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Abstract

The paper continues our recent work (Cuong et al. in Optimization 73(12):3593-3607, 2024)
where another extension of the extremal principle has been established. We demonstrate its
applicability to set-valued optimization problems with general preferences, weakening the
assumptions of the known results and streamlining their proofs.
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optimization
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1 Introduction

The paper continues our recent work [7] where a new extremality model involving collec-
tions of arbitrary families of sets has been studied and another extension of the extremal
principle has been established.

We consider applications of the latter result to set-valued optimization problems of the

type

minimize F(x) subjectto x € €2, (P)
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where F': X =2 Y is a set-valued mapping between normed vector spaces, €2 is a subset of
X, and the space Y is equipped with a general preference relation determined by an abstract
level-set mapping L : Y =3 Y, as well as more general problems with set-valued constraints.

The conventional special case of importance is when Y is equipped with a partial order
determined by a nontrivial pointed convex cone, and optimality is understood in the sense
of Pareto.

Definition 1.1 (Pareto optimality) Let X and Y be normed spaces, F : X = Y, Q C X,
x € Q and y € F(x). The point (x, y) is a (local) Pareto solution to (P) with respect to a
nontrivial pointed convex cone K C Y if there is a § € (0, +00] such that F (2N Bs(x)) N

(y—=K)={y}

The conventional extremal principle [12, 14, 16] covers a wide range of problems in
optimization and variational analysis as demonstrated, e.g., in the books [4, 14, 15]. The
advantages of employing the extremal principle as the main tool when deducing neces-
sary optimality conditions in vector and set-valued optimization problems compared to the
scalarization and other traditional techniques were emphasized in [15, Sect. 5.3 and 5.5.18].
At the same time, there exist multiobjective problems with more general preference rela-
tions, which “may go far beyond generalized Pareto/weak Pareto concepts of optimality”
[15, p. 70] that cannot be covered by traditional techniques or within the framework of
the conventional extremal principle using linear translations. The first example of this kind
was identified in Zhu [23]. Fortunately, such problems can be handled with the help of a
more flexible extended version of the extremal principle using nonlinear perturbations (de-
formations) of the sets defined by set-valued mappings. Such an extension was developed
in Mordukhovich et al. [17] (see also [4, 15]) and applied to various multiobjective prob-
lems [2, 13, 21]. Below is our interpretation of the corresponding definitions from [15, 17]
complying with the notation and terminology adopted in the current paper.

Definition 1.2 (Extremality: set-valued perturbations) Let y,..., 2, be subsets of a
normed space X, x € ﬂ?;l Q;, and, foreachi =1,...,n, S; : M; = X be a set-valued
mapping from a metric space (M;, d;) to X and S;(s;) = 2; for some §; € M;. The collec-
tion {2y, ..., Q,} is extremal at x with respect to {Si, ..., S,} if there exists a p € (0, +00]
such that, for any ¢ > 0, there exists; € M; (i =1, ..., n) such that max,<;<, d; (s;, 5;) <&,
max;<i<, d(x, S;(s;)) <& and (;_, Si(si) N B, (x)=0.

The model in Definition 1.2 exploits non-intersection of perturbations of given sets

Qy, ..., Q,. The perturbations are chosen from the respective families of sets E; := {S;(s) |
s e M;} (i=1,...,n) determined by given set-valued mappings S; : M; = X (i =1,...,n)
on metric spaces. In the particular case of linear translations, i.e., when, foralli =1, ..., n,

(M;,d;) =(X,d) and S;(a) = Q; — a (a € X), the model reduces to the conventional ex-
tremal principle. It was shown by examples in [15, 17] that the framework of set-valued
perturbations is richer than that of linear translations. With minor modifications in the proof,
the conventional extremal principle was extended to the set-valued setting producing a more
advanced model.

Definition 1.2 talks about extremality of a collection of sets, but in fact it is about certain
properties of a collection of set-valued mappings S; : M; = X (i =1,...,n), loosely con-
nected with the given sets. This model has been refined in [7], making it more flexible and,
at the same time, simpler. Instead of the set-valued mappings Si, ..., Sy, the refined model
studies extremality and stationarity of nonempty families &, ..., 8, of arbitrary sets and
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is applicable to a wider range of variational problems. The next definition and theorem are
simplified versions of [7, Definition 3.2 and Theorem 3.4], respectively.

Definition 1.3 (Extremality and stationarity: families of sets) Let &y, ..., E, be families of
subsets of a normed space X, and x € X. The collection {Ey, ..., E,} is

(1) extremal at x if there is a p € (0, +-00] such that, for any € > 0, there exist A; € E;
(i=1,...,n) such that max;<;<, d(x, A;) < ¢ and ﬂ?:l A; N B,(x)=0;
(ii) stationary at x if, for any ¢ > 0, there exista p € (0,e) and A; € E; (i =1, ...,n) such
that max <<, d(x, A;) < ep and (/_; A; N B,(X) =0;
(iii) approximately stationary at x if, for any ¢ > 0, there exista p € (0, ¢), A; € &; and x; €
B.(x) (i =1,...,n) suchthat max,<;<, d(x;, A;) < ep and ﬂ;':l (A —x;)N(pB) = 7.

Theorem 1.1 Let &4, ..., E, be families of closed subsets of a Banach space X, and x € X.
If {81, ..., B,} is approximately stationary at X, then, for any € > 0, there exist A; € E;,
x; € Ai N B.(X), and x} € N/fl_(x,-) (i=1,...,n) such that

n
*
|20
i=1

If X is Asplund, then N€ in the above assertion can be replaced by NT .

n
<e and Y |xfl=1.
i=1

The symbols N¢ and N¥ in the above theorem denote, respectively, the Clarke and
Fréchet normal cones. Recall that a Banach space is Asplund if every continuous convex
function on an open convex set is Fréchet differentiable on a dense subset [18], or equiva-
lently, if the dual of each its separable subspace is separable. We refer the reader to [14, 18]
for discussions about and characterizations of Asplund spaces. All reflexive, particularly, all
finite dimensional Banach spaces are Asplund. Most assertions involving Fréchet normals,
subdifferentials and coderivatives are only valid in Asplund spaces; see [16].

Remark 1.1 (i) Part (ii) of Definition 1.3 is the explicit form of [7, Definition 3.2 (iii)],
while part (iii) is a particular case of [7, Definition 3.2 (ii)] with Q; =--- = Q,, := X,
thus, representing the weakest version of the property in [7, Definition 3.2 (ii)].

(i) Itis easy to see that (i) = (ii) = (iii) in Definition 1.3. Hence, the necessary conditions
in Theorem 1.1 are also valid for the stationarity and extremality.

(iii)) Theorem 1.1 shows that approximate stationarity of a given collection of families of
closed sets implies its fuzzy (up to ¢) separation. Note that, unlike the general model

discussed in [5], not only the points x; and x;* (i =1, ..., n) usually involved in fuzzy
separation statements depend on &, but also the sets Ay, ..., A,.
(iv) Foreachi =1,...,n, the sets A; making the family E; in Definition 1.3 can be con-

sidered as perturbations of some given set €2;. With this interpretation in mind, Defini-
tion 1.3 (i) covers Definition 1.2. Note that the “perturbation” sets in Definition 1.2 are
rather loosely connected with the given sets.

Example 1.1 Let E; consist of a single one-point set {0} C R, and E, be a family of sin-
gletons {1/n} for n € N. It is easy to see that {&;, E,} is extremal at O in the sense of
Definition 1.3 (i) (even with p = +00). The subsets of Z;, E, may be considered as “per-
turbations” of the sets ; = Q, := R in the sense of Definition 1.2. The pair {2}, Q2,} is
clearly not extremal at O in the conventional sense of [12, 14].
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The more general (and simpler) model in Definition 1.3 and Theorem 1.1 is capable of
treating a wider range of applications. In this paper, we demonstrate the applicability of
Theorem 1.1 to set-valued optimization problems of the type (P) and more general ones.
This allows us to expand the range of set-valued optimization models studied in earlier
publications, weaken their assumptions and streamline the proofs.

We study extremality/stationarity properties of the triple {F, 2, E}, where F : X = Y
is a set-valued mapping between normed spaces, €2 is a subset of X, and E is a nonempty
family of subsets of Y. The latter family may, in particular be determined by an abstract
level-set mapping defining a preference relation on Y.

Members of E do not have to be simply translations (deformations) of a fixed set (or-
dering cone). Extremality/stationarity properties of the triple { F, 2, B} reduce to the corre-
sponding properties of the two special families of subsets of X x Y:

Ej:={gphF} and E,:={QxA|Ae€E} (1.1)

The first family consists of the single set gph F', and the first component of each member of
the second family is always the given set €2; only the second component varies.

The properties are illustrated by examples. Application of Theorem 1.1 yields necessary
conditions for approximate stationarity and, hence, also stationarity and extremality. Natural
qualification conditions in terms of Clarke or Fréchet coderivatives and normal cones are
provided, which allow one to write down the necessary conditions in the form of an abstract
multiplier rule. The statements cover the corresponding results in [17, 20, 21].

Requirements on preference relations defined by level-set mappings, making them mean-
ingful in optimization and applications, are discussed. A certain subset of properties, which
are satisfied by most conventional and many other preference relations, is established. The
properties are shown to be in general weaker than those used in [2, 10, 15], but still sufficient
for the corresponding set-valued optimization problems to fall within the theory developed
in the current paper. Several multiplier rules for problems with a single set-valued mapping,
and then with multiple set-valued mappings are formulated.

The structure of the paper is as follows. Sect. 2 recalls some definitions and facts used
throughout the paper. The applicability of Theorem 1.1 is illustrated in Sects. 3—5 consid-
ering set-valued optimization problems with general preference relations. A model with a
single set-valued mapping is studied in Sect. 3. A particular case of this model when the
family E is determined by an abstract level-set mapping is considered in Sect. 4. A more
general model with multiple set-valued mappings is briefly discussed in Sect. 5.

2 Preliminaries

Our basic notation is standard, see, e.g., [8, 9, 14, 19]. Throughout the paper, if not explicitly
stated otherwise, X and Y are normed spaces. Products of normed spaces are assumed to be
equipped with the maximum norm. The topological dual of a normed space X is denoted
by X*, while (-, -) denotes the bilinear form defining the pairing between the two spaces.
The open ball with center x and radius § > O is denoted by Bs(x). If (x,y) € X x Y, we
write B.(x,y) instead of B.((x,y)). The open unit ball is denoted by B with a subscript
indicating the space, e.g., Bx and By+. Symbols R and N stand for the real line and the set
of all positive integers, respectively.

The interior and closure of a set 2 are denoted by int2 and cl €2, respectively. The
distance from a point x € X to a subset 2 C X is defined by d(x, Q) :=inf,cq ||u — x||, and
we use the convention d(x, #) = +o0.
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Given a subset €2 of a normed space X and a point x € €2, the sets (cf. [6, 11])

.-

NEG) = [x* e X*| limsup SoXTX 0}, 2.1)
Qox—X, XF#X ”x _x”

NS @) :={x* e X*|(x*,2) <0 forall zeT§(®)} (2.2)

are the Fréchet and Clarke normal cones to Q at x, where TQc (x) stands for the Clarke
tangent cone to 2 at x:

TEGE) ={z€ X |Vx—%, 5 €Q, ¥4 L0, 3z —> 2
such that x; + 7z € Q forall keN}.

The sets (2.1) and (2.2) are nonempty closed convex cones satisfying N5 (X) C Ng x). IfQ
is a convex set, they reduce to the normal cone in the sense of convex analysis:

No(¥):={x* e X*| (x*,x —x) <0 forall xeQ}.

By convention, we set NZ (¥) = NS (X) ;=0 if X ¢ Q.

A set-valued mapping F : X == Y between two sets X and Y is a mapping, which assigns
toevery x € X a (possibly empty) subset F'(x) of Y. We use the notations gph F' := {(x, y) €
X xY|ye F(x)} and dom F :={x € X | F(x) # (} for the graph and the domain of
F, respectively, and F~!: Y = X for the inverse of F. This inverse (which always exists
with possibly empty values at some y) is defined by F~!'(y) :={x e X |y € F(x)},y €Y.
Obviously dom F~! = F(X).

If X and Y are normed spaces, the Clarke coderivative D*C F(x,y) of F at (x,y) €
gph F is a set-valued mapping defined by

D*F(x,y)(y") :={x" € X* | (x*, =y*) € Nopr(x. )}, y € Y™ (2.3)

Replacing the Clarke normal cone in (2.3) by the Fréchet one, we obtain the definition of
the Fréchet coderivative.

Definition 2.1 (Aubin property) A mapping F : X 2 Y between metric spaces has the
Aubin property at (x, y) € gph F with constant T > 0 if there exists a § > 0 such that

d(y, F(x)) <td(x,x) forall x,x € B;s(x), ye F(x")NBs(). 2.4)

Aubin property (sometimes referred to as the locally Lipschitz-like property) is among
the most widely used properties of set-valued mappings in variational analysis (see, e.g.,
[1, 8,9, 14, 19]). It is known, in particular, to be equivalent to the metric regularity of the
inverse mapping. It also yields estimates for the normals to the graph of the (given) mapping.

Lemma 2.1 Let X and Y be normed spaces, F : X =Y, and (x,y) € gph F.

(1) If F has the Aubin property at (X, y) with constant T > 0, then there is a § > 0 such
that

Il < <ly*Il forall (x,y)€gphFNBs(F,3), (*,y") € Ny p(x,¥).  (2.5)

(ii) IfdimY < 400, then N¥ in the above assertion can be replaced by N€.
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Proof (i) is well known; see, e.g., [14, Theorem 1.43(i)]. (The latter theorem is formulated
in [14] in the Banach space setting, but the proof is valid in arbitrary normed spaces.)

(ii) Suppose dimY < 400, and F has the Aubin property at (x, y) with constant t > 0,
i.e., condition (2.4) is satisfied for some § > 0. Let (x,y) € Bs(x,y) N gph F and
(x*,y*) € NgCPhF(x, y). Take any sequences (xi, yx) € gph F' and # > 0 such that
(xg, y) = (x,y) and # | 0 as k — +-o00. Fix an arbitrary u € X. Without loss of gen-
erality, we can assume that x;, x; + fyu € Bs(x) and y; € Bs(y) for all k € N. By (2.4),
for each k € N, there exists a point y; € F(xx + txu) such that ||y, — yell < v lull.
Set v := (¥, — yk)/tk. Then |lvg|l < t|lul|. Passing to subsequences, we can suppose
that vy — v € Y. Observe that (u, vy) — (4, v) as k — 400, and (xg, yx) + tx (u, v) €
gph F for each k € N. Thus, (u,v) € nghF(x, y), and ||v|| < t||lu||. By the definition
of the Clarke normal cone, we have (x*, u) < — (y*, v) < t|y*|||lu||. Since vector u is
arbitrary, it follows that ||x*|| < t|y*|. O

3 Set-Valued Optimization: A Single Mapping

Let X and Y be normed spaces, Q C X, F: X =2 Y, x € Q and y € F(x). To model the set-
ting of Definition 1.3, we consider a nonempty family E of subsets of Y, and two families of
subsets of X x Y given by (1.1). To emphasize the structure of the pair (1.1), when referring
to the corresponding properties in Definition 1.3, we will talk about extremality/stationarity
of the triple {F, 2, E}.

Definition 3.1 The triple {F, 2, E} is extremal (resp., stationary, approximately stationary)
at (x, y) if the pair (1.1) is extremal (resp., stationary, approximately stationary) at (x, y).

The next proposition is a direct consequence of Definitions 1.3 and 3.1.

Proposition 3.1 The triple {F, 2, E} is

(i) extremal at (x,y) if and only if there is a p € (0, +00] such that, for any € > 0, there
exists an A € B such that d(y, A) < ¢, and

F(QN B,(X)) N AN B,(5) =0 3.1)

(ii) stationary at (x,y) if and only if for any € > 0, there exist a p € (0,¢) and an A € &
such that d(y, A) < ep, and condition (3.1) is satisfied,

(iii) approximately stationary at (x,y) if and only if, for any ¢ > 0, there exist a p €
0,¢), an A € B, and (x1, y1), (x2, ¥2) € B.(x,y) such that d((x1,y1),gph F) < ¢ep,
d(x;, Q) <ep,d(yz, A) < ep, and

F(x1 + (2 —x2) N (pBx)) N (y1 + (A —y2) N (pBy)) = 0.

Remark 3.1 Definition 3.1 gives rather general concepts of extremality/stationarity. In the
particular case when F is single-valued and E :={K + F(x) —y | y € Y} for some subset
K C Y containing 0, thanks to Proposition 3.1 (i), the extremality in the sense of Defini-
tion 3.1 means that there is a p € (0, +-00] and a sequence {y;} C Y such that d(yx, K) — 0
as k — 400, and

F(x)—F(x) ¢ (K —y)N(pB) forall x e QN B,(x) and k € N.

@ Springer



Extremality of Families of Sets and Set-Valued Optimization Page 7 of 18 21

Clearly, d(y, K) — 0 if y; — 0, in which case the above condition becomes a constrained
(on 2) localized (in the image space) version of the (F, K)-optimality in [15, Defini-
tion 5.53]. As commented in [15, p. 70], when K is a convex cone, the latter property covers
the conventional notion of local Pareto optimality as well as local weak Pareto optimality if
intK #0.

The next example illustrates relations between the properties in Definition 3.1.

Example3.1 Let X =Y =Q =R, E:={(—o00,t] |t €R}, and F|, F,, F3, F4, : R =R be
given by

[x+1,400) ifx<-—1,

F :=[0,400) forallx eR, F =
0=l ) g 2(x) {[0,+oo) ifx>—1,

[x, +00) ifx <O,

T2 =
F3(x) :==[—x",4+o0) forallx e R, Fy(x): {[_x2,+oo) if x > 0.

Then O € F;(0) for all i =1, 2, 3, 4. The following assertions hold true:

(1) {Fi,R, E} is extremal at (0, 0) with p = +00;

(i) {F2, R, E}is extremal at (0, 0) with some p € (0, 400) but not with p = +o0;
(iii) {F3,R, E} is stationary but not extremal at (0, 0);
(iv) {F4, R, B} is approximately stationary at (0, 0) but not stationary at (0, 0).

The assertions are straightforward. We only prove assertion (iv). Let ¢ € (0, 1). Choose
any p € (0,¢) and ¢ € (ep, p). Then —t € pBr, —t € F4(—t) and —t € A for any A :=
(=00, —n] € E with d(0, A) < gp (i.e., for any n < ep). By Proposition 3.1 (ii), { F4, R, E}
is not stationary at (0, 0).

Let & > 0. Choose a p € (0, min{e, 1}/3) and points (x1, y;) := (p, —p?) € gph F4 N
(eBg2), x, :=0 € eBg, y, := 0 € eBg. Observe that A := (—o0, —3p?%] € B satisfies
d(0, A) < ep. Then

Fy(x; + (pBR)) = F4(0,2p) = (—4p?, +00),
yi+ (A=) N (pBr) = —p* + (—p, =3p°] = (—p* — p, —4p°],

and consequently, Fy(x; + (pBr)) N (y1 + (A — y2) N (pBr)) = @. By Proposition 3.1 (iii),
{F4, R, B} is approximately stationary at (0, 0).

The following example shows that the family of sets E plays an important role in deter-
mining the properties.

Example3.2 Let X =Y = Q:=Rand F : R = R be given by

{x+/2} if x is rational,
F(x) = .
{x} otherwise.

Then 0 € F(0).

Let B := {(—o0,t] | t € R} and ¢ € (0, 1). Choose any p € (0, ¢), (x1,y1) € gph F,
x €R, y, € (—¢,0] and A := (—o00, —t] € E with d(y,, A) < ¢p (i.e., t <ep — y,). Then
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X1+ (Q—=x)N(pBx) = By(x1), A — y, = (—00, —7], where 7 := y, +t < ¢p, and con-
sequently, y; + (A — y2) N (pBy) D (y1 — p, y1 — &p). We next show that F(B,(x;)) N
(y1 — p, y1 — ep) # O. If x; is rational, then y; = xlﬁ, and choosing a rational number
£ e —p/vV2,x1—8p/v2) CB,(x1), we get § ;=22 € F(R) N (y1 — p. y1 —&p). If x;
is irrational, then y; = x;, and choosing an irrational number X € (x; — p, x; —&p) C B,(x1),
we get y:=x € F(X)N(y; — p, y1 — €p). By Proposition 3.1 (iii), {F, R, E} is not approx-
imately stationary at (0, 0).

Let E := {{—1/n} | n € N}. Since F(R) only contains irrational numbers, we have
F(R) N A =0 for all A e E. By Proposition 3.1 (i), {F, R, E} is extremal at (0, 0) (with
p = +00).

Application of Theorem 1.1 yields necessary conditions for approximate stationarity and,
hence, also stationarity and extremality.

Theorem 3.1 Let X and Y be Banach spaces, the sets Q, gph F and all members of & be
closed. If the triple {F, 2, B} is approximately stationary at (X, y), then, for any ¢ > 0,
there exist (x1,y1) € gph F N B.(x,y), x, € QN B.(x), A€ &, y, € AN B.(Y), (x,y)) €
NnghF(xl, Y1), x5 € Ng (x2) and y; € Ng(yz) such that

IGes yD) + Gyl <eand  (ep, yDI + 1Lyl =1

If X and Y are Asplund, then N in the above assertion can be replaced by NF .

The normalization condition ||(x¥, y})|l + |I(x5, ¥5)|| = 1 in Theorem 3.1 ensures that
normal vectors (x{, y;) to gph F' remain sufficiently large when ¢ | 0, i.e., x{ and y{ cannot
go to 0 simultaneously. The case when vectors y;j are bounded away from O (hence, one can
assume ||y{|| = 1) is of special interest as it leads to a proper multiplier rule. A closer look
at the alternative: either y| are bounded away from 0 as ¢ | 0, or they are not (hence, vectors
x{ remain large), allows one to formulate the following consequence of Theorem 3.1.

Corollary 3.1 Let X and Y be Banach spaces, the sets 2, gph F and all members of E be
closed. If the triple { F, 2, B} is approximately stationary at (X, y), then one of the following
assertions holds true:

(1) there is an M > O such that, for any € > 0, there exist (x1,y;) € gph F N B.(x, y),
X €N B,(X), A€ B, y, € AN B.(y), and y* € Nf(yz) + eBy+ such that ||y*|| =1
and

0€ D*CF(xy. y)(y") + NS (x2) N (MByx-) + By (32)

(ii) for any & > 0, there exist (x1,y1) € gphF N B.(X,y), x» € N B.(x), x{ €
D*CF(x1, y1)(eBy+) and x} € Ng(xz) such that ||x{ + x| < e and ||x{|| + [|Ix5]| = 1.

If X and Y are Asplund, then N€ and D*C in the above assertions can be replaced by
NF and D*F, respectively.

Proof Let the triple {F, 2, E} be approximately stationary at (¥, y). By Theorem 3.1,
for any j € N, there exist (x;;,y1;) € gphF N By;(X,¥), x2; € & N Byj(x), Aj € E,
2j € Aj N B (3), (%75, V1)) € N p (X175 15), X35 € NG (x25) and y3; € N/fj(yzj) such
that [|(x7, ¥i I+ 1630 30 = T and 10, v5) + (63 v )1l < 1/j. We consider two
cases.
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Case 1. limsupjﬁJroo ||y;‘j|| > o > 0. Note that « < 1. Set M := 1/«a. Let ¢ > 0.
Choose a number j € N so that j~! < ae and IIyTjII > a. Set x| 1= X1, Y1 = Y1,
X2 =25, A=Ay, yoi=yo5, yOi= =y /L X7 = xq /1L x5 = x5 /1y I and
¥ = 3;/Ily7;ll. Then (x1, y1) € gphF N Bo(X,y), x2 € QN Be(X), y2 € AN Be(Y),
xi € D*F(x1, y)(y*), x5 € NS (x2), Iy*l =1, y5 € N{ (), lIx3]| < 1/a = M. Further-
more, [[y* — y3ll = Iy§; + v3; /1551 < 1/(@)) < e, hence, y* € NS(y2) + eBys: and
lxf + x50l = ||xfj + xé‘j||/||yfj | < 1/(ej) < ¢, hence, condition (3.2) is satisfied. Thus,
assertion (i) holds true.

Case 2. lim;_, 1 ||y;‘j|| = 0. Then y;‘j — 0, x;‘j +x§‘j —0and 1> ||x;‘j|| + ||x;‘j|| —
1 as j — 4o00. Let ¢ > 0. Choose a number j € N so that ||x?‘j Il + llx3;1l > 0 and
max{j = Iy 1 g 4+ x5 1/ 1+ 1155 1D < e Set xi = x1j, yii= yij, X2 1= xa,
xp o=y /g 1+l 1) and x5 2= 3, /(1 |+ [ 1D Then (xi. y1) € gph F N Bo (3, 3),
X2 € QOB (), x7 € DCF (x1, y)(By+), x5 € N§ (o). x4 x5l = 1, and [lxf +x5] <
e. Thus, assertion (ii) holds true.

If X and Y are Asplund, then N and D*C in the above arguments can be replaced by
NF and D*F, respectively. O

Remark 3.2 (i) Part (i) of Corollary 3.1 gives a kind of fuzzy multiplier rule with y* play-
ing the role of the vector of multipliers. If F is single-valued and Lipschitz continuous
around X, then D*F(x, F(x))(y*) = dF (y*, F)(x;) for all y* € Y* and all x, suffi-
ciently close to x (see, e.g., [14, Theorem 1.90]). If, additionally, 2 = X, the Asplund
space version of condition (3.2) becomes 0 € 97 (y*, F)(x;) + eBy-.

(ii) Part (ii) corresponds to ‘singular’ behaviour of F on 2. It involves ‘horizontal’ normals
to the graph of F; the y* component vanishes, and consequently, E plays no role.

The following condition is the negation of the condition in Corollary 3.1 (ii).

(QC)c¢ thereis an & > 0 such that ||x] + x3|| > ¢ for all (x1, y;) € gph F N B.(x,y),
X2 € QN B(%), xf € D*F(xy,y1)(eBy«) and xj € N§(x2)) such that ||x}| +
X3l =1.

It excludes the singular behavior mentioned in Remark 3.2 (ii) and serves as a qualification
condition ensuring that only the condition in part (i) of Corollary 3.1 is possible. We denote
by (QC) the analogue of (QC)¢ with N¥ and D*F in place of N¢ and D*C, respectively.

Corollary 3.2 Let X and Y be Banach spaces, 2, gph F and all members of B be closed.
Suppose that the triple {F, 2, B} is approximately stationary at (x, y). If condition (QC)c¢
is satisfied, then assertion (i) in Corollary 3.1 holds true.

If X and Y are Asplund and condition (QC)r is satisfied, then assertion (i) in Corol-
lary 3.1 holds true with N¥ and D*F in place of N and D*C, respectively.

The next proposition provides two typical sufficient conditions for the fulfillment of con-
ditions (QC)¢ and (QC)F.
Proposition 3.2 Let X and Y be normed spaces.

(1) If F has the Aubin property at (X, y), then (QC)r is satisfied. If, additionally, dimY <
400, then (QC)c is satisfied too.
(i) If x € int 2, then both (QC)c¢ and (QC)F are satisfied.
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Proof (i) If F has the Aubin property at (x, y), then, by Lemma 2.1, condition (2.5) is
satisfied with some 7 > 0 and § > 0, and, if dimY < +o00, then the latter condition is
also satisfied with N€ in place of N¥. Hence, (QC)r is satisfied with & := 1/(27 + 1),
as well as (QC)¢ if dimY < +o0. Indeed, if (xi,y;) € gph F N Bs(x,y) and x| €
D*F (x1, y1)(y}) (where D* stands for either D*C or D*F), x5 € X*, ||x}|| + llx5]| = 1
and [yl <e, then |lx{ + x5 || > [x3 ]| — lIx{[| =1 =2[x{l| > 1 —2re =e.

(i) If ¥ €intQ, then NS (x2) = N& (x2) = {0} for all x, near X, and consequently, for any
normal vector x3 to € at x, and any x; € X*, condition ||x} || 4 [lx5 || =1 yields ||x] +
x3|l = 1. Hence, both (QC)¢ and (QC)F are satisfied with any sufficiently smalle. [

As a consequence of Corollary 3.1, we obtain dual necessary conditions for the (local)
Pareto optimality covering [20, Theorems 3.1 and 4.1], [21, Corollary 3.1] and [17, Propo-
sition 5.1].

Corollary 3.3 Let X and Y be Banach spaces, Q2 and gph F be closed. If (x,y) is a (local)
Pareto solution to (P) with respect to a nontrivial pointed closed convex cone K C Y, then
either there is an M > 0 such that, for any ¢ > 0, there exist (x1,y;) € gphF N B.(x, y),
X, € QN Be(x), and y* € Y* such that (y*,y) >0 forally e K, ||y*|| =1, and

0€ D*F(x1, y)(y* + eBy+) + NS (x2) N (MBx+) + eBy-,

or assertion (ii) in Corollary 3.1 holds true.
If X and Y are Asplund, then N€ and D*C in the above assertion can be replaced by N*
and D*F, respectively.

Proof (Sketch) Set E :={K +y—y | y € Y} and observe that the conditions in Definition 1.1
ensure that the triple {F, 2, E} is approximately stationary at (x, y). Deducing the conclu-
sion from Corollary 3.1 requires straightforward renorming of the involved dual vectors. [

Remark 3.3 In view of Proposition 3.2 (ii), if x € int€2, then only the first alternative in
Corollary 3.3 is possible; cf. [20, Theorems 3.1 and 4.1].

The next example illustrates the verification of the necessary conditions for approximate
stationarity in Corollaries 3.1 and 3.2 for the triple {Fy, 2, E}, where Fj is defined in Ex-
ample 3.1.

Example 3.3 Let X =Y = Q:=R, and F; and E be as in Example 3.1. Thus, the triple
{Fy, 2, B} is approximately stationary at (x, y), and the conclusions of Corollary 3.1 must
hold true. Moreover, the assumptions in both parts of Proposition 3.2 are satisfied, and con-
sequently, condition (QC) ¢ holds true. By Corollary 3.2, assertion (i) in Corollary 3.1 holds
true with N and D*F in place of N€ and D*C, respectively. We now verify this assertion.

Let M >0 and ¢ > 0. Choose a ¢ € (0, min{g, 1}). Set (x1,y;) 1= (¢/2, —t?/4) €
gph Fy N (eBR2), x, :=0€ QN (¢Br), A :=(—o0,—t] € &, y, := —t € AN (¢Bgr) and
y*:=1. Thus, Ng(xz) = {0}, y* € N/f(yz) and D*F F4(x1, y;)(y*) = {—t}. Hence,

D*F Fy(x1, y)(5*) + N (x2) N (MBg) = {—t} € eBg,

i.e., assertion (i) in Corollary 3.1 holds true (in terms of Fréchet normals and coderivatives).
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4 Abstract Level-Set Mapping

We now consider a particular case of the model in Sect. 3 when the family E is determined
by an abstract level-set mapping L : Y = Y. The latter mapping defines a preference relation
<onY:v<yifandonlyifve L(y);see,e.g., [10, p. 67].

Given a point y € Y, we employ below the following notations:

L°(y):=LM\{y}, L ():=LU{y} 4.1

Certain requirements are usually imposed on L in order to make the corresponding pref-
erence relation meaningful in optimization and applications; see, e.g., [10, 15, 17, 23]. In
this section, we discuss the following properties of L at or near the reference point y:

(Ol liminf d(y,L(y))=0;
Le(y)ay—y

(02) y eclL®(y);

(03) y ¢ L(y);

(O4) y eclL(y) forall y near y;

(05) ifye L°(y) and v e cl L(y), then v € L°(y);
(06) if ye L(y) and v e cl L(y), then v € L(y).

Some characterizations of the properties and relations between them are collected in the
next proposition.

Proposition 4.1 Let L : Y = Y, L° be given by (4.1), and y € Y. The following assertions
hold true.

O O e {yeY|dy,L(y)) <elNL°(y) N B:(y)#0 forall e > 0.
>ii) (O1) = (02).
(iii) (03) & [L(y)=L°(y)].
@iv) (02) & (04) = (O1).
v) (03) & (04) = (02).
(vi) (03) = [(O5) & (06)].

Proof (i) (O1) & infycrog)nB.»d(y, L(y)) =0 for any ¢ > 0 = for any & > 0,
there is a y € L°(y) N B.(y) such that d(y, L(y)) < . This proves the ‘=’ im-
plication. Conversely, let § := infyc;o5)ns, ) d(y, L(y)) > 0 for some & > 0. Then
{yeY|d(,L(y)) <8§NL°(y)NB:(y) =0, and consequently, {y € Y | d(y, L(y)) <
&'}NL°(y) N By (¥) =@, where ¢’ := min{e, §}. The implication ‘<=’ follows.

(i1) (O1) = there exists a sequence {y;} C L°(y) with y; > y <& (02).

(iii) The assertion is a consequence of the definition of L° in (4.1).

(iv) Suppose conditions (02) and (O4) are satisfied. Let & > 0. Thanks to (04), we
can choose a £ € (0, ¢) such that y e clL(y) for all y € B:(y). If y € B:(y), then
d(y, L) =d@,clL(y) < lly — ¥l <§. Thus, Be(y) C{y €Y |d(}y,L(y) <&}
Thanks to (02), we have

{yeY [d(y,L(y) <e}NL(¥)NB(Y) DL(Y) N Be(y) # V.
Since ¢ is an arbitrary positive number, in view of (i), this proves (O1).

(v) (04) = y eclL(y). The conclusion follows thanks to (iii).
(vi) The assertion is a consequence of (iii). O
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Remark 4.1 Properties (04) and (O6) are components of the definition of closed preference
relation (see [15, Definition 5.55], [2, p. 583], [10, p. 68]) widely used in vector and set-
valued optimization. They are called, respectively, local satiation (around y) and almost
transitivity. Note that the latter property is actually stronger than the conventional transi-
tivity. It is not satisfied for the preference defined by the lexicographical order (see [15,
Example 5.57]) and some other natural preference relations important in vector optimiza-
tion and its applications including those to welfare economics (see [10, Sect. 15.3]). Closed
preference relations are additionally assumed in [2, 10, 15] to be nonreflexive, thus, satis-
fying, in particular, property (O3). In view of Proposition 4.1, if a preference relation satis-
fies properties (03), (0O4) and (06), it also satisfies properties (O1), (02) and (O5). In this
section, we employ the weaker properties (O1) and (O5), which are satisfied by most con-
ventional and many other preference relations. This makes our model applicable to a wider
range of multiobjective and set-valued optimization problems compared to those studied in
[2, 10, 15].

The next proposition addresses some reasonably conventional settings.

Proposition 4.2 Let L(y) :=y — K for some K CY and all y € Y. Let y € Y. Denote
K°:= K\ {0}, K~ := K U{0}. Suppose that 0 € cl K°. Then

) L°(y)=y—K°and L~ (y)=y— K~ forallyeY,
(ii) properties (O1), (0O2) and (O4) are satisfied,
>iii) if 0 ¢ K, then property (O3) is satisfied,
(iv) if K is an open convex cone and K # Y, then K° = K and properties (O5) and (06)
are satisfied,
(v) if K is a closed convex cone, then K~ = K and property (06) is satisfied.

Proof (i) is obvious.

(i) Let yy € L°(y) (keN)and y, - yask — 400. By (i), cx :=y — % € K (k € N) and
¢ — 0 as k - +oo. Then v, := yy — ¢ € L(y) (k € N) and vy — y as k — +o00.
This proves (O1). Since 0 € cl K°, it follows from (i) that y € cl L°(y). This proves
(02). By the assumption, 0 € cl K, and consequently, y € y — cl K =cl L(y) for all
y € Y. Property (O4) follows.

(iii) is a consequence of (i).

(iv) Let K be an open convex cone and K # Y. Then 0 ¢ K, and consequently, K° = K. If
yeLlL’(y)andveclL(y),theny—ye Kandy—veclK;hence,y—veK+clK =
K =K°ie,velL°(y)=L(y).

(v) Let K be a closed convex cone. Then 0 € K, and consequently, K~ = K. If y € L(y)
and veclL(y),theny —ye K and y —ve K; hence, y—ve K+ K=K, ie,
veL(®). O

Corollary 4.1 Let K be a nontrivial open convex cone, and L(y) :=y — K forall y €Y. Let
y € Y. Then properties (O1)-(06) are satisfied.

The next two examples illustrate some characterizations of the level-set mapping.

Example 4.1 Let L(y):={y} forall y € Y. Then L°(y) = {. Thus, properties (O4) and (O5)
are obviously satisfied, while properties (O1) and (O2) are violated.
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Example 4.2 Let L : R? = R be defined by

{(vi,v2) €R? [ vy < y1, va <y} if (y1, 2) # (0, 0),

L(yl B y2) = {{(0’ 0)} otherwise.

Let y := (0,0). Then L°(y1, y2) = L(y1, y2) if (y1,y2) #y and L°(y) = @. As in Exam-
ple 4.1, properties (O4) and (O5) are satisfied, while properties (O1) and (O2) are violated.

Given a level-set mapping L, a point y € Y and a number § > 0, we are going to employ
in our model the ‘localized’ family of sets

B’ :={clL(y)| y € L (}) N Bs(M)}. 4.2)

Note that members of E° are not simply translations (deformations) of the fixed set L(7)
(or L°(y)); they are defined by sets L(y) where y does not have to be equal to y.

Remark 4.2 Given a set K containing 0 one can naturally define the level-set mapping by
L(y)=y+ K forall y € Y. Then (4.2) defines the family of perturbations as the traditional
collection of translations of c1 K, i.e., E® ={y+ 3y +clK | y € K N (§B)}.

In the current setting, the properties in Proposition 3.1 take the following form.

Proposition 4.3 Let § > 0, and E? be given by (4.2). The triple {F, 2, B%} is

(1) extremal at (x,y) if and only if there is a p € (0, +00] such that, for any € > 0, there
existsa'y € L™ (y) N Bs(y) such that d(y, L(y)) < &, and

F(QN B,(X)) NclL(y) N B,(3) = &; 4.3)

(ii) stationary at (x,y) if and only if, for any € > 0, there exist a p € (0,¢) and a y €
L= (y) N Bs(y) such that d(y, L(y)) < ep, and condition (4.3) is satisfied,

(iii) approximately stationary at (x, y) if and only if, for any € > 0, there exista p € (0, ¢€),a
y € L7() N Bs(y), and (x1, y1), (X2, y2) € Bo(x,y) such that d((xy, y1), gph F) < gp,
d(x2, Q) < ep,d(y2, L(y)) < ep, and

Fx) 4+ (Q—x2) N (pBx)) N (y1 + (clL(y) — y2) N (pBy)) = 0.

The statements of Theorem 3.1 and its corollaries can be easily adjusted to the current
setting. For instance, Corollary 3.2 can be reformulated as follows.

Corollary 4.2 Let X and Y be Banach spaces, 2 and gph F be closed, x € 2,y € F(x),§ >
0, and Z% be given by (4.2). Suppose condition (QC)c is satisfied. If the triple {F, Q, B%)
is approximately stationary at (X, y), then there is an M > O such that, for any &€ > 0, there
exist (x1, y1) € gph F N B, (%, 7), x> € QN B, (%), y € L~(5) N By (3), y2 € Al L(y) N B.(F),
and y* € NSL(},) (y2) + By« such that || y*|| = 1, and condition (3.2) holds true.

If X is Asplund and condition (QC)F is satisfied, then the above assertion holds true
with N¥ and D*F in place of N¢ and D*C, respectively.

The properties in Definition 3.1 are rather general. They cover various optimality and

stationarity concepts in vector and set-valued optimization. With €2, F' and L as above, and
points X € Q and y € F(x), the next definition seems reasonable.
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Definition 4.1 The point (X, ¥) is extremal for F on < if there is a p € (0, +00] such that
FQNB,(x))NL°(y)NB,(y) =0. 4.4)

Definition 4.1 covers both local (p < +00) and global (p = +00) extremality. The above
concept is applicable, in particular, to solutions of the set-valued minimization problem (P),
and the conventional Pareto optimality implies the extremality in the sense of Definition 4.1.
Indeed, if (x, y) is a (local) Pareto solution to (P) with respect to a nontrivial pointed convex
cone K C Y, then, by Definition 1.1, there is a p € (0, +00] such that F(2 N B,(x)) N
L°(y) =0, where L°(y) := (y — K) \ {y}. The latter condition obviously implies condition
(4.4). Hence, (x, y) is an extremal point for F" on .

Remark 4.3 (i) The concept in Definition 4.1 is broader than just (local) minimality as
F' is not assumed to be an objective mapping of an optimization problem. It can, for
instance, be involved in modeling constraints.

(i) The property in Definition 4.1 is similar to the one in the definition of fully localized
minimizer in [3, Definition 3.1] (see also [10, p. 68]). The latter definition uses the
larger set cl L(y) \ {y} in place of L°(y) in (4.4). Unlike many solution concepts in
vector optimization, the above definition involves “image localization” (hence, is in
general weaker). It has proved to be useful when studying locally optimal allocations
of welfare economics; cf. [3, 10].

We next show that, under some mild assumptions on the level-set mapping L, the ex-
tremality in the sense of Definition 4.1 can be treated in the framework of the extremality in
the sense of Definition 3.1 (or its characterization in Proposition 4.3 (i)).

Proposition 4.4 Let X € Q,y € F(X), § > 0, and E® be given by (4.2). Suppose L satisfies
conditions (O1) and (05). If (X, ) is extremal for F on Q, then the triple {F, 2, 8%} is
extremal at (X, y).

Proof In view of (O1), it follows from Proposition 4.1 (i) that
{yeY|d»,L(y)) <e}NL(y)NB:(y) #0 forall ¢ > 0. 4.5)

Suppose {F, 2, 8%} is not extremal at (X, ¥). Let p € (0, +-00]. By Proposition 4.3 (i), there
exists an € > 0 such that, for any y € L= (y) N Bs(y) with d(y, L(y)) < &, it holds

F(QN B,(X)) NclL(y) N B,(3) # 0. (4.6)

In view of (4.5), there is a point y € L°(y) N Bs(y) C L™ (y) N Bs(y) with d(y, L(y)) < &,
and we can choose a point y belonging to the set in (4.6). Thus, y € L°(y) and y € cl L(y).
Thanks to (O5), we have y € L°(y), and consequently, § € F(2N B,(¥)) N L°(¥) N B,(y).
Since p € (0, +o0] is arbitrary, (x, y) is not extremal for F on 2. U

Thanks to Proposition 4.4, if the level-set mapping L satisfies conditions (O1) and (O5),
then extremal points of problem (P) satisfy the necessary conditions in Theorem 3.1 and its

corollaries. In particular, the next statement holds true.

Corollary 4.3 Let X and Y be Banach spaces, 2 and gph F be closed, x € 2,y € F(x), and
8 > 0. Suppose that condition (QC)c is satisfied as well as conditions (O1) and (O5) for

@ Springer



Extremality of Families of Sets and Set-Valued Optimization Page 15 0f 18 21

some mapping L :Y 3 Y. If (x, y) is extremal for F on 2, then there is an M > 0 such that,
for any e > 0, there exist (x1,y1) € gphF N B:(x,y), x2 € QN B.(x), y € L~ (y) N Bs(y),
ya €clL(y) N B:(y), and y* € Nguy)(yz) + eBy« such that ||y*|| = 1, and condition (3.2)
holds true.

If X is Asplund and condition (QC)F is satisfied, then the above assertion holds true
with N¥ and D*F in place of N¢ and D*C, respectively.

5 Set-Valued Optimization: Multiple Mappings

It is not difficult to upgrade the model used in Definition 3.1 and the subsequent statements to
make it directly applicable to constraint optimization problems: instead of a single mapping
F:X =Y with y € F(x) for some X € 2 C X and a single family E of subsets of Y, one
can consider finite collections of mappings F; : X =3 Y; between normed spaces together
with points y; € F;(x), and nonempty families E; of subsetsof ¥; (i =1, ..., n).

This more general setting can be viewed as a structured particular case of the set-valued
optimization model considered in Sect. 3 if one sets

-

Y=Y x---xY,, F:=(UF,....F), y=0Q1,....,y,) and E:=E; X---X E,.

Thus, y € F(x), and A € E means that A= A; x --- x A, and A; € E; (i =1,...,n).
To shorten the notation, we keep talking in this section about extremality/stationarity of the
triple {F, 2, E} at (x, y).

Definition 5.1 The triple {F, 2, E} is extremal (resp., stationary, approximately stationary)
at (x, y) if the collection of n + 1 families of sets:

o)

;={Q} G=1,...,n) and E,, :={QxA|AcE}.

is extremal (resp., stationary, approximately stationary) at (x, y), where Q; := {(x, y1, ...,
WEX XY x---xY, lyie ()} (=1,...,n).

With the notation introduced above, Definitions 1.3 and 5.1 lead to characterizations of
the extremality and stationarity of the triple {F', 2, E} given in parts (i) and (ii) of Proposi-
tion 3.1. The corresponding characterization of the approximate stationarity is a little differ-
ent. It is formulated in the next proposition.

Proposition 5.1 The triple {F, 2, E} is approximately stationary at (x, y) if and only if, for
any ¢ > 0, there exista p € (0,¢), A; € E; (i=1,...,n),x; €B.(x) i=1,...,n+1),
and y;,v; € B.(y;) (i =1,...,n) such that d((x;,y;),gph F;) < ¢ep, d(v;, A;) <ep (i =
I,...,n), d(x,41,2) < €p and, for each x € QN By (x,41), there is ani € {1, ...,n} such
that

Fi(xi +x — X0 N (i + (A; — v1) N (pBy)) = 0.
Application of Theorem 1.1 in the current setting produces necessary conditions for ap-

proximate stationarity and, hence, also stationarity and extremality extending Theorem 3.1
and its corollaries. Condition (QC)¢ can be extended as follows:
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(Qz‘)c there is an & > 0 such that H Zf;“,l x; || > ¢ for all (x;,y;) € gph F; N B.(x,y;),

X € D*F(xi, y)(eByy) (i = 1,...,n), Xyp1 € QN Bo(X) and x77,; € NS (ug1)
such that Ztll lxII=1,

1

while the corrgs\ponding extension ( ét‘)  of condition (QC)p is obtained by replacing N¢
and D*C in (QC)¢ by N¥ and D*F, respectively. An extension of Corollary 4.2 takes the
following form.

Theorem 5.1 Let X, Yy,...,Y, be Banach spaces, Q2 and, for each i =1, ..., n, the graph
gph F; and all members of E; be closed. Suppose {F, 2, E} is approximately stationary at
(x, ¥). If condition (QC)¢ is satisfied, then there is an M > 0 such that, for any & > 0,
there exist (X,‘,y,*) S gphE N Bg()z,)_l,'), Al‘ S E,‘, V; € A,‘ N Ba(y,‘), yl* S Ng[ (U,‘) + SByi*
(i=1,...,n),and x,41 € 2N B.(x) such that y__, ||y} =1 and

0€ Y D*Fi(xi, y)(37) + N§ (y1) N (MBy+) + eBye.
i=1

If X is Asplund and condition (Q?) F Is satisfied, then the above assertion holds true
with N¥ and D*F in place of N€ and D*C, respectively.

Remark 5.1 (i) Proposition 3.2 (with F = (F1, ..., F,Q\in part (i))/&ives two typical suffi-
cient conditions for the fulfillment of conditions (QC)¢ and (QC)F.

(i) Theorem 5.1 covers [21, Theorems 3.1 and 3.2]. In view of the previous item, it also
covers [21, Corollary 3.2].

(iii) Theorem 5.1 is a consequence of the dual necessary conditions for approximate sta-
tionarity of a collection of sets in Theorem 1.1. The latter theorem can be extended to
cover a more general quantitative notion of approximate «-stationarity (with a fixed
o > 0), leading to corresponding extensions of Theorem 5.1 and its corollaries cov-
ering, in particular, dual conditions for e-Pareto optimality in [22, Theorems 4.3 and
4.5].

Employing the multiple-mapping model studied in this section, one can consider a more
general than (P) optimization problem with set-valued constraints:

minimize Fy(x) subjectto F;(x)NK;#0(@=1,...,n), x €, P)

where F; : X =2 Y; (i =0,...,n) are mappings between normed spaces, 2 C X, K; C Y;
(i=1,...,n),and Y, is equipped with a level-set mapping L. The “functional” constraints
in (P) can model a system of equalities and inequalities as well as more general operator-
type constraints.

Using the set of admissible solutions

Q=xeQ|FO)NK;#0,i=1,....n},

we say that (x, y9) € X x Yj is an extremal point of problem (P) if it is extremal for Fy
on . This means, in particular, that x € Q, yo € Fy(x), and there exist y; € F;(x) N K;
i=1,...,n).

We are going to employ the model studied in the first part of this section with n+ 1 objects
in place of n. There are n + 1 mappings Fy, ..., F, and n sets Ky, ..., K, in (P). Asin (4.2),
we define E) := {cI L(y) | y € Ls(50)} (8 > 0), where Ls(Fo) = (L(50) N Bs(7)) U (7}. Now,
set

Y=Yyx---xY,, F:=(UF,....,F), y:==00,...,y,) and
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[

::ngKl X x K.
Using the same arguments, one can prove the next extension of Proposition 4.4.

Proposition 5.2 Let x € Q, yo € Fo(x), yi e F(x)NK; (i=1,...,n),8>0,and F, y
and B? be defined as above. Suppose L satisfies conditions (01) and (05). If (X, 3o) is an
extremal point of problem (P), then {F, 2, 8% is extremal at (%, y).

Condition (é?)c in the current setting is reformulated as follows:

(QE‘)’C there is an ¢ > 0 such that || Z:’iol x} || > ¢ for all (x;,y;) € gph F; N B.(x,y;),
xf € D*Fi(xi, y)(eBy) (i =0,....n), X1 € QN Bo(X) and x7',; € N§ (xs1)
such that Z'fiol x| =1,

1

while the corresponding reformulation ( ét')/F of condition ( ét‘) F is obtained by replacing
N€ and D*C in (QC), by N' and D*F, respectively. In view of Proposition 5.2, Theo-
rem 5.1 yields the following statement.

Corollary 5.1 Let X, Yy, ..., Y, be Banach spaces, the sets 2, gph F; (i =0,...,n) and
K; (i =1,...,n) be closed, and § > 0. Suppose L satisfies conditions (O1) and (OS5). If
(x, Yo) is an extremal point of problem (P) and condition (@2‘)% is satisfied, then there is an
M > 0 such that, for any € > 0, there exist (x;,y;) € gph F;NB:(x,y;) (i =0,...,n), X4 €
QN B.(X), y € Bs(30), vo € cLL(y) N B:(30), ¥5 € NG 1,y (v0) + By, v; € K; N Be(3;) and
yie NI% W) +¢eByr (i =1,...,n) such that )]_, ||y || =1 and

0€ Y D*F(xi, y)(3) + NG (tni1) N (MBye) + By
i=0

If X is Asplund and condition @E)/F is satisfied, then the above assertion holds true
with N¥ and D*F in place of N¢ and D*C, respectively.
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