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Abstract

We proved convergence rates of fully discrete multi-level simultaneous linear collocation
approximation of solutions to parametric elliptic PDEs on bounded polygonal domain with
log-normal random inputs based on a finite number of their values at points in the spatial-
parametric domain. These convergence rates significantly improve the best-known convergence
rates of fully discrete collocation approximation and with some logarithm factors coincide with
the convergence rates of best n-term approximation. These results are obtained as consequences
of general results on multi-level linear sampling recovery in abstract Bochner spaces.
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1 Introduction and main results

Let D C R? be a bounded polygonal domain (recall that a polygonal domain in R? is a polygon
(which may have precludes cusps and slits) with a finite number of straight sides). Consider the
divergence-form diffusion elliptic equation

—div(aVu) = f in D, ulpp = 0, (1.1)

for a given fixed right-hand side f and a spatially variable scalar diffusion coefficient a. Denote by
V := H}(D) the energy space and V' = H~1(D) the dual space of V. Assume that f € H~1(D)
and a € Loo(D) (in what follows this preliminary assumption always holds without mention). If a
satisfies the ellipticity assumption

0 < amin < a < apax < 00,



by the well-known Lax-Milgram lemma, there exists a unique weak solution u € V to the equa-
tion (1.1) satisfying the equation

/aVu-Vvd:B = (f,v), YveV.
D

For the equation (1.1), we consider the diffusion coefficients having a parametric form a = a(y),
where y = (y;);en is a sequence of real-valued parameters ranging in the set R*. Denote by u(y)
the weak solution to the parametric diffusion divergence-form elliptic equation

—div(a(y)Vu(y) = f in D, u(y)ap = 0. (1.2)

In the present paper, we consider the case when the diffusion coefficient a is of the lognormal form
o0

a(y) = exp(b(y)), with b(y) =Y _y;1);, (1.3)
j=1

and y; are i.i.d. standard Gaussian random variables, where 1; € Lo (D).

For r € Ny and » € R, the Kondrat’ev spaces K, (D) and W._(D) are defined as the weighted
normed spaces of functions on D equipped with norms

lullgr oy = S TS 7Dl ey and  ulwe oy = Y I D%l 1o (),

|| <r || <r

respectively. Here, 7p : D — [0, 1] denotes a fixed smooth function that coincides with the distance
to the nearest corner, in a neighborhood of each corner, D® denotes the weak partial derivative of
order @ € N2, and |a| := a1 + a2. The function spaces K7 (D) and W (D) endowed with these
norms are Banach spaces, and K, (D) are separable Hilbert spaces. An embedding of these spaces
is K1(D) — H(D) [11, Lemma 1.5], i.e., there exits a positive constant C such that

lvllzi oy < Clivllkr oy, v € Ki(D). (1.4)

By [24, Theorem 3.29], for r > 2, f € K”"2(D) and a € W15 *(D), the solution to (1.1) belongs
to K, (D) provided that with

: pla)
p(a) :=essinf R(a(x)) >0, and |»| < —F—"
)= esip A< Tl

i

where v is a constant depending on D and r.

In computational uncertainty quantification, the problem of efficient approximation for para-
metric and stochastic PDEs has been of great interest and achieved significant progress in recent
years. Depending on a particular setting, as usual, this problem leads to an approximation prob-
lem in a Bochner space Lo(U, X; 1) with an appropriate separable Hilbert space X, an infinite-
dimensional domain U and a probability measure p on U, where parametric solutions u(y), y € U,
to parametric and stochastic PDEs, are treated as elements of Lo(U, X; 1) and U the parametric



domain. There is a vast number of works on this topic to not mention all of them. We point out
just some works [1, 2, 3, 4, 5, 6, 7, 9, 14, 16, 13, 12, 17, 18, 20, 21, 24, 25, 26, 30, 31, 32, 33, 34]
which are directly related to the problem setting in our paper. In semi-discrete (intrusive and non-
intrusive) approximations, [2, 3, 5, 6, 9, 14, 16, 13, 12, 21, 22, 24, 25, 30, 31, 32, 34| discretizations
are processed only with respect to the parametric variables, but not spatial variables, the approx-
imants still belong to the infinite dimensional spatial space and hence are not useful for practical
applications. They should themselves be approximated by spatial discretizations by means of finite
elements, wavelets or spectral Galerkin methods, etc.. The problem of fully discrete (and multi-
level) approximation of parametric PDEs with random inputs and of relevant infinite-dimensional
holomorphic functions has been investigated in the works [4, 17, 18, 20, 21, 22, 24, 26, 33] based
on some spatial approximation properties and parametric summabilities of the GPC expansion
coefficients of solutions. Some bounds for convergence rates of spectral and collocation fully dis-
crete approximation have been proven in these papers. Observe that by the problem setting a
convergence rate of any fully discrete approximation is not better than the convergence rate given
by the spatial approximation properties. Moreover, it was proven that they coincide in the case of
sufficiently small spatial regularity. In the case of higher spatial regularity, the known bounds of
convergence rates of fully discrete approximation are less than this regularity and depend essen-
tially on parametric summability properties of the generalized polynomial chaos (GPC) expansion
coefficients of solutions (see the above cited papers for detail).

A natural question arising is whether the known convergence rates are optimal and whether
one can improve them. The aim of the present paper is to improve these known bounds in the
case of higher spatial regularity of the solution of the parametric equation (1.2) with log-normal
inputs (1.3). More precisely, we are interested in the problem of fully discrete simultaneous spatial-
parametric linear collocation approximation of solutions u to parametric PDEs (1.2) on bounded
polygonal domain D with log-normal random inputs (1.3) and its convergence rate, based on a
finite number of its particular spatial-parametric values u(x1,y;), ..., u(€n, y,,). The approximation
error is measured by the norm of the Bochner space L2 (R, V;v) = V ® La(R*; 7) associated with
the energy space V' and the infinite standard Gaussian measure v on R (see Subsection 2.2 for
definition of Bochner space). The present paper can be considered as a continuation of the works
[7, 21, 24]. In [21, 24], we have investigated the problem of fully discrete multi-level collocation
approximation of stochastic and parametric elliptic PDEs with log-normal inputs by using sparse-
grid GPC Lagrange interpolation at the zeros of Hermite polynomials. In the recent paper [7],
we have investigated semi-discrete collocation approximation of these equations by employing
extended least squares sampling algorithms in Bochner spaces. In the present paper, we develop
and combine the different techniques used in these papers for solving the formulated problem.

We give a short description of main contribution of the present paper with some comments.

Let r € N, r > 2, f € K.72(D) and o € WL(D)NnWISHD), k € N. For i = 1,2, let the
sequences b; := (b; j)jen be defined by

bi,j = H@ijLoo , and bgj = maX{ |’1/JjHWolo(D) ) ||¢j”wgo—1(p) }7

and satisfy the condition b; € ¢Pi(N), respectively, with 0 < p; < ps < 1 and p; < 2/3. Let the



numbers « and § be defined by

-1 1 1 1
Q=" , ﬁ:z(—l) a , 0= == —.
2 P1

Then for all n > 2 there exist points (x1,¥y,), ..., (Zn,y,) € DXR* and functions ¢1, ..., ¢, € V and
hi,...;hn € La(R*®,R; ) such that for the linear sampling algorithm .S,, on the spatial-parametric
domain D x R defined by

n

Sn(v)(a:,y) = Zv(xzayz)wz(x)hz(y)a T c D7 yc Roo’
=1

and for the parametric solution u to the equation (1.2) with log-normal random inputs (1.3), it
holds true the error bounds

On—2 if @ <1/ps—3/2,
Cnfa(logn)a+1+5 if 1/p2—3/2<a< l/pg—l,
Hu - SnUHL (R>,Vy) S ’ —a a+2+¢ : (15)
2 Wiy C:n (10g n) it = 1/292 -1,

Cn=Blogn)B+e/(@=B)  if o > 1/py — 1,

for an arbitrarily small number € > 0, where the constants C' and C. are independent of v and n.

The convergence rate n~% in (1.5) in the case of small spatial regularity a < 1/py — 3/2 is as

expected. The convergence rates in (1.5) in the cases of higher spatial regularity o > 1/pa — 3/2
significantly improve the best-known convergence rates of fully discrete collocation approximation
of u which is n=#" where 8 := 8 — %a%_é (cf. [21, 22, 24]). Moreover, in the particular intermediate
case 1/pa—3/2 < a < 1/py—1, the convergence rate n~ still holds with a logarithm factor. Notice
also that with some logarithm factors, the convergence rates in (1.5) coincide with the convergence
rates n~™n(@5) of fully discrete best n-term approximation of the parametric solution w in the

space Lao(R> V) (cf. [4, 17, 18, 20, 21, 22, 24, 26, 33]).

Notice that S, is a fully discrete multi-level collocation approximation method. At each level
in S,, the spatial component is based on finite element Lagrange interpolation associated with
triangulations of the spatial domain D, while the parametric component is based on Hermite-
Lagrange GPC interpolation in the case o < 1/py — 3/2, and on extended least squares sampling
algorithms in the cases a > 1/ps — 3/2.

Following the approach in [7, 21, 24], the convergence rate results in (1.5) and constructions of
the linear sampling algorithms S, realizing them, are obtained as consequences of general results
on multi-level linear sampling recovery in abstract Bochner spaces. In the case of small spatial
regularity o < 1/pa —3/2, we use a modification of methods of sparse-grid Hermite-Lagrange GPC
interpolation in Bochner spaces in [21]. In the cases of higher spatial regularity o > 1/py — 3/2,
we used extended least squares sampling algorithms in Bochner spaces and some recent results
on linear sampling recovery of functions in reproducing kernel Hilbert spaces [8, 23, 27, 28]. We
would like to emphasize that the general theory of sampling recovery in abstract Bochner spaces
presented in this paper as well as [7, 21, 24] is applicable to uncertainty quantification for a wide
class of parametric and stochastic PDEs.



This paper is organized as follows.

In Section 2, we investigate multi-level linear sampling recovery of functions in an abstract
Bochner space Lo(U, X; 1) for a Hilbert space X and a probability measure space (U, ¥, i), based
on some weighted fo-summability of their coefficients of an orthonormal expansion, and some
approximation properties in the space X. The received results are then applied to Lao(R*, X;7),
the Bochner space associated with a Hilbert space X and the infinite standard Gaussian measure
~v on R*. In Section 3, we apply the results on multi-level linear sampling recovery in the space
Ls(R*, X;) in the previous section to (b, &, d, X)-holomorphic functions on R*. In Section 4,
we construct fully discrete multi-level sparse-grid sampling algorithms for (b, &, §, X' )-holomorphic
functions, based on GPC Lagrange-Hermite interpolation, and prove convergence rates of the
approximation by them. In Section 5, we prove that the parametric solution u to the parametric
elliptic PDEs (1.1) on bounded polygonal domain with log-normal inputs (1.3) is a (b;,£,6,V)-
holomorphic function. This allows prove convergence rates of a fully discrete multi-level collocation
algorithm by applying the results in Sections 3 and 4. In Section 6, we discuss various least
squares sampling algorithms for functions in the reproducing kernel Hilbert space, and inequalities
between sampling n-widths and Kolmogorov n-widths of the unit ball of this space, and how to
apply these inequalities to obtain corresponding convergence rates of multi-level linear sampling
recovery in abstract Bochner spaces and of fully discrete multi-level collocation approximation of
the parametric solution u to the parametric elliptic PDEs (1.1) on bounded polygonal domain with
log-normal inputs (1.3).

Notation As usual, N denotes the natural numbers, Z the integers, R the real numbers, C the
complex numbers, and Ng := {s € Z : s > 0}. We denote R the set of all sequences y = (y;);en
with y; € R. Denote by I the set of all sequences of non-negative integers s = (s;);ecn such that
their support supp(s) := {j € N : s; > 0} is a finite set. If a = (a;)jes is a set of positive
numbers with any index set 7, then we use the notation a~! := (aj_l)jej. We use letters C' and
K to denote general positive constants which may take different values, and Cyp . g and Kqp . g
constants depending on a, b, ...,d. For the quantities A, (f, k) and B, (f, k) depending on n € N,
feW, keZl we write A,(f, k) < Bn(f,k), f € W, k € Z% (n € N is specially dropped), if
there exists some constant C' > 0 such that A,(f,k) < CB,(f,k) foralln € N, f ¢ W, k € Z¢
(the notation A, (f, k) > By, (f, k) has the obvious opposite meaning), and A, (f, k) < By, (f, k) if
An(f, k) < Byn(f,k) and B, (f, k) < An(f, k). Denote by |G| the cardinality of the set G.

2 Sampling recovery in Bochner spaces

In this section, we investigate multi-level linear sampling recovery of functions in abstract Bochner
spaces Lo(U, X; u) for a Hilbert space X and a probability measure space (U, ¥, i), based on some
weighted fo-summability of their coefficients of an orthonormal expansion, and some approximation
properties in the space X. We develop the methods used in [7, 21, 24] to construct fully discrete
(multi-level) sampling algorithms by using the approximation properties in the space X combined
with extended least squares sampling algorithms at each level, and prove convergence rates of
approximation by them. The received results are then applied to Lo(R*°, X;~), the Bochner space



associated with a Hilbert space X and the infinite standard Gaussian measure v on R*°.

2.1 Function spaces

Let (U, %, 1) be a probability measure space with 3 being countably generated and let X be a com-
plex separable Hilbert space. Denote by Lo(U, X; 1) the Bochner space of strongly p-measurable
mappings v from U to X, equipped with the norm

1/2
[0l o, x0) = (/Ullv(y)llg(du(y)> - (2.1)

Notice that because ¥ is countably generated, Lo (U, C; ) is separable by [19, Proposition 3.4.5].
Hence Lo(U, X; 1) is a separable complex Hilbert space and, moreover,

Let (¢s)4cy be a fixed orthonormal basis of La(U, C; ). Then a function v € La(U, X; ) can
be represented by the expansion

'U(’y) - sz Sps(y)v vs € X, (2.2)
seN

with the series convergence in Lo(U, X; 1), where

Us rz/Uv(y)%(y)du(y), s€N.

Moreover, for every v € Lo(U, X; ) represented by the series (2.2), Parseval’s identity holds

ol xm = 2 llusllk-
seN

Let o = (05),cy be a non-decreasing sequence of positive numbers strictly larger than 1 such
that o~ ! := (0;1)86N € (3(N). For given U and p, denote by Hy o the linear subspace of all
functions v € La(U, X; 1) such that the norm

1/2
lollsx,e = (Z(%Hvs\x)g) < o0.

seN

In particular, the space Hc o is the linear subspace in Lo(U,C; p) equipped with its own inner
product

<f7 9>Hc,c, = Z O’?<f, ‘P5>L2(U,(C;,u) <g7 905>L2(U,C;,u)-
seN



The space Hc o is a reproducing kernel Hilbert space with the reproducing kernel

K(,y) = Y 0%0s()ps(y)

seN

having the eigenfunctions (¢s),cy and the eigenvalues <Uf ;) N Moreover, K (x,y) satisfies the
/) se
finite trace assumption

/ Ky, y)du(y) < oo
U

Let (Vi)ren, be a given sequence of subspaces Vi C X of dimension 2%, and (P})ken, a given
sequence of uniformly bounded linear projectors Py from X onto V. We extend the operators Py
(which with an abuse is denoted again by Pj) to Lo(U, X; 1) by the formula

(Prv)(y) := Pr(v(y))-
Let (0i:5)sen, @ = 1,2, be given non-decreasing sequences of numbers strictly larger than 1, such
that o ' = (U;;) N € (5(N). For a given number a > 0, denote by H$ the linear subspace in
’ sE

Lo(U, X; p) of all v such that the norm

9 9 1/2
lollag == (oW, + 0ty )" < oo, (2.3)

where the semi-norm ||v|] He s defined by
502

L ak .
vl , = sup 2% o~ Pl (2.4)

Similarly, for given numbers o > 0 and 7 > 0, denote by H?(’T the linear subspace in Lo (U, X; 1)
of all v such that the norm

1/2
lolag = (Iolrg, + Il ) < oo, (25)
where the semi-norm ||v|] mor s defined by
502

1/2

2
ki1 —
Plger = | <2a k T||U_ka||HX702> < . (2.6)
’ keNy

Later on we will see that under certain assumptions the parametric solution u to the parametric
elliptic PDE (1.2) with log-normal inputs (1.3) belongs to a certain space H§. However, such a
space has not Hilbertian structure and hence is not appropriate for constructing least squares
sampling algorithms. Due to the continuous embedding H§ < HYy” for any 7 > 1, the parametric
solution u can be treated as an element of the Hilbert space H}X(’T for which we are able to construct
least squares sampling algorithms.

We will need the following lemma.



Lemma 2.1. We have

1/2
lv = Peollay,, = (Z (o2:s]vs — kas!X)2> , VEHxg,.
seN

Proof. By the definition,

1/2
o = Prolly g, = (Z (osl(v — ka)st)2> < 0.

seN

Due to the equality (v — Pyv)s = vs — (Pxv)s, to prove the lemma it is sufficient to show (Pxv)s =
Pyvs. Since o, € £2(N), then the series (2.2) converges unconditionally in La(U, X; 1) to v for
v € Hx o,. Indeed, by the Holder inequality we have for v € Hx 4,,

Do losesllaw i = D lusllxleslawew = D llvslx

seN seN seN
1/2 1/2
s(Zwsuvsumz) (20;2) < .
seN s€EN

This yields that the series (2.2) absolutely and hence unconditionally converges in Lo(U, C; p) to
v, since in a Banach space the absolute convergence implies the unconditional convergence. From
this unconditional convergence and the uniform boundedness of the linear projectors (Py)ren, We
derive

Py = Z Prosps,
seN

and therefore, (Pyv)s = Pyvs. a

2.2 Extended least squares sampling algorithms in Bochner spaces

Let A be a linear operator in Lo(U, X; i) defined for v € La(U, X; 1) by
v Z (Z ak’sv‘;) Ok, (2.7)
keN \seN

where (ag s) (1 s)en? 1s an infinite dimensional matrix. Then AX uniquely defines the linear operator
A® in Ly(U, C; ) given for f € Lo(U,C; ) by

f=> <Z ak,sfk) Pk (2.8)
keN \seN

Conversely, a linear operator AC in Lo(U, C; i) of the form (2.8) uniquely defines the AX linear
operator of the form (2.7) in Lo(U, X; u), i.e., this is an one-onto-one correspondence between the



linear operators in Lo(U, X; u) and Lo(U, C; ). Similarly, there is an one-onto-one correspondence
between the sets of linear subspaces in Lo(U, X;u) and Lo(U,C; u). Based on these correspon-
dences, we can see that there are one-onto-one correspondences between the spaces Hg, Hg’T, H¢
and H}, HY", Hx, respectively.

Let E be a normed space of functions on €. Given sample points x1,...,x, € {2, we consider
the approximate recovery of a function f on Q from their values f(x1),..., f(x,) by a linear
sampling algorithm S, on ) of the form

Sulf) =3 f(@)ha, (2.9)
=1

where hq,...,h, are given functions on 2. For convenience, we assume that some of the sample
points @; may coincide. The approximation error is measured by the norm || f — S, (f)||g. Denote
by S,, the family of all linear sampling algorithms Sy, of the form (2.9) with k <n. Let F' C F be
a set of functions on 2. To study the optimality of linear sampling algorithms from §,, for F' and
their convergence rates we use the (linear) sampling n-width

on(F,E) := S}ngn ]sgelg If = Sn(f)lle-

Denote by By s, B and BY" the unit balls in the spaces Hx o, H% and Hy", respectively.
The following result has been proven in [7].

Lemma 2.2. Given arbitrary sample points yq,...,y, € U and functions hy,...,h, €
Ly(R*®,C; ), for the sampling algorithm S;X in Lo(U, X; ) defined by (2.9), we have

F =88]

X _
20 o= S5 = s |

In the next step we extend this result to the space H)O‘(’T. For £k € Ny and v € H)O‘(’T, we define
OV = Pyv— P_qv, k€N, dpv= Pyv. (2.10)

We then can represent every v € Hy" by the series

v o= dev

keNp

converging in Lo(U, X; ) absolutely and hence, unconditionally, and satisfying

sup 2°% ||5,]|

sup vr. < 2vllagy <o

For m € Ny, we introduce the sets

5mB§‘(’T = {5mv NS B;’T}, 5mBg’T = {5mf: fe Bg’T}.



Lemma 2.3. Let o > 1/qa2. Assume that there is a constant K such that for every v € HY" and
every m € Np, HvaHH;,r <K Hv||H§r Then for every m € Ny there holds the equality

sup HAX(SmUHLg(U,X;u) _ sup HAX‘SmeLQ(U,C;u)

(2.11)
06 mvESm BT 16mvl| oo 06, feomBe”  0mfllgar

Proof. From the assumptions we can see that for every v € Hy" and every m € Ny, ||dmv]| o <
2K ||v|| e+ Denote by Nx and Nc the left-hand side and right-hand side of (2.11), respectively.
For 0, f € 0, B¢ represented as

5mf: Z((Smf)s@s:

seN

we have

A 8 ey < N2 (1o, + Ion Ve, )

The last inequality is equivalent to inequality

2

1€EN

2

< N2 [ S @l )al? + 3 3 (24 kT onel G f — PG d)l)’

seN keNp seN

Z ai,s((smf)s

seN

For 6,,v € 6, HY", we have

OV = Z(émv)sgps

seN
with )
>~ @rslGmoell)® + 3= 3 (2402 Gw = PlBmt))sllx)” < oc,
seN keNg seN
and
2
||AX5mU||%2(U,X;u) = Z Zai,8(5mv)s (2.12)
i€N |/seN X

Let (wj)jeN be an orthonormal basis of X. Then (p39;), jen is an orthonormal basis of Lo (U, X; ).

We have
Omv = Z Z(‘smv)g@bj@s = Z((vaj)@bj.
jEN seN jeEN
Then,
AXS, v = Z Z Z a; s (5mv)g¢jg)m.
seN ieN jeN

10



By applying (2.12) to §,,f = d,,v7, we obtain for every k € Ny,

”AX(SmUHL2 UX

)
2
ZZ Zazs m0)% ZHAC m'l)) HL2 (U,C;p)
jEN ieN |seN jeN
2
< NE [ ual (@) + 30 30 S (2 ko (G — Pel(Bm0))])
jeN seN j€EN keNg seN
=: N%(B? + Bj).

For the term B3, we have

>3 (24K T0n) S (0w — PP

keNp seN jeEN
ok —T j j 2 2
= 3 3 (2K o (G0} = Pel(G0)))sl) = |OmolZrg.. -
keNg seN

By the same way we can show
By = [[0mv|Hy,, -

Summing up we prove the inequality
Nx < Nc.
In order to prove the inverse inequality, let (f™),, .y C Hg'" be a sequence such that ||(8,, f)"|| Ho =

1, and

Tim A )" |y 0 =

Define (0,,0)"™ := (6 f)™ 1. Then ||( Omv)" || e =1 and

Nc.

2

4% G 20 = 3 | 3 ks )

keN [lseN

= Z Zaks mf 908>L2 UC;u

keN |seN

= [4°CEmD" e

X
2

) — Ng¢ as n — oo.

This proves the inequality
Nx > Ng.

From this lemma we can extend the result of Lemma 2.2 to the sets 6, BY" and 8,, B

11



Corollary 2.1. Let a > 1/qo. Assume that there is a constant K such that for every v € Hy"
and every m € No, ||va||H;,r <K ||’U”H)Oz(,7'. Given arbitrary sample points y,...,y, € U and
functions hy, ..., hy € Lo(U,C; ), for the sampling algorithm S5 in Lo(U, X; 1) defined by (2.9),
we have for every m € Ny,
X C
H‘Sm” -5, (6mv)HL2(U,X;u) Hémf -5, (6mf)HL2(U,<C;M)

sup = sup
0£8mvEom BT 16mvl| e o 10m.f Nl e

Proof. This corollary is Lemma 2.3 for AX = X — SX where IX denotes the identity operator in

Let n € N and E be a normed space and F' a central symmetric compact set in £. Then the
Kolmogorov n-width of F' is defined by
dn(F, F) := infsup inf — )
() = ipfsup inf 1]~ gl
where the left-most infimum is taken over all subspaces L, of dimension at most n in £. The
Kolmogorov n-width d,,(F, E') is a characterization of the best approximation of elements in F' by
elements in linear subspaces of dimension at most n.

We recall a concept of weighted least squares sampling algorithm in the space Lo(U, C; u) (cf.
also [7]). Recall that (¢s) ¢y is the fixed orthonormal basis of Ly(U, C; 1) considered in Subsection
2.2. For ¢,n,m € N with ecn > m, let y,,...,y., € U be points, w1, ...,we > 0 be weights, and
®,, = span{ps}7, the subspace spanned by the functions pg, s = 1,...,m. The weighted least

squares sampling algorithm SC f = SC (y1,...,Yem Wi, - ., Wen, @) f of a function f: U — C is
given by
cn
Senf = argmingeq > wil f(y;) — g(y). (2.13)
i=1

This weighted least squares sampling algorithm can be computed using the Moore-Penrose inverse,
which gives the solution of smallest error for over-determined systems where no exact solution can
be expected. In particular, for L = [¢s(y;)]i=1,....cn:s=1,..m and W = diag(wi,...,wy) we have

Senf =Y 9sos with (91, 9m) " = (LWL)'L'W(f(y1), -, f(Yen)) - (2.14)

s=1

Notice that ST, is a linear sampling algorithm of the form
cn
Send =D F(yi)hi(y) (2.15)
i=1

for some hy, ..., hep in Lo(U, C; ).
The extended least squares algorithm to the Bochner space Lo(U, X;u) can be defined by
replacing f € Lo(U,C; ) with v € La(U, X; p):

cn

Sav =" _v(y)hi(y). (2.16)

i=1

12



For m € N let the probability measure v = v(m) be defined by

0o oL, (y)[2
dv(y) := o(y)du(y < Z\ Ps ng;ﬁ - wfgy” )d,u(y). (2.17)
s m+1

Let m := n and [20nlogn]| sample points be drawn ii.d. with respect to v. Let further
Yi:--»Ye,m € U be the subset of the sample points fulfilling [23, Theorem 3] with c¢pn < m

and w; : W( (y;))~!. For every n € N, let
cpn
Senf = Zf y;)hi, (2.18)

be the least squares sampling algorithm constructed as in (2.13)—(2.15) for these sample points
and weights, where hi, ..., he,n € La(U, C; ).

The following result [23, Theorem 3] gives a error bound of the approximation by S;CIJ n Via
Kolmogorov n-widths.

Lemma 2.4. Let 0 < p < 2 and ds := ds(F, Lo(U,C; ). Assume that F C Lo(U, C; p) is such that
there is a metric on F satisfying the condition that F is continuously embedded into Lo(U,C; ),
and the function evaluation f — f(y) is continuous on F for every y € F. Then there is a
constant ¢, € N such that the least squares sampling algorithms Sg)n defined as in (2.18) satisfy
the inequalities

1/p

on(F, Lo(U,C; 1)) < sup H
fEF

cpn

1
<[ =N
Lo(UCip) — n; 3

The sampling algorithms S(Ccpn in Lemma 2.4 is a weighted least squares algorithm using samples
from a set of ¢,n points that is subsampled from a set of ¢ynlogn i.i.d. random points with respect
to the probability measure v. Depending on the function class F', the algorithm using the full set
of random points may be constructive but the subsampling is not constructive. We will explain
and discuss it and other least squares sampling algorithms in detail in Section 6.

Lemma 2.5. Let 0 < p < 2 and dj := dj(Bc,s, L2(U,C; p)). Let the least squares linear sampling
algorithm Sgn be as in (2.18). Then the extended least squares linear sampling algorithm

cpn

S50 Yy h

i=1
defined by the formula (2.16), satisfies the inequality

1/p

on(Bx,o, Lo(U, X; 1)) < sup HU—SX

cpn
'UGBX,o-

1
<= A
v ‘LQ(U,X;;L) - nz J

jzn

13



Proof. We first consider the particular case when X = C. In this case B¢ is a subset of the unit
ball of the reproducing kernel Hilbert space Hc » equipped with a metric as the norm of this space,
which is continuously embedded into Lo(U, X; i) and for which the function evaluation f — f(y)
is continuous on B¢ for every y € BZ. This means that the assumption of Lemma 2.4 is satisfied
for F' = Bc . The lemma has been proven for the particular case when X = C. Hence, by using
Lemma 2.2 we prove the lemma in the general case. d

In a similar way from Lemma 2.4 and Corollary 2.1 we derive

Lemma 2.6. Let 0 < p <2, m € No, a > 1/qo and d; := d;j(6,,Bg", Lo(U,C; ). Assume that
there is a constant K such that for every v € Hy" and every m € Ny, HvaHH;"(’T <K ||f||H;r
Then there is a constant ¢, € N such that we have the following. For every m € Ng and every
n € N, there are yy,....Yc,n and hi, ... he,n € La(U,Cip) such that the linear (least squares)

sampling algorithm
cpn

Sc)f,nv = Z v(y;)h

i=1

satisfies the inequalities

1/p
1
<|1=) &

j=n

0n(0n By L2(U, Xsp)) < sup

§mv€5mB§‘<’T

S — Sggn(amv))

Let A C N be a finite set. For v € Ly(U, X; ), we define the truncation of the GPC expansion
of v

SAv 1= Z(émv)sgos.

TSN

The following lemma has been proven in [7, Lemma 2.2]

Lemma 2.7. Let 0 < ¢ <2 and o = (05)sen a given non-decreasing sequence of numbers strictly
larger than 1, =1 € (4(N). For £ >0 and M > 0, we introduce the set

A€):= {seN:og,< fl/q}.

We have

sup [[v = Sae) 0l < €4 (2.19)
’UEBXJ

Moreover, if in addition Ha'*lHZ ™) < 1, then for all n > 2 there exists a number &, such that
q

dim(V(A(&,)) < n, and
An(Be.o, LU, i) < sup If = Saien fllzawenm <2V ~t9 yn eN. (2:20)

EBQG

Lemma 2.8. Let o > 1/qa. Assume that there is a constant K such that for every v € HY" and
every m € Np, HvaHH;,T <K Hv||H§T For & >0 and m € Ny, we introduce the set

Am(f) — {0_2;5 < gl/q12—amm’r’ Olis < é—l/q1}.

14



We have
16,0 = Saie) GmO s xy < 2KE M |8mv]lpgr, v e HY . (2.21)

Moreover, for all n > 2 there exists a number &, such that dim(V (A, (&,)) < n, and
dn(émB;Ta Ly(U, X)) < sup o | 6mv — SAm(gn)(émU)HLg(U,X;M)
(5m7}€5mBX’ (222)
< C(2™n) P (m +logn)®/* vn eN.

Proof. From the assumptions we can see that for every v € HY'" and every m € Ny, ||00|| ga.r <
Yy X y HS

2K |[v]| o7 For a function v € BZ", putting

(6mv)£ = Z (5mv)89037

o1 <¢
we get
16m©) = Sau(e) OmV) Ly xs) < 1(0m0) = (Omv)ell Lo xiw) + 10mv)e = Sapn ) (Om) | Lo, x:p0)-

For the norm [|(6,mv) — (0mv)¢ll Lo (v, x3u) We have that

H((sm )_(5mv)£H%2(U,X§,U4) = Z H(émv)sngf = Z (0-1§8H(5mv)5||x)20-1_§§
o1 >0 155 >€H/ 01
< U Y (o0 (5mv)slx)?
Ul;s>£1/q1

< (@E)PED 5] Yo

For the norm [|(6mv)e — Sa,,(¢)(0mv) | Lo, x;), We obtain

1G)e = Sanmie) ) 12wy = 3 1(6mv)s 1%
Ul;sggl/qlv 0.2;5>£1/q127amm7—
am, —T¢—1/q1 2
< > (2 m e o [Gmo)sl x )

Ul;sggl/ql ; 0.2;S>£1/q127amm7

< 5—2/q1 Z (20‘mm_T0'2;3 H((SmU)SHX)2

seN

< (2K |6l e

These estimates yield (2.21).

15



For the dimension of the space V(A (§)), with ¢ := geae > 1 and 1/¢' + 1/¢ = 1, we have that

dmV(An(€) = [Am(§)] = D> 1 =27 > 2m

SEAm(S) UI§S§€1/(117 0—2;s>§1/q1 2—ammT

2> >

SEN: 01,s<EV/91  (k,s)ENgXN: og.s>EL/n12—akpr

< 2 m Z 51/0110!) (log 5)7/04 U;i/a

IN

o155 <EY/ N
1/q 1/q'
< 27me@) (log )7 [N op > 1
o1,s<EV/ 0 o1,s<E/ 0
1/q 1/q
< 27 @) (log ¢)7/ <Za2;22> (Z&m?)
sclF selFr

<27 (log €)7/.

For any n € N, letting &, be a number satisfying the inequalities
g log )T 2 < < 26/ (log &)/ 27, (2.23)

we derive that dim V(A,,(&,)) < n. On the other hand, by (2.23),

1 _«o

g < ¢ (Zmn(logn + m)_T/O‘) e
< C(2™n) "B (m + logn)’7/*,
This together with (2.21) proves (2.22). a

From Corollary 2.1 and Lemma 2.8 we obtain

Corollary 2.2. Under the assumption and notation of Lemma 2.8, we have
10mf — S O )y < 2KE |6l e, Vf € HET.
Moreover, for all n > 2 there ezists a number &, such that dim(V (A (&) < n, and
dn(6mBe", Lo(U,C; ) < sup  10mf — Sanen) OmH)l Low,cip)
Sm fE€SmBRT

< C(2™n) P (m +logn)?/* V¥n e N.

2.3 Multi-level least squares sampling algorithms

Let 0 < p < 2 and (&,)nen be a sequence of increasing positive numbers whose values will be
selected later, such that &, — oo as n — oco. For n € N, we consider the multi-level least squares

16



operator SX defined by
Z X (O0), (2.24)

where
ng = Lc;1n2_kj, kp := [logé&], (2.25)

and
Cpnk

cpnk Z v yk ) (226)
1=1

are the least squares sampling algorithms and ¢, > 0 the constant as in Lemma 2.4.

Since d,v belongs to the subspace Vi, 4+ Vj,_; of dimension at most 2¥ 4+ 2¥~! and the number of
sampling points in the sampling algorithms S:X .y, 18 7. The computational complexity Comp (S,f )

of the operator S;X can be defined as

k’IL
Comp <2k + 2k_1) ny.
k=0

Theorem 2.1. Let 0 < q1 < g2 < 2 and p be a fized number such that 1/qa < p < 2. Let the
numbers B and § be defined as
1 1 1
== 5= (2.27)
qa+d oo
Let T be any number such that 7 > 1 if a« < 1/qa, and 7 = a/(a — B) if a > 1/qa. Let (&,)nen be
a sequence of increasing positive numbers &, satisfying the condition

PR P AR S '
Assume that there is a constant K := K; such that for every v € HY' and every m € Ny,

||va||H§,T < KHUHH;I(T Then for all n > 2 there exist Yy 1, Ypn, € U and hi1,...; hgp, €
Ly(U,C;p), k=0, ..., kn, such that for the operator SX defined as in (2.24)-(2.26),

Comp (87)5) < Cnlogn.

n~%(logn)” if o <1/go,
SUETH’U—S Vlwxy < Crgn ®(logn)™™ if a=1/g,
vePx n~P(logn)” if a>1/go.

Proof. Let v € BY" be given. By the assumptions we have

17



By the triangle inequality,

k

HU - S?i(UHLQ(U,X;,u) < H’U - PanHLQ(U,X;u) + Z Hékv - S?ii (5]?0)”[/2(U,X;u)'
k=0

By Parseval’s identity and the equality &, := [log &, | we deduce that

lv = Proll 7, = 210 = Prv)slk
seN

< 2720 (B, )27 220 (k) 72T (09| (v = Payv)sllx)?
seN

< 27elmed (o T ol g < 272 EE (log )T
yO2

This means that
H'U - PanHLz(U,X;u) < 27auog€nJ (log gn)T . (230)
Assume o < 1/¢o. By (2.29),
I6kvllyz . < 2K27FET ke No. (2.31)

By Lemma 2.5 for o = o and q = qq, there exist yy 1, ..., Ypn, € U, i1, Moy, € L2(U,C; )
such that

1/p

1

X

16k0 = Sp, k)| Louxiy < N0kl - &,
J=>ng

where d; := d;(Bc oy, L2(U,C; 1)). Hence, by Lemma 2.7 for o = o2 and ¢ = g2, (2.31) and the
inequality p/ga > 1, we derive for k < k,,

1/p

160 — Sp, (660 Loy < C27%KT ni > o < Coll/e-akgr,~la  (2.32)
k |
Jj>ng

For any n € N, choose &, as a number satisfying the inequalities
& < n o< 2,
By the equality k,, := [log&,| and the equivalence &, < n, from (2.30) and (2.32) we deduce that
v = Pyl < 27088 (log€,)™ < 290 (logn)7,
and for a < 1/qqo,
kn kn,
Z ||0kv — Sc)in(ékv)”Lz(U,X;u) < Cn e Z g/ ez=kpm < Cp=%(logn)7,
k=0 k=0

18



and for a = 1/qo,

va S (060 | Ly < cn—wzlf < Cn(logn)'*.
k=0

Summing up, we arrive at the inequalities
||’U - Sv)L(UHLz(U,X;u) < Cn_a(logn)Tv if a< 1/Q2>
and

‘|U—S§U|’L2(U7X;#) < Cn %(ogn)'*7, if a=1/g.

For the computational complexity Comp (Sf v) we have that

kn kn
Comp (S v) <222knk < 222k(£n2_k) = 2§n21 < Cnlogn
k=0 k=0 k=0

We now consider the case a > 1/¢o. In this case we have a > . For any n € N, choose &, as
a number satisfying the inequalities

5%1(0(4-5) <n < 2521(&4-5)‘

11
By the equivalence &, < n9 >+ from (2.30) we deduce that
lo = P, vllywx < 2700 (log&a)™ < O (logn)” .
By Lemma 2.8, there exist yy 1, ..., Y pn, €U, Pr1, s bk, € L2(U, C; p) such that

1/p

1650 = S5 (Ok0) | o, x) < 1000 o Z d; ,

J>nk
where d; := d;(0, B¢, L2(U, C; ). Hence, by Corollary 2.2 and the inequality p3 > 1, we derive
for k < k,,
1650 — i 0k Lo xowy < C (2Fnk) 7P (k + log )7/ < C'n~P(logn)™/e.

Hence, we have

kn

Z H(Sk’l} Cpn 5kv)||L2 (U,X;p) < ZCTL logn)ﬁT/a < Cn_ﬁ(logn)l-f—ﬁT/a’
k=0

Since T = a%ﬁ’ we have 1+ 37/a = 7. Hence, we have

kn

Z Hdkv - Sc)in(ékv)“Lz(U,X;u) < Cniﬁ(log n)Tv
k=0
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Summing up, we arrive at the inequality
|lv — 5§U||L2(U,X;u) < Cn P(logn)™, if a>1/¢.

For the computational complexity Comp (Sff U) we have that

kn kn kn
Comp (85(11) < 222knk < 222k (n2*k> = QnZ 1 < Cnlogn.
k=0 k=0 k=0

d

By the continuous embedding H§ < H;’HE for any € > 0, Theorem 2.1 can be reformulated
more conveniently for the space H as follows.

Theorem 2.2. Let 0 < g1 < g9 < 2 and € be any positive number. Let the number B be defined
as in (2.27). Let (§n)nen be a sequence of increasing positive numbers &, satisfying the condition
(2.28). Assume that there is a constant K. such that for every v € H)O‘(’IJrE and every m € Ny,
||PmUHH§,1+a < K. Hf||H)a(,1+a. Then for all n > 2 there exist Yy 1, Ypm, €U and hy 1, ..., b p,, €

Lo(U,Cs ), k = 0,...;k[p/10g 0] Such that for the operator SX = S‘Fri/logn] defined as in (2.24)—
(2.26),
Comp (Sf) < n,
and
Cen~%(logn)tite if o <1/qo,
sup |lv— ST)L(UHLQ(U,X;N) < { Con~(logn)at2te if a=1/¢o,

veBk Cn=P(logn)fte/(a=B) if o > 1/go.

Next, we apply Theorem 2.2 to Bochner spaces with infinite tensor-product standard Gaussian
measure relevant to the applications to holomorphic functions and solutions to parametric PDEs
with random inputs in Sections 3 and 5, respectively.

We recall a concept of standard Gaussian measure y(y) on R> as the infinite tensor product
of copies of the one-dimensional standard Gaussian measure ~y(y;):

YY) = Q1Y) y=(yj)jen € R™.
jEN

(The sigma algebra for vy(y) is generated by the set of cylinders A :=[] jen Aj, where A; C R are
univariate y-measurable sets and only a finite number of A; are different from R. For such a set

A, we have y(A) = [[;en7(45))-

Let X be a separable Hilbert space. Then a function v € La(R*, X;v) can be represented by
the Hermite GPC expansion
v=> vsHs vs€X, (2.33)
scF
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with
~QH, @) vi= [ o) H)dw), seF
jEN -
Here (Hj)sen, are the univariate orthonormal Hermite polynomials, F is the set of all sequences
of non-negative integers s = (s;);en such that their support supp(s) := {j € N:s; > 0} is a finite
set. Notice that the complex-valued (Hs)ser are an orthonormal basis of Ls (R, C; ). Moreover,
for every v € La(R*°, X; ) represented by the series (2.33), Parseval’s identity holds

10112 e xi) = D losllk-

selF

scF be a non—decreasmg sequence of positive numbers strictly larger than 1 such
) € (5(F). Denote by Hy o the linear subspace in La(R*, X;~) of all v such

1/2
[0l x o = (Z (UsHvst)2> < 0.

seF

Let o = (0s),
that o1 := ( o4
that the norm

In particular, the space Hc o is the linear subspace in Ly(R*>°, C; ) equipped with its own inner
product

NHe o = Y 08(fs H) Ly(®oe Ci) (95 H) Lo(moe 01
sclF

The space Hc o is a reproducing kernel Hilbert space with the reproducing kernel
= Z Us_sz(')Hs(y)
sclF

with the eigenfunctions (Hs),cp and the eigenvalues (o;?)
finite trace assumption

scp- Moreover, K(z,y) satisfies the

K(z,z)dy(x) < oo.
Roo

Let (Vi)ken, be a given sequence of subspaces Vi, C X of dimension 2k and (Pr)ken, & given
sequence of uniformly bounded linear projectors Py, from X onto Vj. Let (0j.s)ser, ¢ = 1,2, be

given non-decreasing sets of numbers strictly larger than 1, such that 01-_1 = (al-_ 51) . € ly(F).
’ IS

For given numbers a > 0 and 7 > 0, the linear subspaces H$ and H?‘(’T in Ly(R*>, X; ) are defined

in the same manner as (2.3) and (2.5), respectively.

Theorem 2.2 for the space La(R*°, X;~) is read as

Theorem 2.3. Let the assumptions of Theorem 2.2 hold for the space Lay(R*, X;~). Then for all
n > 2 there exist Yy 1, Yppn, € R and by, ..., hgp, € La(R®,Civ), k= 0,..., k[ /108 0], Such

that for the operator S;X := Sﬁz/logn] defined as in (2.24)—(2.26),

Comp (Sr)f) < n,
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and

Con~%(logn)otite if o <1/go,
SL;% v — ng”Lg(Rw,Xw) < < Ccn*(logn)at2+te if @ =1/qo,
ePx Cn=PB(logn)tte/(e=B) if o > 1/qy.

3 Applications to holomorphic functions

In this section, we apply the results on multi-level linear sampling recovery in the space
L2 (R*°, X; ) to holomorphic functions on R*.

We recall a concept of (b,&,d, X)-holomorphic functions which has been introduced in [24,
Definition 4.1]. For m € N and a positive sequence g = (g;)jL;, we put

S(o) :={z € C™ : |Jmz;| < 9; Vj} and B(o) :={z € C™ : || < o; Vj}.

Let X be a complex separable Hilbert space, b = (b;) jen a positive sequence, and £ > 0, § > 0.
For m € N we say that a positive sequence o = (g;)7%; is (b, §)-admissible if

Z bjo; < €.
j=1
A function v € Lo(R*>, X;~) is called (b, &, d§, X)-holomorphic if

(i) for every m € N there exists v, : R™ — X, which, for every (b, {)-admissible g, admits a
holomorphic extension (denoted again by v,,) from S(g) — X; furthermore, for all m < m/

U (Y1 s Ym) = O (Y1, -« -, Ym, 0, ..., 0) V(y;)je, € R™,
(ii) for every m € N there exists ¢y, : R™ — Ry such that [[pml|p2@gm.,) < 6 and

sup  sup [lom(y +2)|x < emly) Yy ER™,
pis (b,&)-adm. z€B(p)

(iii) with o, : R*® — X defined by 0y, (y) := vm (Y1, ..., Ym) for y € R it holds

n%iinoo [0 = ml| Ly (moo,x1y) = O-

The following key result on weighted f2-summability of (b, &, d, X )-holomorphic functions has
been proven in [24, Corollary 4.9].
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Lemma 3.1. Let v be (b,§, 9, X )-holomorphic for some b € £,(N) with 0 < p < 1. Letn € Ny and
let the sequence p = (pj)jen be defined by

-1 &
pj =] m”bﬂzp(m-

. . . 1 .
Assume that b is a non-increasing sequence and that b? 4\57? 16llg, vy > 1 for all j € N. Then we
have

1/2
<Z(aslvsllx)2> <M <oo, with |lo7!, <N <oo,
seF

where q 1= p/(1 —p), with |8'|sc 1= supjcy 8 the set o := (0s)scrF is defined by
S 25,
2= Y (S> el (3.1)
|8'|ec<n JeN
M = 6Cy ¢, with some positive constant Cp¢ ), and N = Kpg .
This theorem allows us to apply weighted fo-summability for collocation approximation of
solutions u(y) as (b, &, d, X )-holomorphic functions on various function spaces X, to a wide range of
parametric and stochastic PDEs with log-normal inputs, specially, Kondrat’ev spaces X = K (D)

for the parametric elliptic PDEs (1.1) on bounded polygonal domain with log-normal inputs (1.3)
a detailed analysis of which will be presented in Section 5. For more information see [24].

For a function v defined on R* taking values in a separable Hilbert space X, we say that v
satisfies Assumption 3.1 if

Assumption 3.1. a >0, 7€ N, 0<p; <py <1,0<p; <2/3, b; €, (N), i =1,2, are given
non-decreasing sequences, & > 0, 6 > 0 such that

—1 & ,
pij = by, NI 1bille, oy > 1, 7 €N (3.2)

V = (Vk)ken, s a given sequence of subspaces Vi, C La(R*, X;~) of dimension 2k and P =
(Pr)ken, a given sequence of linear uniformly bounded projectors from Lo(R*>, X; ) onto Vi, such
that

(i) v e Ly(R*>®, X;v) and is (by,&, 9, X)-holomorphic,

(ii) (v — Pyv) € Ly(R*, X;v) and is (b1,&, 8, X )-holomorphic for every k € Ny,
(i4i) (v — Pyv) is (b2, &, 627 X)-holomorphic for every k € Ny,

(iv) For every m € Ny and every linear bounded operator Q in Lo(R*>, X;v) with ||Q|| < K, the
function w := Qu possesses the properties (i)—(iii) with the parameter ¢ replaced by K0, the
same parameters o, n,p1,p2, £ and sequences by, by, V,P.
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For a space H$ with Hai_ngq(N) < N, 1i=1,2, denote

B&(M,N)i={v e Y lollygr < M}

Lemma 3.2. Let HY and HY" with 7 > 1 be defined so that for i = 1,2, ¢; :== p;/(1 — p;) and

o; = (0is)ser be given by (3.1) for p; as in (3.2), ‘a;lﬂe ) < N, respectively. Then every
4

function v satisfying Assumption 3.1 belongs to B (M, N) for M = Cy ¢, and N = Ky ¢, - with

some positive constants Cy ¢, and Ky ¢ . Moreover,

|Pavllgrer < KognmeM vl gor, m € No.

Proof. Assume that v satisfies Assumption 3.1. Then we have by Lemma 3.1,

1/2
(zmsuvsuw) <M, vith o7, g <N <o

seF

and for every k € Ny,

1/2
(Z(%H(v — ka)s||X)2> < M2™% < oo, with Ha;luw) < N < oo,
seF

and in addition, for a every m € Ny,

<Z<al,s

selF

1/2 1/2
(Pm)st)2> < KpenM, (Z(Ust(Pm—Pk(Pm))sllx)2> < KpgqM27,
selF

Hence, v € B$(M, N). Moreover, HvaHH;,T < KpgnM HUHH;,T, m € Ny, since 7 > 1. a
By applying Theorem 2.3, from Lemma 3.2 we obtain

Theorem 3.2. Let v satisfy Assumption 3.1. Let q; := p;/(1—p;) fori = 1,2, and e be any positive
number. Let the number ( be defined as in (2.27). Let (§n)nen be a sequence of increasing positive
numbers &, satisfying the condition (2.28). Then for all n > 2 there exist Yy 1,...; Ypn, € R™
and 1, P, € L2(R™,C;5), k= 0,..., k[ /10901, Such that for the operator SX = Sﬁi/logn]
defined as in (2.24)—(2.26),

Comp (ST)L() < n,

and

Con~%(logn)ati+e if a<1/qo,
[0 = X0l Ly xiy) < 4§ Cen~(logn)ot2+e if a=1/gq,
Cn=P(logn)?+e/(@=B) if o> 1/gy.
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4 Multi-level sparse-grid interpolation algorithms

In this section, we construct fully discrete multi-level sparse-grid sampling algorithms for the
(b, &, 9, X)-holomorphic functions satisfying Assumption 3.1 except the item 4, based on GPC
Lagrange-Hermite interpolation, and prove convergence rates of the approximation by them. It
terns out that in the case o < 1/go2 — 1/2, these sampling algorithms give a convergence rate
better than the extended least squares sampling algorithm in Theorem 3.2. The construction and
techniques used in this section are a modification of those in [21, 22].

For m € Ny, let Y};, = (Ymsk)ken,, be the increasing sequence of the m + 1 roots of the Hermite
polynomial H,,1, ordered as

Ym—i < < Ym=1 < Ymo =0 < yYm1 < <Ymj if m=2j,

Ym,—j < < UYm—1 < Ym,1 < < Ym,j ifm:2j—1,

where

{—j—j+1,.,-1,0,1,....5— 1,5} if m=2j;
T =
" {—j,—j+1,..,-1,1,....5— 1,5} ifm=2j—1.

(in particular, Yy = (yo.0) with yo.0 = 0).

For a function v on R, taking values in a Hilbert space X and m € Ny, we define the Lagrange
interpolation operator I,,, by

Y= Ymyy
Ln(©) = ) v(ymp) Ly Lonip(y) = PR
kEmm jemm gk Ik T Ymid

(in particular, In(v) = v(yo,0)Lo,o(y) = v(0) and Loo(y) = 1). Notice that I,,,(v) is a function on
R taking values in X and interpolating v at Ym.k, i.e.; L (V) (Ymsk) = V(Ymsk)-

We define the univariate operator A,, for m € Ny by
Apy = Iy — m—1,
with the convention I_; = 0.

For a function v on R*°, taking values in a Hilbert space X, we introduce the tensor product
operator Ag, s € F, by

As(v) == (R A, (v),

JjeN
where the univariate operator A, is successively applied to the univariate function ), ;A (v)
by considering it as a function of variable y; with the other variables held fixed. We define for

s e,
Is(v) := ®Isj(v), Lgy, := ®sz;kja Mg i= Hﬂ'sj,

JjeN JjeN jeN

(the operator I is defined in the same manner as Ag).
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For s € IF and k € g, let Eg be the subset in F of all e such that e; is either 1 or 0 if s; > 0,
and e; is 0 if s; = 0, and let ygp 1= (ys;k,)jen € R™. Put [s|1 := >,y s; for s € F. It is easy to

j
check that the interpolation operator Ag can be represented in the form

As(v) = Z(_l)lehIS—e('U) = Z(_l)‘eh Z V(Ys—eik) Ls—eike- (4.1)

ecks ecFEg kETs_e

For a given finite set A C F, we introduce the GPC interpolation operator I, by

Iy = ZAS.

seEA

From (4.1) we obtain the sparse-grid interpolation sampling algorithm

L) = 3 S (-0 ST oy, en) e (4.2)

EISHN ecE; kETs_e

Next, we introduce the multi-level sparse-grid interpolation sampling algorithm Z; for { > 1
by

[log, &]
Tev = Y Ipe(0kv). (4.3)
k=0
where )
Au(E) = {{s €F : a3 < (27¢)"/" ) if o < 1/g—1/2;
{s€F: 01,5 <Y, gy <27OFUDEEIY if 0> 1/g0 — 1/2,

with ¢ := 1/q1 + (1/q1 — 1/q2)/(200).

Since ;v belongs to the subspace Vi, 4+ Vj_1 of dimension at most 2% 4+ 28~1 and the number
of sampling points in the sampling algorithms Iy, ) is

ng == ’773—8|a
> 2

seN ecFEg

the computational complexity Comp (Z¢) of the operator Z¢ can be defined as

[log, &]
Comp (Z¢) := Z (Qk + 2]“71) Nk,

k=0
Theorem 4.1. Let v satisfy Assumption 3.1 except the item 4. Let q; := p;/(1 —p;) fori=1,2.
Let
.= (1_1) e ot 1
@ 2)a+d Qg
Then for each n € N there exists a number &, such that

Comp (Z¢,) < n,
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and

—a i a <] 1/9
HU_IEn/UHLQ(ROO,XW) < C{n o< /q2 / 7

n P if a>1/g—1/2,

where the constant C' is independent of v and n.

Proof. The operator Z;¢ can be rewritten in the form
T = o) = Y, ALk, (4.4)
(k,8)€G(8)
where
G(©) {(k,s) eNg xF: 2ka§fs§§} if a<1/qy—1/2;
C | {(ks) eNg x F: ol <€, 20+ kg, <€) if o> 1/gp — 1/2.
On the other hand, it holds the following statement which can be proven in a way similar to the
proof of [21, Theorem 3.8] (see also [22] for some proof corrections) with some slight modification.
For each n € N there exists a number &, such that
Comp (Za(e,) < m.
and

n~® fa<1l/qgp—1/2,
v—1 v ©xy < C
I eVl ame xiy) < {nﬁ if o >1/gy—1/2,

where the constant C is independent of v and n. From this statement and (4.4) we prove the
theorem. 0

5 Applications to parametric elliptic PDEs

In this section, we prove that the parametric solution u to the parametric elliptic PDEs (1.1) on a
bounded polygonal domain with log-normal inputs (1.3) is a (b;, &, 6, V')-holomorphic function on
R satisfying Assumption 3.1 with b; as in (5.4), j = 1,2. This allows to prove convergence rates
of a fully discrete multi-level collocation algorithm S,,. The spatial components in S,, are based
on finite element Lagrange interpolations associated with triangulations of the spatial domain
D. While the parametric components are based on Hermite-Lagrange GPC interpolation as in
Theorem 5.3 in the case of small spatial regularity o < 1/pa — 3/2, and on extended least squares
sampling algorithms as in Theorem 3.2 in the cases of higher spatial o > 1/py — 3/2.

We rewrite the solution to the equation (1.1) as the mapping a — U(a) from WS1(D) to
K, (D) satisfying the equation

—div(aVU(a)) = f in D, U(a) =0 on ID. (5.1)

The following result has been proven in [24, Theorem 7.8]
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Lemma 5.1. Let D C R? be a bounded polygonal domain and r € N, r > 2. Then there exist sz > 0
and Cy. > 0 depending on D and r such that for all a € WL (D) " WIS (D) and all f € K. %(D)

the weak solution U € Hy (D) of (5.1) belongs to the space K, (D) and satisfies with N, := @

1 Nallyerp + llal e
Wos (D) Wi, (D)

We recall a concept of Lagrange finite element. Let » € N be given and 7 a triangulation of D
with triangles T'. Let V(T ) be the finite element space which consists of those continuous functions
on D that restrict to polynomials of order at most r on each triangle 7" € 7. For any function
v € C(D), define Iv := I(T)v as the interpolating function associated to v, the interpolation
nodes &1, ..., Ty € D being obtained by taking points with baricentric coordinates r~17Z. The
operator [ is called Lagrange interpolation operator associated with 7. Thus, for any continuous
function v € C(D), the operator I is uniquely determined by the conditions that Iv(x;) = v(x;)
for any interpolation node x;, i = 1,...,m(7), and Iv € V(7). From the definitions we can see

that
m(T)

(Tv)(@) == Y v(®@:)i(), (5.2)
i=1
where ¢;, i = 1,...,m(T), are the nodal basic of V(7). If ¥ := {07, ..., Um(T)} are the linear forms
such that o;(v) :=v(x;), i =1,...,m(T), for v € V(T), then the triple (D, V(T),X) is a Lagrange
finite element.

We consider a special class of the so-called shape-regular triangulation 7 which satisfies the
condition ? < c for every T' € T, where c is a constant and rp (Rr) is the radius of the largest
(smallest) ball contained in (containing) T'. The following result is well-known (see, e.g., [10, 15]).

Lemma 5.2. Let r € N and I := I(T), m := m(T). Assume that the triangulation T is shape-
regular. Then there exists a constant C = Cy. 4. such that for any v € H"(D)

_r-1
o =Tvlgrpy < Cm™ = [l gr(py-

For the reader’s convenience, we recall the definition of the class C of triangulations 7 of D
introduced in [11, Definition 4.1]. For simplicity of presentation we assume that D is a triangle all
of whose angles are acute. The general case can be considered in a similar way by first dividing D
in triangles with acute angles. We also assume that D is an open set. Let I be the length of shortest
edge of D. Let D; be the union of three isosceles triangles that have equal sides of length §. The
complement D \ Ds is a hexagon when § < [. Fix r € N and let » € (0,1], h > 0, ¢,b € (0,1),
and a € (0,7/2) be parameters. We define C := C(r, h, 7, €,a,b) to be the set of triangulations T
defined as follows. Choose m such that

e < M(l,el/8,a)h".
We decompose D as the union of Qo := D\ Dy4, Q1 := Dyjy \ Deyjaseess Qun := Dem—17/4 \ Demyya,

and Qm+1 := Demy/y. For each j = 0,...,m, we triangulate {2; with triangles with all angles > a,
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and edges of length at most
R j -= he(l=7/Mi

and at least bhy, j. Then T is the union of the triangles appearing in the triangulations €2;, j < m,
and of three triangles forming €2, 1.

Notice that the finite element space V(7T) with 7 € C, r is the degree of the polynomials used
in the approximation, h is the largest admissible length of the sides of the triangles in the partition,
€ controls the decay of the triangles as they approach a vertex, a is the minimum admissible angle
of a triangle in the partition , 0 < s < 7/a;, where a; is the largest angle of the polygon, and b
controls the ratio of the sizes of close triangles. The constants r, h, sz, €, a, b must satisfy certain
conditions for the class C := C(r, h, 5, €,a,b) to be non-empty. The following result [11, Theorem
0.3] is therefore relevant. For any polygon D, there exist 0 < ¢ < 1,a > 0,1 > b > 0 and a
sequence hy = ho2~* such that, if e = 277/*, the class Cj = C(r, hg, s, €,a,b) is not empty, where
ho > 0 is a certain constant.

If T € Cg, there are positive constants C' and C’ such that
Cn < h;z < C'n, dimVj = my < 2F.
where we denote Vi, := V(T;) and my := m(Tg).

Let T € Ck, k € Ny. Let Py, := I(Ty) be the Lagrange interpolation operator defined as in (5.2):
my

(Ppv)(z) == Z V(T i, ) Phif, (), (5.3)

ix=1

where 1, ..., g m, € D are interpolation nodes and ¢, 1, ..., o5 m, € C(D) are the nodal basis of
Vj whose restriction to every T' € T is a polynomial of degree at most r. From [11, Theorem 4.4]
one can derive the following

Lemma 5.3. Let r € N. Then there exists a constant C' > 0 such that we have for every k € Ny,

v— Pv .
| kvl (D) e

sup
otver,,(0)  lvllkr, (o)

Throughout the rest of this section, we consider the equation (5.1) with the parametric diffusion
coefficient (1.3) satisfying the condition ¢; € WL (D)nWIS1(D), j € N, and f € K72 (D). Denote

b1 o= Iyl s oy o= max {lhws oy 15l 10y ) (5.4)

and by := (b1 j)jen, b2 := (b2)jen-

Lemma 5.4. Let D C R? be a bounded polygonal domain and r € N, r > 2. Let o = T;Ql Let
Y, € WL(D)NWIZH D), k €N, and f € K. 2(D). Let 0 < p1,pa < 1. Fori = 1,2, let the
sequences b; 1= (b; j)jen be defined as in (5.4) with b; € P/(N). Then there exist £ >0 and § > 0

such that for the parametric solution to (5.1) with inputs (1.3)

o5
JEN
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and for every k € N,
1) u is (b1,&,0,V)-holomorphic,
2) Pyu is (b1,&,0,V)-holomorphic,

(1)

(2)

(3) u— Pru is (b1,&,0,V)-holomorphic,

(4) u — Pyu is (b, &, 627 V)-holomorphic,
()

5) For every m € Ny, the function w := Pyu possesses the properties (1)—(4) with the parameter

0 replaced by C§, the same parameters a,n, p1,p2, & and sequences by, bo.

Proof. The proof of this lemma is a modification of the proof of [24, Proposition 7.12]. We apply
[24, Theorem 4.11] on holomorphy of composite functions with F = L>°(D) and X =V to prove
the claims (1)—(5).

Step 1. We verify the claim (1). By [24, Proposition 7.12] there exist £; > 0 and §; > 0 such that
u(y) is (b1, &1, 01, V)-holomorphic on the open set

01 ={a € L>®(D;C) : p(a) >0} C L™(D;C)
for some constants & > 0 and d; > 0 depending on Oj.

Step 2. Concerning the claim (2), by assumption, by ; = |[|9)}||,« satisfies by = (b1;)jen €
¢P1(N) C ¢}(N), which corresponds to the assumption (iv) of Theorem [24, Theorem 4.11]. It
remains to verify the assumptions (i), (ii) and (iii) of [24, Theorem 4.11] for Pyu, k € Ny.

(i) P : Oy — V is holomorphic since the map a — Pil(a) is a composition of holomorphic
functions.

(ii) For all @ € Oy, we have by Lemma 5.2 and the well-known estimate |[U(a)|,, < HZ:JL‘S',
1B (@)lly < [[Ula)lly +[U(a) = Bld(a)lly
, Fll- 5.5
< oo, < bl _ Ml (55)

= @) T pla)

(iii) For all a, b € O we have by Lemma 5.2 and [24, (4.21)],

1

[1Prth(a) = BU(b) ||y < Clltd(a) =UD)ly < 1 Fllg-1(p) min{p(a), p(b)}2 la = bl oo -

(5.6)

According to [24, Theorem 4.11] the map
U— P e LU, V;7)

is (b1, &2, 02, V)-holomorphic, for some fixed constants £, > 0 and d2 > 0 depending on O; but
independent of k.
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Step 3. The claim (3) follows directly from Steps 1 and 2 that the difference u — Pyu is
(b1, &3, 03, V)-holomorphic for some constants £3 > 0 and d3 > 0 depending on O; but independent
of k.

Step 4. To show the claim (4), we set
02 = {a € WL(D) nWSH(D) + pla) > 0},

and verify again the assumptions (i), (ii) and (iii) of [24, Theorem 4.11] with E = WL (D) n
WSS (D). First, observe that with

b, := max { [¥;llys-1(py » 15llye (D)},

by assumption
by = (bz,j)jen € (72(N) = ¢1(N)

which corresponds to the assumption (iv) of Theorem [24, Theorem 4.11].

(i) For every k € N, the mapping U — Pyld : Oy — V is holomorphic: Since Oy can be considered
a subset of O; (and Oy is equipped with a stronger topology than O;), Fréchet differentiability
follows by Fréchet differentiability of

U—-PU:01—V,
which holds by Step 3.

(ii) For every a € O, by the embedding inequality (1.4) and Lemmata 5.3 and 5.1,

(lallwy oy + lallyr=1py) ¥+

() |

1(U = Puld)(a)ly < Ok

— —ak
where 6, := K2 ”f”Iij_?l

(iii) For every a, b € Oy C Oy, by (5.6) and [24, (4.21)],

U = Pitd)(a) = (U = PUA)(b) ||y < [[U(a) = UGy + [[Prtd(a) = BUD) ||y
2
<C ”fHH—l(D) mln{p(a),p(b)}2 Ha - bHLOO(D) :

We conclude with [24, Theorem 4.11] that there exist &4 and Cy depending on Oz, D but indepen-
dent of k such that u — Pyu is (ba, &4, C40g, V')-holomorphic.

Summing up, the claims (1)—(4) hold with

f = min{§1,§2,§3,§4,} and 0:= max{C’l,Cg,Cg,C4K\\f\|,C:21 }
Step 5. The claim (5) can be proven with the same arguments as ones in Steps 1-4 by using the
inequality (5.5):

[(Pmth)(a)|lyy < CllU(a)ly
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for every m € Ny and every a € O3, a

Let T € Ck. Recall that we denote Vi := V(Tx) and my := m(Ty) and Py := I(Tx) the
interpolation operator defined as in (5.3). Notice that there are positive constants C' and C’ such
that

Cn < hqf < C'n, dimVj = my < 2F.

Let the operators dx, k € Ny, be defined in (5.7) for the sequence (Py)ren. Then we have

(5kv)(m) = Z U(mk,ik)¢k,ik (x) - Z U(mk—l,ik_1)¢k—1,ik_1(m)a v E C(D)a
ip=1 ip—1=1

which can be rewritten as

i
(6pv)(®) == D v(@ryi, )bk (2), vEC(D), (5.7)
ip=1
\yhere mk = Mg + Mek—1; "ik,ik = wk,’hﬂ (ng,ik = ¢k,ik for Zk = 17 ey My, and j:k,ik = $k71,ik71,
Ol = —Ph—1,ip_, TOT i = myp + 1, ..., My

Recall that for n; € Ny, the operator
Cpnk
1% o
Scpnkv = Z v (ykvjk) h’w'k
Jrk=1

has been defined in (2.26) with X =V for yy 1, ...,y ,,, € U and hy1,...; hgp, € L2(R*,C;),
and ¢, > 0 is the constant as in Lemma 2.4. Then for all n > 2, with 5 as in (5.7) the operator

Sy = SF;/ logn] defined as in (2.24) and (2.26) can be rewritten as

k]—n/logn] my CpNg

S)Z/U = Z Z Z v (jk,ikv yk,jk) q)k,ik,jk ($7 y)’ (58>

k=0 ix=1j,=1

where @y ;, (%, Y) = ¢k, (T) i j, (Y) and kpy, /10 5] is defined by (2.25) for a sequence (§,)nen of
increasing positive numbers &, satisfying the condition (2.28). The operator S/ is a linear sampling
algorithm in the space Ly(R*, V;+) defined for functions v(x, y) on the spatial-parametric domain
D x R* and based on the sampling points

SamplePts (Sr‘z/) = {(:Bkyik,yk,jk) s =1,..,mk, Jr=1, wees CpNigs k=0, "'7k[n/10g7ﬂ} .

Assumption 5.1. D C R? is a bounded polygonal domain and r € N, r > 2; f € IC;__%(D) and
Y, € WL(D)NWITHD), k € N. Fori = 1,2, the sequences b; := (b; j)jen defined as in (5.4)
satisfies the condition b; € (Pi(N) with 0 < p; < py <1 and p1 < 2/3.

Theorem 5.2. Let Assumption 5.1 hold. Let the numbers o and 8 be defined by
r—1 1 «a 1 1
o= , =—-1)— §:=——-—. 5.9
2 v (p1 ) a+d P P2 (5.9)
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Then for all n > 2 there exist Yi 1, Ypn, € R and hgi,....hgp, € L2(R™,Civ), k =
o K[n/logn]s Such that for the linear sampling algorithm defined by (5.8), we have that

} SamplePts (SX) ‘ < n,
and for the parametric solution u to the equation (1.2) with log-normal random inputs,
Cn~(logn)t1+e if a<1/qo,

[Ju — SXUHLQ(ROO,V;’Y) < Cen*(logn)*t2+e if @=1/gq,
Cn=PB(logn)te/(@=B) if o > 1/qy.

for an arbitrarily small number € > 0, where the constants C' and C. is independent of u and n.

Proof. Under the hypothesis of this theorem, all the assumptions of Lemma 5.4 are satisfied. This
yields that Assumption 3.1 holds for u € Lo(R*°,V;+). Hence, Theorem 3.2 is true for u. To
complete the proof it is sufficient to notice that

} SamplePts (SX) ‘ = Comp (ST‘L/) < n.
a

Let the operators dx, k € Ny, be defined in (5.7) for the sequence (Py)ren given by (5.3). Then
by the formulas (4.2) and (5.7) we can represent the operator Z¢ defined in (4.3), as

[logo €]

Ig’U 44 y = Z Z Z (_1)‘ek|lv(jk,ik7ysk—ek;jk)ék,ik(:B)Lskfek;jk(y% (510)

k=0 ix=1(sk,ex,jr)ETk(£)

where
Pk(f) = {(sk,ek,jk) cFxFxF: Sk € Ak(f), er € Esk, Tk € Tsp— ek}

We rewrite Z¢ in (5.10) in the form of sampling algorithm in Lo (R, V;~)

[logo &)

Tev(z,y) = Z Z Z ’U(ik,ilwysk—ek;jk)(bikvskyek:jk(w’y>’

k=0 lk l(Sk,ek,Jk)EFk(f)
where B
(I)ikysk@kvjk (wv y) = (_1)|6k‘1¢k7ik (w)LSk_ek§jk (y)
In a similar way to the proof of Theorem 5.2, from Theorem 4.1 and Lemma 5.4 we derive

Theorem 5.3. Let Assumption 5.1 hold. Let the numbers oo and 8 be defined by

-1 1 3 1 1
Q=" , B= <—) L, §i=——-—. (5.11)
2 P 2) a4+ P11 P2

Then for each n € N there exists a number &, such that

SamplePts 7, < n
| Samp el ,
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and for the parametric solution u to the equation (1.2) with log-normal random inputs (1.3),

—a f <1 — 2
Tl ey, < €470 HaS1P =372
n Pl Lo (R>,Vy) n b ifa> 1/p2 —3/2,

where the constant C s independent of u and n.

By combining Theorems 5.2 and 5.3 we obtain the following final results.

Theorem 5.4. Let Assumption 5.1 hold. Let the numbers o and [ be defined by (5.11). Then for
all n > 2 there exist (X1,Y1), -, (Tn,Y,,) € D X R* and p1,...,0n € V, h1,...;hy € La(R®R; )
such that for the linear sampling algorithm S, on the spatial-parametric domain D x R* defined
for functions v on D x R by

n

Sn(v)(w7y) = Zv(mlayz)wl(m)hz(’y)? T < D7 ye Roo?

i=1
and for the parametric solution u to the equation (1.2) with log-normal random inputs (1.3), it
holds the error bounds

On—¢ if a < 1/]?2—3/27
S C.n~(logn)oti+e if 1/ps =3/2 <a<1/pa—1,
[Ju — nuHLz(ROO,V;v) = | Cenm(logn)at2te if a=1/p2 -1,

Cn=B(logn)fte/(a=B) if o > 1/py — 1,

for an arbitrarily small number € > 0, where the constants C' and C. are independent of u and n.

6 Extensions of least squares sampling algorithms

In this section, we discuss various least squares sampling algorithms for functions in the reproducing
kernel Hilbert space Hc o, and inequalities between sampling n-widths and Kolmogorov n-widths
of the unit ball B¢, of this space. We explain then how to apply these inequalities to obtain
corresponding convergence rates of multi-level linear sampling recovery in abstract Bochner spaces
and of fully discrete multi-level collocation approximation of the parametric solution u to the
parametric elliptic PDEs (1.1) on a bounded polygonal domain with log-normal inputs (1.3).

Recall that in Subsection 2.2, a notion of weighted least squares sampling algorithm ST in
Ly(U,C; p) is introduced as in (2.13)-(2.15). Extensions of S, to La(U, X;p) is defined as in
(2.16). By the help of extended weighted least squares sampling algorithms with the special choice
of sample points yq,...,y,, and weights wi,...,we, and the bounds of the approximation error
as in Lemma 2.4, we constructed efficient multi-level least squares sampling algorithms in the
Bochner space Lo(U, X; ) for functions in H§, and proved the convergence rates by them as in
Theorem 2.2. The choice of sample points yy,...,¥Y.,, weights wi,...,we,, and approximation
space ®,, is crucial for the error of the least squares sampling algorithm. We recall three choices
presented in [7], with a trade-off between constructiveness and tightness of the error bound. The
third choice has been considered in Lemma 2.4.
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Assumption 6.1. Letn e N, n > 90, ¢; > 1, co > 1+ %, and c3 > 3284. Let the probability
measure v be defined as in (2.17).

(1) Let m := [n/(20logn)]. Let further yy,... Y., € U be points drawn i.i.d. with respect to v

and w; == (o(y;))~*.

(2) Let m := n and [20nlogn]| points be drawn i.i.d. with respect to v and subsampled using
[8, Algorithm 3] to con < m points. Denote the resulting points by yq,...,Ye,, € U and

Wi = %(Q(%))*l-

(3) Letm :=n and [20nlogn| points be drawn i.i.d. with respect to v. Let further yy, ..., Yoy €
U be the subset of points fulfilling [23, Theorem 1] with czn < m and w; := %(g('yi))_l.

Lemma 6.1. Let 0 < p < 2. Let d,, := dn(Bc,e, L2(U,C;pn)). For ¢,n,m € N with cn > m,
let SC, be the least squares sampling algorithm defined as in (2.13)~(2.15). There are constants
c1,c2,c3 € N depending on p such that for all n > 2 we have the following.

(1) The points from Assumption 6.1(1) fulfill with high probability

1/p
logn
0o . X
on(Beo La(R®,C; 1)) < sup lo=SEwvl e < 22 &
veBC,e j>n/logn
(2) The points from Assumption 6.1(2) fulfill with high probability
1/p
logn
%) . X
Qn(B(C,o'aL2(]R 7C7M)) < Esu}c) Hv_SczanLg(U,(C;u) S n ng
v i jzn
(3) The points from Assumption 6.1(3) fulfill with high probability
1/p

1
on(Bc,g, L2(R*,C; 1)) < sup Hv_SggTLUHLQ(U,(C;u) = 526@

vetee j>n

This lemma has been formulated in [7]. As mentioned there, the claims (1) and (3) have been
proven in [29, Theorem 8] and [23, Theorem 1], respectively. The claim (2) can be proven a similar
way based on the result [8, Theorem 6.7].

As commented in [7], regarding the constructiveness of the linear least squares sampling al-
gorithms in Lemma 6.1, the bound Lemma 6.1(1) is the most coarse bound, but the points con-
struction requires only a random draw, which is computationally inexpensive. The sharper bound
in Lemma 6.1(2) uses an additional constructive subsampling step. This was implemented and
numerically tested in [8] for up to 1000 basis functions. For larger problem sizes the current algo-
rithm is to slow as its runtime is cubic in the number of basis functions. The sharpest bound in
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Lemma 6.1(3) is a pure existence result. So, up to now, the only way to obtain this point set is to
brute-force every combination, which is computational infeasible.

As mentioned above, the linear least squares sampling algorithms in Lemma 2.4(3) are based
on the sample points in Assumption 6.1(3) which give the best convergence rate among the sample
points in Assumption 6.1(1)—(3), but are least constructive. Hence, the parametric components in
the linear sampling algorithms in Theorems 2.1, 2.2, 3.2 and 5.2 are based on such points. The
linear sampling algorithms in Lemma 2.4(1)—(2) based on the sample points in Assumption 6.1(1)-
(2), respectively, are pure least squares algorithms or least squares algorithms with constructive
subsampling, and therefore, constructive. But they give slightly worse error bounds.

Again, let (&,)nen be a sequence of increasing positive numbers whose values will be selected
later, such that £, — oo as n — oo. For n € N and j = 1,2, 3, we consider the multilevel least

squares operator S();) ,, defined by

kn

X _ X

S(J’)mv - Zscj”j,k((skv)’
k=0

where
njg = Lcj_ln27kj’ kp = Llog gnj)
and
X =N )
Scjnj,kv = Z v (ykj,z> hk,z’
i=1

the extended least squares approximations with sample points yg %, e yfcjzlk € U as in Assump-

tion 6.1(j), h,(ﬁ, ...,hg) € Ly(R*,C; ), and ¢; > 0 are the constants as in Lemma 6.1, respec-

N

tively. We define the operators:

X ._ X
Siiyn = S(iln/ togn]- (6.1)
Theorem 2.2 gives the error bounds of approximation of v € BY" by the operators S()?f)n —

S,)f based on the parametric sample points in Assumption 6.1(3) and proven with the help of
Lemma 6.1(3). Below we formulate its counterparts based on the parametric sample points in
Assumption 6.1(1)—(2) and proven with the help of Lemma 6.1(1)—(2), respectively, which can be
proven in a similar way with slight modifications.

Theorem 6.2. Let the assumptions of Theorem 2.2 hold. Then for j = 1,2 and all n > 2, there
eTist Yg 15 Ypm, € U and hy 1, ..., b, € Lo(R®,C;p), k = 0,y k[n/10gn]» Such that for the
operator 55) ,, defined as in (6.1),

Comp (S()f)m) < n,
and

Cen™*(logn)*HHHHete if a < 1/gs,
slgl llv— S()l(),nv”Lz(U,X;u) < { Cen™*(logn)* Vet if o =1/go,
veBg Cn=B(logn)2+/(@=8)  if o> 1/go,
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for an arbitrarily small number € > 0.

Theorem 6.3. Let the assumptions of Theorem 2.2 hold. Then for j = 1,2 and all n > 2, there
eTist Yg 15 Ypm, € U and hy1,.s by, € La(R®,Cip), k = 0,..., k1080, such that for the
operator 5’()2() ,, defined as in (6.1),

and

Comp (S()z(),n> < n,

n~%(logn)*t3/2+e if @ <1/qo,
sup v — S()Q(),nUHLQ(U,X;u) < C. { n~%(logn)ts/2te if a =1/,
veBg n—ﬁ(log n)36/2+0¢/(0¢—5)+5 if o> 1/qo,

for an arbitrarily small number € > 0.

From Theorems 6.2 and 6.3 one can derive respective results similar to Theorem 5.2 and the

others in Sections 3 and 5, based on the least squares sampling algorithms defined as in (2.13)—
(2.15) with the choice of sample points and weights as in Assumption 6.1(1) or (2).
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