Ω,

u(0, x, a) = u(x, a), (x, a) ∈ OA.

Now, let us work with the right-hand side of (4.7). By comparison principle for age-structured model
in Proposition 10, one has

ur(t, x, a;u, u) ≤ v; vr(t, x, a;u, v) ≤ v, ∀(x, a) ∈ OA, t > 0.

As the results, the uniqueness of solution admits that

ur(t+ s, x, a;u, v) ≤ ur(t, x, a;u, v); vr(t+ s, x, a;u, v) ≤ vr(t, x, a;u, v), ∀(x, a) ∈ OA, t, s > 0.

Thus, there exists w1 and w2 such that as t→ ∞

ur(t, x, a;u, v) → w1(x, a) pointwise,

vr(t, x, a;u, v) → w2(x, a) pointwise,

for any (x, a) ∈ OA. By Lebesgue dominated convergence theorem and the fact that (u, v) is bounded on
(0,∞)× OA, one gets

ur(tn, ·, ·;u, v) → w1 strongly on L2(OA),

vr(tn, ·, ·;u, v) → w2 strongly on L2(OA).

for any sequence tn → ∞ as n→ ∞ (up to sub-sequence). As the results, similar to the one in Lemma 15,
one must have w1 = u1, w2 = 0 and, as t→ ∞,

ur(t, ·, ·;u, v) → u1 strongly on L2(OA),
vr(t, ·, ·;u, v) → 0 strongly on L2(OA),
ur(t, x, a;u, v) → u1(x, a) pointwise,
vr(t, x, a;u, v) → 0 pointwise,
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where u1 solves 
ua = du∆Nu+m(x)u− n(x)u2 − µ(x, a)u, (x, a) ∈ OA,

u(x, 0) =

∫ A

0
β(x, a)u(x, a)da, x ∈ Ω.

It follows from Dini’s theorem that

ur(t, ·, ·;u, v) → u1 uniformly on OA3 ,

vr(t, ·, ·;u, v) → 0 uniformly on OA3 .

By similar arguments for the left-hand side of (4.7), one has

ur(t, ·, ·;u, v) = ur(t, ·, ·;u) → u1 uniformly on OA3 .

This is possible since
ua = du∆Nu+m(x)u− n(x)u2 − µ(x, a)u, (x, a) ∈ Ω× (0, A3),

u(x, 0) =

∫ A3

0
β(x, a)u(x, a)da, x ∈ Ω.

admits the unique solution u1 and supp(β) ⊂ Ω× (A0, A2] ⊂ [0, A3]. Consequently, one can prove that

ur(t, ·, ·;u0, v0) → u1 uniformly on OA3 ,

vr(t, ·, ·;u0, v0) → 0 uniformly on OA3 .

This completes the proof. □

Now, let us return the system (1.1). Recall the solution (u, v) = (u(t;u0, v0), v(t;u0, v0)) of the system
(1.1). Thanks to estimations in Theorem 8, one can have that

0 < u(t;u0, v0) ≤ ur(t;u0, v0),

0 < v(t;u0, v0) ≤ vr(t;u0, v0) ≤ C2e
λdv,−p+q+µt,

where C2 can be found in Lemma 14. Thus, one has, as t→ ∞

||v(t;u0, v0)||L∞(OA) → 0,(4.8)

and

0 ≤ lim inf
t→∞

u(t;u0, v0) ≤ lim sup
t→∞

u(t;u0, v0) ≤ u1 uniformly on OA3 .

for A2 < A3 < A. In addition, the following properties hold

||u(t, ·, ·;u0, v0)||L∞(OA) + ||v(t, ·, ·;u0, v0)||L∞(OA) ≤ 2N, ∀t > 0.

and

||u(t, ·, ·;u0, v0)||L2(OA) + ||v(t, ·, ·;u0, v0)||L2(OA) ≤ H, ∀t > 0,

We are position to prove the stability of disease-free equilibrium for system (1.1).

Proof of Theorem 2 (i). Consider A2 < A3 < A. Thanks to the fact that u > 0 on OA3 and (4.8), it follows
from the mild formula that for any ε > 0, there exists T = T (ε) > 0 such that∣∣∣∣u(t;u0, v0)− Φdu,µ(t)(u0)−

∫ t

0
Φdu,µ(t− s)

[
m(x)u(s;u0, v0)− n(x)u2(s;u0, v0)

]
ds

∣∣∣∣ < ε

∫ t

0
Φdu,µ(t− s)ds,

for any t > T and uniformly on OA. Due to the uniqueness, one can rewrite as follows
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∣∣∣∣u(t+ T ;u0, v0)− Φdu,µ(t)(u(T ;u0, v0)) −
∫ t+T

T
Φdu,µ(t+ T − s)

[
m(x)u(s;u0, v0)− n(x)u2(s;u0, v0)

]
ds

∣∣∣∣∣
< ε

∫ t+T

T
Φdu,µ(t+ T − s)ds,

for any t > 0 and uniformly on OA. Consider A2 < A3 < A and δ small enough. Choose ε = δmin
OA3

n(x)u21 >

0, one can deduce that

u(t+ T ;u0, v0) > Φdu,µ(t)(u(T ;u0, v0))

+

∫ t+T

T
Φdu,µ(t+ T − s)

[
m(x)u(s;u0, v0)− n(x)u2(s;u0, v0)− δn(x)u21

]
ds

Define

w(t) = Φdu,µ(t)(u(T ;u0, v0)) +

∫ t+T

T
Φdu,µ(t+ T − s)

(
m(x)w(s)− n(x)w2(s)− δn(x)u21

)
ds(4.9)

This may have the steady state w− satisfying
wa −∆Nw + µ(x, a)w = m(x)w − n(x)w2 − δn(x)u21,

w(x, 0) =

∫ A

0
β(x, a)w(x, a)da.

(4.10)

To prove the existence of the steady state, for ϵ > 0 that will be chosen later, we define w− = (1 − ϵ)u1.
Then, one has

w−
a −∆Nw

− = m(x)w− − n(x)w−u1 = m(x)w− − n(x)(w−)2 − ϵ(1− ϵ)n(x)u21

At this point, we choose ϵ > 0 is the positive solution of ϵ2 − ϵ + δ = 0. If 0 < δ <
1

4
, we obtain

ϵ =
1−

√
1− 4δ

2
> 0. In addition, it follows from a bootstrap argument that any steady-state solution

belongs to C
(
OA3

)
∩ C2,1 (OA3).

Now, inspired of the technique in [65, Theorem 3.3], we define κ = 2 sup
Ω

m

n
and

j(x, τ) =

 m(x)τ, τ ≤ 0
m(x)τ − n(x)τ2, 0 ≤ τ ≤ κ
n(x)κ2 +m(x)τ − 2n(x)κτ, τ ≥ κ.

Clearly, j ∈ C1
(
Ω× R

)
. We denote by H1

β(OA3) the following Banach space

H1
β(OA3) :=

®
ϕ ∈ H1(OA3) : ϕ(x, 0) =

∫ A

0
β(x, a)ϕ(x, a)da

´
Define F : H1

β(OA3)× R → L(H1
β(OA3),R), the duality space of H1

β(OA3), as follows

⟨F(w, δ) | v⟩ = ⟨Adu,µw | v⟩+
〈
j(x,w)− δn(x)u21 | v

〉
= −du

∫
Ω
∇w∇vdx−

∫
Ω
wavdx−

∫
Ω
µ(x, a)wvdx+

〈
j(x,w)− δn(x)u21 | v

〉
.

for w, v ∈ H1
β(OA3). One can check that F ∈ C1

Ä
H1

β(OA3)× R
ä
and

F(u1, 0) = 0, ⟨∂wF(u1, 0)w | v⟩ = ⟨Adu,µw | v⟩+ ⟨[m(x)− 2n(x)u1]w | v⟩
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Similar to the technique used in Theorem 1 (ii), it is known that 2nu1 − m + µ ≥ nu1 − m + µ and
du∆Nu1− (u1)a− [m(x)− n(x)u1 − µ(x, a)]u1 = 0. Thus, λdu,−m+2nu1+µ < λdu,−m+nu1+µ = 0. This leads
to the fact that the spectrum of ∂wF(u1, 0) is in the negative real-part of the complex plane and, thus,
∂wF(u1, 0) is invertible. It then follows from the implicit function theorem that F(w, δ) = 0 has a unique
solution on H1

β(OA) for any δ > 0 small enough. Similar to Theorem 16, one can show, from (4.9), that
there exists T0 > 0 such that

w(t) > w− − ϵ||u1||∞, ∀t > T0, uniformly on OA3 .

By the age-structured comparison principle (Proposition 11), one has

u(t;u0, v0) > u1 − 2ϵ||u1||∞ = u1 − (1−
√
1− 4δ)||u1||∞, ∀t > T + T0.

uniformly on OA3 . This implies that

u1 − (1−
√
1− 4δ)||u1||∞ ≤ lim inf

t→∞
u(t;u0, v0) ≤ lim sup

t→∞
u(t;u0, v0) ≤ u1 uniformly on OA3 .

This is true for any δ > 0 small enough. One can deduce that

lim
t→∞

u(t;u0, v0) = u1 uniformly on OA3 .

Finally, it is easy to check that

u(t;u0, v0) → u1 pointwise on OA,

since we can choose a suitable A3 for each a. It follows from Lebesgue dominated convergence theorem
that

u(t;u0, v0) → u1 strongly on L2(OA),

This concludes the proof.
□

4.2. Stability of the endemic equilibrium R0 > 1. Let us begin the section with some remarks. For
any (w, k) ∈ ω(u0, v0), there exists tn such that

ur(tn;u0, v0) → w weakly on L2(OA),
vr(tn;u0, v0) → k weakly on L2(OA).

as n → ∞. If these convergences are strong (up to sub-sequence), we can prove (w, k) is the solution of
(4.2) by similar calculations to the one in Lemma 15. An example for the convergences to be strong is by
choosing (u0, v0) as a super-solution or a sub-solution of (4.2). However, due to the lack of uniqueness, the
global stability of the endemic equilibrium is not generally achievable, i.e., convergence as t → ∞ cannot
be ensured. As the results, the estimation of (u, v), the solution of (1.1), becomes more complicated.

Let us state some results about long-time dynamics of (1.1).

Proof of Theorem 2 (ii). Consider A2 < A3 < A, recall that∫ A

0
β(x, a)ϕ(x, a)da =

∫ A2

0
β(x, a)ϕ(x, a)da =

∫ A3

0
β(x, a)ϕ(x, a)da

since supp(β) ⊂ Ω× (A0, A2]. Let ϕ > 0 be the eigenfunction associated with λdu,−m+µ > 0
ϕa − du∆Nϕ+ µ(x, a)ϕ−m(x)ϕ = −λdu,−m+µϕ,

ϕ(x, 0) =

∫ A3

0
β(x, a)ϕ(x, a)da.
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and φ > 0 be the eigenfunction associated with λdv ,−p+q+µ > 0
φa − dv∆Nφ+ µ(x, a)φ− p(x)φ+ q(x)φ = −λdv ,−p+q+µφ,

φ(x, 0) =

∫ A3

0
β(x, a)φ(x, a)da.

Similar to the one in Theorem 16, we choose ϵ1 > 0 small enough so that

ϵ1ϕ ≤ u(2A;u0, v0) on OA3 .

and u := ϵ1ϕ satisfies

ua − du∆Nu+ µ(x, a)u−m(x)u ≤ −n(x)u2 − p(x)u

Next, choose h = u, k1 = p and k2 = q in Theorem A.11-Step 1 and ϵ2 > 0 small enough such that
v := ϵ2φ satisfies

va − d∆Nv + µ(x, a)v ≤ p(x)
u

u+ v
v − q(x)v on OA3 ,

and

ϵ2φ ≤ v(2A;u0, v0) on OA3 .

As the results, (u, v) is a sub-solution of the system associated Fl in Lemma 6 on OA3 . Now, choose
u := K1Yα(a) and v := K2Yα(a) with K1, K2 and α large enough such that (u, v) is a super-solution of
the system associated Fr in Lemma 7 and

u ≤ u(2A;u0, v0) ≤ u
v ≤ v(2A;u0, v0) ≤ v

on OA3 .

By the uniqueness and the comparison principle (Proposition 11), it follows that

u ≤ u(t+ 2A;u0, v0) ≤ v
v ≤ v(t+ 2A;u0, v0) ≤ v

on OA3 , for any t > 0.(4.11)

As the result, there exists ε1, ε2 > 0 such that

0 < ε1 < lim inf
t→∞

u(t;u0, v0) ≤ lim sup
t→∞

u(t;u0, v0) ≤ K1,

0 < ε2 < lim inf
t→∞

v(t;u0, v0) ≤ lim sup
t→∞

v(t;u0, v0) ≤ K2,
uniformly on OA3 .

which concludes the proof. □

The results in Theorem 2 (ii) show the persistent of the disease in the population when R0 > 1, a
potential outbreak of the disease.

5. Stability of the endemic equilibrium R0 > 1 when m = n = 0

In this section, we reduce the logistic term mu − nu2. The main objective is to establish the stability
of the endemic equilibrium by showing the uniqueness of the steady state in a certain sense, as will be
discussed later. Although the background setting is similar, we will highlight some important differences.

From this point, we assume that

(B1) du = dv = d, p, q > 0 are constants and m = n = 0.

Let us consider an alternative version of the assumptions (A3) to (A5) as follows

(B2) µ ∈ C1([0, A)), µ > 0 satisfies ∫ A

0
µ(k)dk = ∞.
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and

a0 7→ sup
a∈[0,a0]

µ(a) is continuous with a0 ∈ [0, A].

(B3) β is a non-negative function in C1([0, A]) and there exists A0, A1, A2 ∈ (0, A), A0 < A1 < A2 such
that

β(a) > 0, ∀a ∈ (A0, A1) and supp(β) ⊂ (A0, A2],

and

R :=

∫ A

0
β(a)e

−

∫ a

0
µ(k)dk

da = 1.

In [28], the authors interpreted R as the expected number of children born to an individual or the net
reproduction rate. For convenience, we define

π0(a) := e
−

∫ a

0
µ(k)dk

, L0(a) := e

∫ a

0
µ(k)dk

.

Let us consider the initial condition u0, v0 of the system (1.4) satisfies

0 ≤ u0 ≤ Kπ0, 0 ≤ v0 ≤ Hπ0 on OA.(5.1)

for some constants K, H > 0. Similar to Lemma 6, there exists

(u, v) = (u(t;u0, v0), v(t;u0, v0)) = (u(t, x, a;u0, v0), v(t, x, a;u0, v0))

is a solution of (1.4) and it is uniqueness in local time. Then, from first and second equation, with
w := u+ v, one has

wt + wa = d∆Nw − µ(a)w.

Furthermore, one can check w := (K+H)π0(a) satisfying wa = −µ(a)w. It follows from the age-structured
comparison principle that w ≤ w on OA. As the results, 0 ≤ u ≤ w on OA and 0 ≤ v ≤ w on OA for suitable
time t > 0, meaning the solution exists globally for any t > 0. We further obtain that u(t) > 0, v(t) > 0
for t > 0 if u0 ̸≡ 0, v0 ̸≡ 0.

Now, let us consider the system

ut + ua = − puv

u+ v
+ qv − µ(a)u, t > 0, a ∈ (0, A),

vt + va =
puv

u+ v
− qv − µ(a)v, t > 0, a ∈ (0, A),

u(t, 0) =

∫ A

0
β(a)u(t, a)da, t > 0,

v(t, 0) =

∫ A

0
β(a)v(t, a)da, t > 0,

u(0, a) = u0(a), v(0, a) = v0(a), a ∈ (0, A),

(5.2)

Similarly, there exists (u, v) = (u(t), v(t)) = (u(t, a;u0, v0), v(t, a;u0, v0)) is a solution of (5.2) and it is
uniqueness. On the other hand, this solution is also the solution of (1.4). As the result, the solution of
(1.4) is independent of space when the initial condition is independent of space.

Let us analyze the steady state system (1.5). For u0 ∈ Cc([0, A))\{0}, u0 ≥ 0, when v = 0, (1.4) admits
a unique solution u(t) = u(t, a;u0) satisfying

ut + ua = −µ(a)u,

u(t, 0) =

∫ A

0
β(a)u(t, a)da,

u(0, a) = u0(a)
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and (5.2) admits

u∗(a) = u∗(0)π0(a).

for some constant u∗(0) ≥ 0. From the work of [5, Remark 2.3.1 and Theorem 2.3.3], for each u0 ≥ 0 such
that ∫ A

0
β(a)u0(a)da ̸= 0

there exists u∗(0) > 0 such that u(t) → u∗ as t→ ∞ uniformly on a ∈ (0, A). Next, we linearize the second
equation of (1.4) around the disease-free equilibrium E0 = (u∗, 0) to obtain

vt + va = (p− q − µ(a))v, t > 0, a ∈ (0, A),

v(t, 0) =

∫ A

0
β(a)v(t, a)da.

(5.3)

Using the characteristic line method in [23, Chapter 2], we obtain that

v(t, a) =

 e(p−q)t π0(a)

π0(a− t)
v0(a− t) a ≥ t

e(p−q)aπ0(a)v(t− a, 0) a < t.

We substitute this to the age-structure condition to obtain

v(t, 0) =

∫ min(t,A)

0
β(a)π0(a)e

(p−q)av(t− a, 0)da+

∫ A

min{t,A}
β(a)

π0(a)

π0(a− t)
e(p−q)tv0(a− t)da.

From here, similar to the one in [9, 20,64], we define the basic reproduction number R0 as follows

R0 :=

∫ A

0
β(a)π0(a)e

(p−q)ada.

Thanks to the condition (B3), one has R0 > 1 if and only if p > q. In addition, p = q if and only if R0 = 1.
On the other hand, without state the exact formula of the next infected generation operator I, one has

Theorem 17. Assume (B1) to (B3) hold. Let I be the next infected generation operator (NIGO) and
λdv ,−p+q+µ denote the principal eigenvalue associated with (5.3). Then, R0 = r(I), the spectral radius of I
and R0 > 1 if and only if λdv ,−p+q+µ > 0. Furthermore, R0 = 1 if and only if λdv ,−p+q+µ = 0.

Remark 7. Consequently, λdv ,−p+q+µ > 0 if and only if p > q and λdv ,−p+q+µ = 0 if and only if p = q.

The remainder of this section closely follows the structure of the previous one. Next, from the first and
second equations of (1.5), with w := u+ v, one has

w(a) = −µ(a)w
which is w∗(a) = w(0)π0(a) for some w∗(0) > 0.

We are in position to state the existence and uniqueness of (1.5) in the case endemic equilibrium as
follows

Theorem 18. Assume (B1) to (B3) hold. Suppose further that R0 > 1. Then, for any w∗(0) > 0, (1.5)
admits a unique positive solution (u∗, v∗).

Proof. Let A3 be the number satisfying A2 < A3 < A. Using the relation v = w − u, it follows from the
second equation that

va + µ(a)v = (p− q)v − p

w∗(0)π0(a)
v2 on Ω× (0, A3)(5.4)

Similar to Theorem A.10 and the fact that R0 > 1, for each w∗(0) > 0, there exists a unique v∗ is the
solution of (5.4). As the results, with the uniqueness, one can extend v∗ to the domain OA using similar
arguments to the one in Theorem A.10. This same holds for u∗. □
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Remark 8. Consider the system

ua = d∆Nu− puv

u+ v
+ qv − µ(a)u, (x, a) ∈ OA,

va = d∆Nu+
puv

u+ v
− qv − µ(a)v, (x, a) ∈ OA,

u(0) =

∫ A

0
β(a)u(a)da,

v(0) =

∫ A

0
β(a)v(a)da.

(5.5)

One can check the uniqueness thanks to Hopf’s lemma and strong maximum principle for the parabolic
equation in a similar manner to Lemma A.9. Thus, the system (1.5) and (5.5) admit the same unique
positive solution.

Next, let us analyze the system (1.4). Assume u0, v0 ∈ X+, u0 ≤ Hπ0(a), u0 ≤ Kπ0(a) for some
K, H > 0 and u0, v0, u0 + v0 ̸≡ 0. From (5.1), we get

wt + wa = d∆Nw − µ(a)w,

w(t, x, 0) =

∫ A

0
β(a)w(t, x, a)da,

w(0, x, a) = w0(x, a).

where w := u+ v > 0 and w0 := u0 + v0 ≥ 0 on OA. Consider A2 < A3 < A. Based on similar arguments
to [33, Theorem 4.9], it follows from R = 1 that

w(t;u0, v0) → w∗(0)π0(a)φ1(x) in L
2(OA3)

where

w∗(0) :=

∫ A

0
β(b)

∫ b

0
e
−

∫ e

b
µ(s)ds ∫

Ω
w0(x, e)φ1(x)dxdeda∫ A

0
β(b)bπ0(b)db

> 0.

Note that since φ1 = 1 is the only L2-normalized positive eigenvector associated with the first eigenvalue
λ1 = 0 of −d∆N , one can omit the eigenvector in this result. Hence, the point-wise convergence on OA is
established. Since w is bounded on OA, it follows that

w(t;u0, v0) → w∗(0)π0(a) in L2(OA)

Next, the second equation can be rewritten as follows

vt + va + µ(a)v = d∆Nv + (p− q)v − p

w
v2 for t > 0.

Since R0 > 1, we shall prove that

v(t;u0, v0) → v∗(a) > 0 as t→ ∞ pointwise on OA

where v∗ is the unique positive solution of
(v∗)a + µ(a)v∗ = (p− q)v∗ − p

w∗(0)π(a)
(v∗)2,

v∗(0) =

∫ A

0
β(a)v∗(a)da.

(5.6)

Similarly, one has u(t) → u∗ := w∗ − v∗.
We are in position to prove the stability of endemic equilibrium for system (1.4).
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Proof of Theorem 3. For A2 < A3 < A, the key point is to show v0 = KYα is a super solution of the
following equation 

vt + va + µ(a)v = d∆Nv + (p− q)v − p

w
v2, t > 0, (x, a) ∈ OA3

v(t, x, 0) =

∫ A

0
β(a)v(t, x, a)da.

(5.7)

for α, K > 0 large enough. One can check that

(v0)t + (v0)a + µ(a)v0 − (p− q)v0 +
p

w
v20 = αKYα −KY 2

α − (p− q)KYα +K2 p

w
Y 2
α

≥ KYα(α− Yα − p+ q) ≥ 0

provided that α > 0 large enough and w(t;u0, v0) > 0 on OA3 , for any t > 0. Thus, v0 is a super solution of
(5.7). Note that the choice of K and α is independent with w. By the age-structured comparison principle
(Proposition 9) for the domain OA3 , one can prove that

v(t;u0, v0) ≤ v0 and v(t+ s;u0, v0) ≤ v(t;u0, v0)

for any (x, a) ∈ OA3 , t, s > 0. As the results, there exists a measurable function h∗ ≥ 0 such that

v(t;u0, v0) → h∗ as t→ ∞ pointwise on OA3 .

The rest is similar to Lemma 15 and Theorem 16. We highlight an important detail in nonlinear term

III = −
∫
(−1,1)×OA3

pv2(tn + s;u0, v0)

w(tn + s;u0, v0)
χρ(s)dsdxda

It is known that

pv2(tn + s;u0, v0)

w(tn + s;u0, v0)
→ p(h∗)2

w∗(0)π(a)

and ∣∣∣∣pv2(tn + s;u0, v0)

w(tn + s;u0, v0)

∣∣∣∣ = pv2(tn + s;u0, v0)

u(tn + s;u0, v0) + v(tn + s;u0, v0)
≤ pv(tn + s) ≤ pM.

for some M > 0. Thanks to Lebesque dominated convergence theorem, one has

III → −
∫
(−1,1)×OA3

p(h∗)2

w∗(0)π(a)
χρ(s)dsdxda.

It then follows that

h∗ ≡ v∗ is the unique solution of (5.6) and v(t;u0, v0) → v∗ strongly on L2(OA3).

Define u∗ = w∗(0)π(a)− v∗. One can show that

u(t;u0, v0) → u∗ strongly on L2(OA3).

Finally, it is easy to check that

u(t;u0, v0) → u∗ pointwise on OA,
v(t;u0, v0) → v∗ pointwise on OA,

since we can choose a suitable A3 for each a. It follows from Lebesgue dominated convergence theorem
that

u(t;u0, v0) → u∗ strongly on L2(OA),
v(t;u0, v0) → v∗ strongly on L2(OA),

This concludes the proof.
□
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Appendix A. Spectral Theory for Age-Structured Model with Neumann Boundary
Conditions

In this section, we present the spectral theory of age-structured model for Neumann boundary condition,
analogues results with [13]. This work is essential since death rate µ blows up at a = A in the sense of L1.

Definition A.1. Denote by L2
+(Ω) := {f ∈ L2(Ω) : f(x) ≥ 0 a.e, x ∈ Ω}. We say that u ∈ L2

+(Ω) is
quasi-interior point of L2

+(Ω), which is written as u≫ 0, if∫
Ω
u(x)f(x)dx > 0 for all f ∈ L2

+(Ω) and nontrivial.

We say H−1(Ω) = L(H1(Ω),R), the duality of H1(Ω) and ⟨·, ·⟩ is scalar product for the duality of
H−1(Ω) and H1(Ω).

Definition A.2. For any f ∈ L2(OA), we say u ∈ L2(0, A;H1(Ω)), ua + qu ∈ L2(0, A;H−1(Ω)) is a weak
solution if 

∫ A

0
⟨ua + qu, v⟩ da+

∫
OA

∇u · ∇vdxda =

∫
OA

f(x, a)vdxda,

u(x, 0) = ϕ(x), x ∈ Ω.

for any v ∈ L2(0, A;H1(Ω)).

Let us start with the eigenvalue-eigenfuntion equation as follows
ϕa − d∆Nϕ+M(a)ϕ = λ∗ϕ, (x, a) ∈ OA,
∂ϕ

∂n
= 0, x ∈ ∂Ω, a ∈ (0, A),

ϕ(x, 0) =

∫ A

0
γ(a)ϕ(x, a)da, x ∈ Ω.

(A.1)

where d > 0 and

(C1) M ∈ L∞(0, A0) for any 0 < A0 < A and∫ A

0
M(a)da = ∞

(C2) γ ∈ L∞(0, A), γ ≥ 0 and there exists a0, a1 ∈ (0, A) and a0 < a1 such that γ > 0 on (a0, a1).

Lemma A.3. Suppose that (C1) and (C2) hold. Then, (A.1) admits a positive solution on Ω × (0, A) if
and only if

λ∗ = λ1 + rM

where rM is the unique solution of∫ A

0
γ(a) exp

Å
rMa−

∫ a

0
M(s)ds

ã
da = 1

and λ1 = 0 is the principal eigenvalue of −d∆N . Furthermore, one has

ϕ(x, a) = exp

Å
rMa−

∫ a

0
M(s)ds

ã
φ1(x)

where φ1 is the eigenfunction associated with λ1 and φ1 > 0 on Ω.
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Proof. To start the proof, we adapt the technique in [33, Theorem 3.5] to show all solutions of (A.1) is
separable. We denote by (λi, φi) the eigenvalues and eigenfunctions of the Neumann problem of −d∆N in
Ω, meaning { −d∆Nφi = λiφi, x ∈ Ω,

∂φi

∂n
= 0 x ∈ ∂Ω.

(A.2)

It is well-known that {ui}i≥1 is an orthonormal basis of L2(Ω). Thus, one has

ϕ(x, 0) =
∑
i≥1

viφi in L
2(Ω)

for some sequence {vi} in R. Then,

ϕ(x, a) =
∑
i≥1

vi exp

Å
−λia+ λ∗a−

∫ a

0
M(s)ds

ã
φi

By using the age-structured condition, one gets∑
i≥1

viφi =
∑
i≥1

viφi

∫ A

0
γ(a) exp

Å
ria−

∫ a

0
M(s)ds

ã
da

where ri := λ∗ − λi. This leads to

either vi = 0 or

∫ A

0
γ(a) exp

Å
ria−

∫ a

0
M(s)ds

ã
da = 1

Thanks to the fact that

∫ A

0
γ(a) exp

Å
ria−

∫ a

0
M(s)ds

ã
da = 1 admits at most one solution ri = rM, we

conclude the separable property.
Now, consider ϕ(x, a) = X(x)A(a). Then, one has

A(a) = p0 exp

Å
ra−

∫ a

0
M(s)ds

ã
and

A(0) =

∫ A

0
γ(a)A(a)da if and only if r = rM.

On the other hand, one gets { −d∆NX = (λ∗ − rM)X, x ∈ Ω,
∂X

∂n
= 0 x ∈ ∂Ω.

Using the fact that φ1 is only the positive eigenfunction on Ω, we conclude that λ∗ = λ1 + rM = rM. □

Remark 9. Note that lim
a→A

ϕ(x, a) = 0 uniformly with x since

∫ A

0
M(a)da = ∞. In fact, it is well-known

that φ1 is the constant function. Thus, the solution can be written as ϕ(a, x) = C exp

Å
rMa−

∫ a

0
M(s)ds

ã
for some constant C > 0. Furthermore, if the solution is regular enough, we can recover the Neumann
boundary condition with the appropriate test functions.

Lemma A.4. Assume (C1) holds. Consider u is a solution (in weak sense) of
ua − d∆Nu+M(a)u = f(x, a), (x, a) ∈ OA,
∂u

∂n
= 0 x ∈ ∂Ω, a ∈ (0, A),

u(x, 0) = ϕ(x), x ∈ Ω.

(A.3)
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and f ≥ 0, ϕ ≥ 0 and some of inequalities are strict. Then, u≫ 0 on OA.
If f = ϕ = 0, then u = 0.

Proof. The proof is the analogous result to the one in [13, Lemma 6] based on the fact that the semi-group
of Neumann-Laplacian is strongly positive (see, for instance, [40, Theorem C-III-3.2(b)]). We modify a
detail as follows: The solution is a constant function u = C in the case f = ϕ = 0. Then,

M(a)C = 0, ∀a ∈ (0, A).

If C ̸= 0, then M(a) = 0, ∀a ∈ (0, A). Contradiction with (C1). Thus, C = 0. □

Let us consider the following condition

(D1) µ∗ = µ∗(x, a) ∈ L∞(Ω× (0, A0)) for any 0 < A0 < A and

µ∗min(a) := inf
x∈Ω

µ∗(x, a), µ∗max(a) := sup
x∈Ω

µ∗(x, a)

satisfy ∫ a

0
µmax(k)dk <∞, ∀a ∈ (0, A),

∫ A

0
µmin(k)dk = ∞.

(D2) β∗ = β∗(x, a) ∈W 1,∞(Ω× (0, A)), β∗ ≥ 0 and there exists a0, a1 ∈ (0, A) and a0 < a1 such that

β∗min := inf
x∈Ω

β∗(x, ·) > 0 on (a0, a1) and supp(β∗) ⊂ Ω× (a0, A).

Next, let us state the main results of this Appendix A.
ua − d∆Nu+ µ∗(x, a)u = λ∗u, (x, a) ∈ OA,
∂u

∂n
= 0, x ∈ ∂Ω, a ∈ (0, A),

u(x, 0) =

∫ A

0
β∗(x, a)u(x, a)da, x ∈ Ω.

(A.4)

We call an eigenvalue λ∗ is principal if there exists an eigenfunction ϕ > 0 in Ω× (0, A).
Now, we state the main result

Theorem A.5. Assume (D1) and (D2) hold. Then, there exists a unique principal eigenvalue of (A.4),
denoted by λ∗d,µ∗. Moreover, it is simple and the only eigenvalue having a positive eigenfunction. The

positive eigenfunctions can be taken bounded. Furthermore, for any other eigenvalue λ∗ of (A.4), it holds
that

Re(λ∗) > λ∗d,µ∗ .

Finally, the map µ∗ 7→ λ∗d,µ∗ is increasing.

Proof. There are several steps to prove this result as follows
Step 1: Let us consider the result for the general case

ua − d∆Nu+ µ∗(x, a)u = f(x, a), (x, a) ∈ OA,
∂u

∂n
= 0 x ∈ ∂Ω, a ∈ (0, A),

u(x, 0) = ϕ(x), x ∈ Ω.

(A.5)

where f ∈ L2(OA), f ≥ 0, ϕ ∈ L2(Ω), ϕ ≥ 0, µ∗ satisfies (D1). Then, there exists a unique weak solution
u of (A.5). Moreover, for any 0 < A0 < A, one has u ∈ C([0, A0];L

2(Ω)). Furthermore, we obtain the
following comparison principles

(i) If f ≥ 0 and ϕ ≥ 0, then u ≥ 0. If some of the inequalities are strict, we deduce that u≫ 0.
(ii) If f1 ≥ f2 ≥ 0 and ϕ1 ≥ ϕ2 ≥ 0 and µ∗1 ≤ µ∗2 in their respective domains, then u1 ≥ u2, where ui,

i = 1, 2 is the solution of (A.5) with f = fi, ϕ = ϕi and q = qi. In addition, one can have u1 > u2
if one of the inequalities is strict.
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The proof of this step is similar to the one in [13, Lemma 7] with some modifications as follows

(1) We change the weak convergence of wn in functional spaces L2(0, A;H1
0 (Ω)) to L

2(0, A;H1(Ω)).
(2) We use ϕ ∈ C∞

c (Ω× (0, A)) to obtain the first equation and then use ϕ ∈ C∞
c (Ω× (0, A)) to recover

the Neumann boundary condition.
(3) In the uniqueness, with u1 and u2 are two distinct solutions and w = u1 − u2. Then, w = C for

some constants C. Using the fact that

∫ A

0
µ∗(x, a)da = ∞, one has C = 0.

Step 2: Before investigating the main theorem, some preliminary results are needed. For any ϕ ∈ L2(Ω),
we consider z(ϕ) is the solution of the following equation

ua − d∆Nu+ µ∗(x, a)u = 0, (x, a) ∈ OA,
∂u

∂n
= 0, x ∈ ∂Ω, a ∈ (0, A),

u(x, 0) = ϕ(x), x ∈ Ω.

(A.6)

and define Bλ∗ : L2(Ω) → L2(Ω) by

Bλ∗(ϕ) =

∫ A

0
β∗(x, a)z(ϕ)(x, a)eλ

∗ada

This operator is well-defined thanks to Step 1 and β∗ ∈ L∞. The following statements hold

(i) The operator Bλ∗ is compact and positive operator.
(ii) For ϕ ∈ L2(Ω), one has

Aλ∗(ϕ) ≤ Bλ∗(ϕ) ≤ Cλ∗(ϕ)

where

Aλ∗(ϕ) :=

∫ A

0
β∗min(x, a)w(ϕ)(x, a)da; Cλ∗(ϕ) :=

∫ A

0
β∗max(x, a)y(ϕ)(x, a)da,

and w(ϕ) (resp. y(ϕ)) is the solution of (A.5) for the case f = 0, m = µ∗min (resp. m = µ∗max) with
the initial condition ϕ.

(iii) Bλ∗ is an irreducible operator.
(iv) If ϕ is a fixed point of Bλ∗ , then λ∗ is an eigenvalue of (A.4).
(v) If (λ∗, ϕ) is a pair of eigenvalue-eigenfunction of (A.4). Then, ϕ(x) := u(x, 0) is a fixed point of

Bλ∗ .

The proof of this step is the analogous result to the one in [13, Lemma 9] with the help of strong
positive to obtain irreducible property. We highlight an important detail in the proof as follows: Due to
the properties of the mapping ϕ 7→ z(ϕ) and the semi-group Td∆N

generated by d∆N , it follows from (D2)
that Bλ∗ is compact. We end the proof.

Let us denote by r(Bλ∗) the spectral radius of Bλ∗ . Then, similar to arguments in [13, pp. 373], one
has r(Bλ∗) > 0. By the Krein–Rutman theorem, r(Bλ∗) is an algebraically simple eigenvalue with a
quasi-interior eigenfunction and is, therefore, the only eigenvalue associated with a positive eigenfunction.

Step 3: λ∗2 is a principal eigenvalue of (A.4) if and only if r(Bλ∗
2
) = 1. The proof is similar to that of

[13, Corollary 10]. Thus, we omit the details here.
Thanks to this result, an important result is established as the first step to prove the existence of the

principal eigenvalue of (A.4).
Step 4: Assume (C1) and (C2) hold. Then,

r(Dλ1+rM) = 1,
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where

Dλ∗(ϕ) =

∫ A

0
γ(a)u(ϕ)(x, a)eλ

∗ada,

and u(ϕ) is the solution of (A.5) for the case f = 0.
The technique for the proof can be found in [13, Proposition 11]. Thus, we omit it.
Step 5: Lastly, the proof is a similar manner to the one in [13, Theorem 8]. We highlight some important

details as follows

(1) It is easy to check that if λ∗1 < λ∗2, then Bλ∗
1
< Bλ∗

2
. As the results, r(Bλ∗

1
) < r(Bλ∗

2
) (see [3, Theorem

3.2(v)]).
(2) Let ϕ0 ≫ 0 be the a principal eigenfunction associated with r(Bλ∗), meaning

Bλ∗(ϕ0) = r(Bλ∗)ϕ0.

and, for any ε > 0, one has

Bλ∗+ε(ϕ0) ≤ eεABλ∗(ϕ0) = r(Bλ∗)ϕ0e
εA

This is essential to prove the continuous of λ∗ 7→ r(Bλ∗).

(3) Applying Step 4 for Dλ∗ = Aλ∗ and M = µ∗max, one has r
Ä
Aλ∗

1+rµ∗max

ä
= 1.

Similarly, r
(
Cλ∗

1+rµ∗
min

)
= 1. Thus, we can check that

r
(
Bλ∗

1+rµ∗
min

)
≤ r

(
Cλ∗

1+rµ∗
min

)
= 1 = r

Ä
Aλ∗

1+rµ∗max

ä
≤ r
Ä
Bλ∗

1+rµ∗
max

ä
where λ∗1 = 0 is the principal eigenvalue of −d∆N , rm is in Lemma 3. Then, there exists

λ∗d,µ∗ ∈
Ä
rµ∗

min
, rµ∗

max

ä
such that r

Ä
Bλ∗

µ∗

ä
= 1. By applying the Krein–Rutman theorem, λ∗d,µ∗

is algebraically simple and Re(λ∗) > λ∗d,µ∗ for any other eigenvalue λ∗ of (A.4).

(4) Assume q1 < q2. Prove that λ∗d,q1 < λ∗d,q2 . Suppose otherwise, λ∗d,q1 ≥ λ∗d,q2 . Applying Step 1(ii),

one has zq1(ϕ) > zq2(ϕ), where zqi(ϕ), i = 1, 2 is the solution of (A.6) with initial condition ϕ.
Then,

B
q1
λ∗
d,q1

(ϕ) > B
q2
λ∗
d,q1

(ϕ) ≥ B
q2
λ∗
d,q2

(ϕ)

where B
qi
λ∗ , i = 1, 2 corresponding with the case q = qi, i = 1, 2 in (A.6). On the other hand, it is

known that

r
(
B

q1
λ∗
d,q2

)
= r

(
B

q2
λ∗
d,q2

)
= 1,

which contradicts [3, Theorem 3.2(v)]. Hence, it follows that λ∗1(q1) < λ∗1(q2).

□

Remark 10. We can check that if ϕ is eigenfunction corresponding to λ∗1, then lim
a→A

ϕ(x, a) = 0 uniformly

with x ∈ Ω.

Let us discuss about the sign of the principal eigenvalue λ∗d,µ∗ in the case γ = γ(a) first. Consider µ∗ = 0,
let ϕ be the positive eigenvalue of λ∗d,0, then, one has

ϕa = λ∗d,0ϕ, a ∈ (0, A),

ϕ(0) =

∫ A

0
γ(a)ϕ(a)da,

since ϕ independent with x. Simple calculation yields that

ϕ(a) = eλ
∗
d,0a and

∫ A

0
γ(a)eλ

∗
d,0ada = 1
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We distinguish three cases: ∥γ∥L1(0,A) = 1, ∥γ∥L1(0,A) < 1 and ∥γ∥L1(0,A) > 1.

Case 1: ∥γ∥L1(0,A) =

∫ A

0
γ(a)da = 1. Then, one can prove that λ∗d,0 = 0 since the function

F : λ→
∫ A

0
γ(a)eλ0ada

is increasing and F(0) = 1. Then, with µ > 0 (resp. µ < 0), we have that λ∗d,µ > (resp. <) λ∗d,0 = 0.

Case 2: ∥γ∥L1(0,A) =

∫ A

0
γ(a)da < 1. One can show there exists λ0 > 0 such that

∫ A

0
γ(a)eλ0ada = 1

Now, let us consider 
ϕa − λ0ϕ = λ∗d,λ0

ϕ, a ∈ (0, A),

ϕ(0) =

∫ A

0
γ(a)ϕ(a)da,

leading to ∫ A

0
γ(a)e

Ä
λ∗
d,λ0

+λ0

ä
a
da = 1

Thus, λ∗d,λ0
= 0. With µ > λ0 (resp. µ < λ0), we have that λ∗d,µ > (resp. <) λ∗d,λ0

= 0.

Case 3: ∥γ∥L1(0,A) =

∫ A

0
γ(a)da < 1. Similar to Case 2.

The general case β = β(x, a) is similar but requires more advanced techniques, which we omit here.
Consequently, the sign of the principal eigenvalue can be positive, negative, or zero, depending on µ∗.

Next, we state the sub-supersolution method for the age-structured model. Let g : OA × R → R be a
measurable function.

Definition A.6. We say that a function u ∈ H1(0, A;L2(Ω)) ∩ L2(0, A;H1(Ω)) is a solution if ua + qu ∈
L2(0, A;L2(Ω)), g(x, a, u) ∈ L2(OA) and

∫ A

0
(ua + qu) vda+

∫
OA

∇u · ∇vdxda =

∫
OA

g(x, a, u)vdxda,

u(x, 0) =

∫ A

0
β∗(x, a)u(x, a)dxda, x ∈ Ω.

(A.7)

for any v ∈ L2(0, A;H1(Ω)).

Definition A.7. We say that a function u ∈ H1(0, A;L2(Ω)) ∩ L2(0, A;H1(Ω)) is a super-solution if
ua + qu ∈ L2(0, A;L2(Ω)), g(x, a, u) ∈ L2(OA) and

∫ A

0
(ua + qu) vda+

∫
OA

∇u · ∇vdxda ≥
∫
OA

g(x, a, u)vdxda,

u(x, 0) ≥
∫ A

0
β∗(x, a)u(x, a)dxda, x ∈ Ω.

(A.8)

for any v ∈ L2(0, A;H1(Ω)).

We also define the sub-solution by interchanging the inequalities.
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Theorem A.8. Assume (D1) and (D2) hold and for any M > 0, there exists L > 0 such that

|g(x, a, s1)− g(x, a, s2)| ≤ L|s1 − s2|, ∀(x, a) ∈ OA, s1, s2 ∈ (−M,M).

Suppose further there exists a pair of sub- and super- solution (u, u), 0 ≤ u ≤ u and u ∈ L∞(OA). Then,
(A.8) admits a solution.

Proof. We can adapt the proof in [13, Section 3] to the case of the homogeneous Neumann boundary
condition, with some modifications similar to those in Theorem A.5-Step 1. Thus, we omit the details. □

Next, it is necessary to prove the existence of some age-structure models. Consider
ua − d∆Nu+ µ(x, a)u = u[k(x, a)− n0(x, a)u], (x, a) ∈ OA,
∂u

∂n
= 0, x ∈ ∂Ω, a ∈ (0, A),

u(x, 0) =

∫ A

0
β(x, a)u(x, a)da, x ∈ Ω.

(A.9)

where µ and β are the one in (A3) - (A4) and (A5), k, n0 ∈ C2(OA) and n0 > 0. Inspired by the work of
[29, Proposition 5.3], we consider the following eigenvalue-eigenfunction problem

ua − d∆Nu+ µ(x, a)u− k(x, a)u = λ∗u, (x, a) ∈ OA,
∂u

∂n
= 0, x ∈ ∂Ω, a ∈ (0, A),

u(x, 0) =

∫ A

0
β(x, a)u(x, a)da, x ∈ Ω.

This problem admits a unique principal eigenvalue λ∗d,−k+µ.
We begin with the comparison principle for sub- ans super-solutions as follows

Lemma A.9. Suppose (A3) to (A5) hold. Let v ∈ C(OA) be a super-solution of (A.9) and u ∈ C(OA) be
a sub-solution of (A.9). Suppose further, for any 0 < A3 < A, that

u, v ∈ C2,1(OA3)

and u > 0, v > 0 on OA3. Then, u ≤ v on OA. In addition, if either v is a super-solution but not a
solution or u is a sub-solution but not a solution, then u < v on Ω× [0, A).

Proof. By arguments similar to those in Remark 10, we can show that v(x,A) = 0.
The strategy is to prove the inequality on OA3 for some 0 < A3 < A to avoid the blow-up property of

µ. Then, we pass to the limit to obtain the result. Let us recall 0 < A0 < A2 < A in (A5) such that
supp(β) ⊂ Ω× (A0, A2].

Consider A2 < A3 < A. It is known that u, v ∈ C
(
OA3

)
. Thus, there exists α > 0 such that αu ≤ v on

OA3 . Define

α∗ = sup{α > 0 : αu ≤ v on OA3}.

Put w(x, a) = v(x, a) − α∗u(x, a) ≥ 0. It is easy to show that there exists (x0, a0) ∈ OA3 such that
w(x0, a0) = 0. If α∗ ≥ 1, then we are done. Suppose otherwise α∗ < 1.

If a0 = 0, by (A5),

0 = w(x0, 0) =

∫ A

0
β(x0, a)w(x0, a)da =

∫ A2

0
β(x0, a)w(x0, a)da.
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One can find a1 ∈ (0, A2) ⊂ (0, A3) such that w(x0, a1) = 0. Thus, without loss generality, we may assume
a0 > 0. It is easy to check that

wa − d∆Nw + µ(x, a)w ≥ v(k − n0v)− α∗u(k − n0u)

> v(k − n0v)− α∗u(k − α∗n0u)

= (k − n0v − α∗n0u)w,

or

wa − d∆Nw + (µ(x, a)− k + n0v + α∗n0u)w > 0.

There exists C0 > 0 large enough such that

wa − d∆Nw + C0w > 0.

Since v is super-solution and u is the sub-solution, one can check that
∂w

∂n
≥ 0 on ∂Ω and (x0, a0) is a

minimum point of w. By Hopf’s lemma and strong maximum principle for the parabolic equation, we must
have w ≡ 0 on Ω × [0, a0]. This leads to contradiction. Hence, α∗ ≥ 1 and u ≤ v on OA3 . As the result,
one gets that u ≤ v on OA.

To prove the last statement, we assume, for the sake of contradiction, there exists A2 < A3 < A, (x2, a2)
and 0 < a2 < A3 such that 0 = w(x2, a2) := u(x2, a2) − v(x2, a2). By same arguments, one has u = v.
Contradiction.

This completes the proof.
□

Let us state the existence result as follows

Theorem A.10. Assume (A3) to (A5) hold. Suppose further λ∗d,−k+µ < 0. Then, (A.9) admits a unique
solution.

Proof. The proof divides into two steps
Step 1: Existence. Let ϕ be the bounded eigenfunction associated with the eigenvalue λ∗d,−k+µ, ϕ > 0

on Ω× [0, A) and ϕ(x,A) = 0 for any x ∈ Ω. We choose ϵ > 0 small enough so that

ϵn0(x, a)ϕ ≤ ϵmaxn0maxϕ ≤ −λ∗d,−k+µ

Define u := ϵϕ for some ϵ > 0, then

ua − d∆Nu+ µ(x, a)u− k(x, a)u = λ∗d,−k+µu ≤ −n0(x, a)u2.
which is a sub-solution.

Next, for any A2 < A3 < A, recall π = π(a) = e
−

∫ a

0
µmin(k)dk

, we define u :=Mπ(a) for some constant
M > 0. Then,

ua − d∆Nu+ µu− uk + n0u
2 = −µminu+ µu− uk + n0u

2 ≥M2n0π
2(a)− kMπ(a) ≥ 0 on OA3

provided that M > 0 large enough. The age-structure can be proved as follows∫ A3

0
β(x, a)u(x, a)da =M

∫ A3

0
β(x, a)π(a)da ≤M

∫ A3

0
βmax(a)π(a)da ≤M

since (A5). Hence, u is a super-solution. By applying Lemma A.9, we get u ≤ u. Then, thanks to sub-super
solution method, there exists uA3 is a solution of the equation (A.9) on OA3 .

Step 2: Uniqueness. Let A3 be a positive number satisfying A2 < A3 < A, u and v be two nonnegative
bounded solution of (A.9). Using the bootstrap arguments in [15, Proposition 1] and [20, pp 22/480], one
has

u, v ∈ C(OA3) ∩ C2,1(OA3)
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By strong parabolic maximum principle, one gets u > 0, v > 0 on Ω × [0, A3]. Since u, v are solutions,
one can apply the comparison principle in Lemma A.9 so that u ≤ v and v ≤ u on OA3 .

Step 3: Extension. By the uniqueness, one can extend the solution u on Ω × [0, Amax), for some
A2 < Amax ≤ A. Furthermore, we have

ua − d∆Nu ≤ Cu− µmin(a)u on Ω× (0, Amax)

for some C ≥ k(x, a) on OA, C is independent of A3 and u ≥ 0 on [0, Amax). Thus, by parabolic comparison
principle, one gets

0 < u ≤ e
Ca−

∫ a

0
µmin(s)ds

Td∆N
(a)u0 on Ω× (0, Amax)

where u0(x) = u(x, 0), Td∆N
is the C0 semi-group generated by −d∆N . Note that to calculate u0, one only

needs the data of u on Ω× [0, A2] ⊂ Ω× [0, Amax) since supp(β) ⊂ Ω× (A0, A2]. As the results, the right
hand side is independent of the Amax and∥∥∥∥∥∥∥e

Ca−

∫ a

0
µmin(s)ds

Td∆N
(a)u0

∥∥∥∥∥∥∥
L∞(OA)

≤ eCA||u0||L∞(Ω) <∞

Consequently, one can extend the solution u on Ω × [0, A) or Amax = A. Furthermore, by passing to the
limit a → A, we obtain that u(x,A) = 0 uniformly in x ∈ Ω. Thus, one can extend u ∈ C(OA) so that
u > 0 on Ω× [0, A) and u(x,A) = 0 for any x ∈ Ω.

This completes the proof.
□

Remark 11. One can check that u(x,A) = 0 and lim
a→A

u(x, a) = 0 uniformly with x ∈ Ω thanks to regular

parabolic comparison principle.

Lastly, consider
ua − d∆Nu+ µ(x, a)u = k1(x, a)

h(x, a)u

h(x, a) + u
− k2(x, a)u, (x, a) ∈ OA,

∂u

∂n
= 0, x ∈ ∂Ω, a ∈ (0, A),

u(x, 0) =

∫ A

0
β(x, a)u(x, a)da, x ∈ Ω.

(A.10)

where µ and β are the one in (A3) - (A4) and (A5), k1, k2, h ∈ C2(OA), k1 ≥ 0 is non-trivial, k1 > 0 on
OA and h > 0 on Ω× [0, A) and h(x,A) = 0 for any x ∈ Ω. For convenience, we define

g(x, a, u) =

 k1(x, a)
h(x, a)u

h(x, a) + u
− k2(x, a)u, h > 0 and u > 0,

0 h = 0 or u = 0.

It is easy to prove that g : OA × [0,∞).

Theorem A.11. Assume (A3) to (A5) hold. Suppose further λ∗d,−k1+k2+µ < 0. Then, (A.10) admits an

unique solution u on OA such that u > 0 on Ω× [0, A) and u(x,A) = 0 for any x ∈ Ω.

Proof. We divide the proof into three steps:
Step 1: Existence. Let A2 < A3 < A and ϕ be the bounded positive eigenfunction associated with

the eigenvalue λ∗−k+µ. It is known that ϕ, h > 0 on OA3 . Define u := ϵϕ for some ϵ > 0, then

ua − d∆Nu+ µ(x, a)u = λ∗d,−k1+k2+µu+ k1(x, a)u− k2(x, a)u.
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Consider ∣∣∣∣k1(x, a) h(x, a)

h(x, a) + u
− k1(x, a)

∣∣∣∣ = ∣∣∣∣k1(x, a) ϵϕ

h(x, a) + ϵϕ

∣∣∣∣ ≤ k1(x, a)
ϵϕ

h(x, a)
≤ Kϵ.

for some K > 0. Choose ϵ > 0 small enough so that Kϵ < −λ∗d,−k1+k2+µ. Then,

k1(x, a)− k1(x, a)
h(x, a)

h(x, a) + u
< −λ∗d,−k1+k2+µ

As the results,

ua − d∆Nu+ µ(x, a)u ≤ k1(x, a)
h(x, a)

h(x, a) + u
u− k2(x, a)u,

which is a sub-solution. Let u :=Mπ(a) for some constant M > 0. Then,

ua − d∆Nu+ µu− k1
hu

h+ u
+ k2u ≥ −k1h+ k2u =Mk2π(a)− k1h ≥ 0,

provided that M > 0 large enough and π(a) > 0 on [0, A3]. The age-structure can be shown as follows∫ A

0
β(x, a)u(x, a)da =M

∫ A

0
β(x, a)π(a)da ≤M

∫ A

0
βmax(a)π(a)da ≤M

thanks to (A5). Thus, u is a super-solution. We can choose M > 0 large enough so that u ≤ u on OA3 .
By applying sub-super solution method on OA3 , there exists uA3 is a solution of the equation (A.10) on
Ω× [0, A3]. This is possible since∫ A

0
β(x, a)u(x, a)da =

∫ A2

0
β(x, a)u(x, a)da =

∫ A3

0
β(x, a)u(x, a)da.

Step 2: Comparison principle and uniqueness. The comparison principle on OA3 can be obtain
by a similar manner to the one in Lemma A.9. We highlight an important detail: Consider α∗ < 1 and
w = v − α∗u as in Lemma A.9, one has

wa − d∆Nw + µ(x, a)w + k2(x, a)w ≥ k1h
hw + (1− α∗)uv

(h+ u)(h+ v)
> k1

h2w

(h+ u)(h+ v)
≥ 0.

The conclusion u < v on OA3 still hold if either v is a super-solution but not a solution or u is a sub-solution
but not a solution. Hence, the uniqueness can be achieved in this case.

Step 3: Extension. By the uniqueness, one can extend the solution u on Ω × [0, Amax), for some
A2 < Amax ≤ A. Furthermore, we have

ua − d∆Nu ≤ Cu− µmin(a)u on Ω× (0, Amax)

for some C > k1 − k2 on OA, C is independent of Amax. Thus, by parabolic comparison principle, one gets

0 < u ≤ e
Ca−

∫ a

0
µmin(s)ds

Td∆N
(a)u0 on Ω× (0, Amax)

where u0(x) = u(x, 0), Td∆N
is the C0 semi-group generated by −d∆N . The rest proceeds in a similar

manner to Step 3 of Theorem A.10. □
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