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Abstract

We study fully-discrete approximations and quadratures of infinite-variate functions in
abstract Bochner spaces associated with a Hilbert space X and an infinite-tensor-product
Jacobi measure. For target infinite-variate functions taking values in X which admit ab-
solutely convergent Jacobi generalized polynomial chaos expansions, with suitable weighted
summability conditions for the coefficient sequences, we generalize and improve prior re-
sults on construction of sequences of finite sparse-grid tensor-product polynomial interpo-
lation approximations and quadratures, based on the univariate Chebyshev points. For a
generic stable discretization of X in terms of a dense sequence (V},),en of finite-dimensional
subspaces, we obtain fully-discrete, linear approximations in terms of so-called sparse-grid
tensor-product projectors, with convergence rates of approximations as well as of sparse-grid
tensor-product quadratures of the target functions.

We verify the abstract assumptions in two fundamental application settings: first, a linear
elliptic diffusion equation with affine-parametric coefficients and second, abstract holomor-
phic maps between separable Hilbert spaces with affine-parametric input data encoding. For
these settings, as in [37, 20], cancellation of anti-symmetric terms in ultra-spherical Jacobi
generalized polynomial chaos expansion coefficients implies crucially improved convergence
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rates of sparse-grid tensor-product quadrature with respect to the infinite-tensor-product
Jacobi weight, free from the “curse-of-dimension”.

Largely self-contained proofs of all results are developed. Approximation convergence rate
results in the present setting which are based on construction of neural network surrogates,
for unbounded parameter ranges with Gaussian measures, will be developed in extensions of
the present work.

1 Introduction

Recent years have seen development of numerical analysis and “high-dimensional” approxi-
mation, i.e., of functions depending on a large, possibly, infinite number of variables. These
arise, in connection with PDEs with uncertain input data from function spaces. Upon rep-
resenting such input data in suitable bases, for example Fourier-, Wavelet- or Frames (see,
e.g., [34] for a lucid presentation of constructions of concrete representation systems in a
wide range of function spaces), the solutions of the PDE become infinite-parametric maps
which, in turn, take values in target Hilbert- or Banach spaces X.

Parsimonious numerical approximation of such maps by finite-parametric surrogates re-
quires, as a rule, dimension-explicit parametric reqularity combined with hierarchic, multi-
level approzimation in the target function spaces. One central issue in approximation rate es-
timates is the so-called “curse of dimensionality” (CoD). For infinite-parametric maps which
result from holomorphic maps between function spaces, it has been shown in recent years,
starting with [33, 15, 16, 13], that the CoD can be overcome. The key mathematical insight
in these works were suitable summability results in coefficient sequences of generalized poly-
nomial chaos (GPC) expansions of the parametric solution families. Summability, in turn,
gives rise to N-term approximation rate bounds via Stechkin’s lemma. GPC summability
results provide existence of finite-parametric approximations of the parametric solutions in
function space X, but are, generally, not constructive.

Subsequently, constructive versions of GPC' approzimations with N-term approximation
rates have been developed in the past decade, for example in [35, 19, 20, 37, 23, 1, 22, 25]
and the references there. Related results addressing numerical quadrature with respect to
probability measures on the coordinate sequence spaces have been developed in [29, 37]:
there, convergence rates of the sparse-grid quadratures for semi-discrete (i.e. assuming exact
evaluations of the function values) setting, for quadrature w.r. to tensor products of the
uniform probability measure on (—1,1). A unified mathematical derivation of constructive
interpolation approximation and numerical integration with spatial discretization in the tar-
get space X of affine-parametric and, more generally, holomorphic maps between function
spaces is the purpose of the present paper.

1.1 Existing results

In the semi-discrete setting (i.e. without discretization in X) and for integration against
tensor products of the uniform measure, in [37] and later in [20, 23], approximation rate
bounds were developed. By exploiting symmetry properties of the uniform measure on
(—1,1), cancellations of anti-symmetric moments in the Bochner integrals over generalized
polynomial chaos (for sort GPC) surrogates were shown in [37] to imply higher convergence
rates of the corresponding Smolyak quadratures. The general (non-symmetric) case, still
semi-discrete, for numerical approximation of the integral versus the product Jacobi measure
ta,p Was analyzed in [35, Thm. 3.1.6] and [20, Corollary 6.1], in the semi-discrete case.

Results on fully-discrete approximations were developed in [4], [35, Sec. 3.2] for a Galerkin
method, and [20, Thms. 6.1, 6.2]. Results on fully-discrete polynomial interpolations and
quadratures were obtained, among others, in [35, 36, 19, 23]. Semi-discrete least-squares ap-
proximations, i.e., without discretization of the GPC coefficients, for parametric PDEs have
been studied in [9, 12, 17], whereas full-discrete least-squares approximations are analyzed
for example in [22].



Adcock et al. address in [2] the approximation rate analysis of infinite-parametric, holo-
morphic functions, again in a semi-discrete setting (i.e., the coefficients in the approximation
are assumed to take values in Hilbert- or Banach spaces X). Algorithmic aspects of localiz-
ing, for a given budget of N GPC terms, set of at most N multi-indices are addressed in [1].
Bachmayr et al. in [6] address parametric analyticity of solution families of affine-parametric,
linear diffusion equation. Analytic regularity of parametric solutions is established in [6] via
a real-variables argument, with inductive proofs to bound parametric derivatives of the so-
lution. Nonlinear (adaptive) sparse grid approximations have been investigated in [26, 27]
and more recently in [7, §].

1.2 Contributions

We generalize and improve the convergence rate results in [29, 37, 23] to multi-level, sparse-
grid polynomial interpolation and quadrature based on univariate Chebyshev nodes and with
respect to general Jacobi weights, as considered in [35, 20].

The crucial improvement in the convergence rate of the sparse-grid quadrature is verified
for more general weights than considered in [37], specifically for tensorized versions of the
univariate (symmetric) ultra-spherical weights, both in the fully-discrete and semi-discrete
case. The construction of finite-parametric sparse-grid approximations for polynomial in-
terpolation and quadrature is via a weighted thresholding of index sets, similar to [35, 23].
The construction will be used in a subsequent part of this work to construct neural network
approximations of parametric PDE solution manifolds with convergence rates.

1.3 Layout

In Sec. 2, we recap basic terminology and definitions on Jacobi orthogonal polynomials, their
infinite tensor products and corresponding GPC expansions, and univariate interpolation op-
erators. We develop constructions of sparse-grid tensor-product polynomial interpolation and
quadrature for approximation of X-valued, parametric functions in Bochner space associated
with a Hilbert space X and a Jacobi infinite tensor product measure on the parameter se-
quences. We establish convergence rates of fully-discrete polynomial interpolations as well
as of the related, fully-discrete quadratures for the target functions under some weighted
summability condition on Jacobi GPC coefficients, and subject to discretization in X. In
Sec. 3, we apply the abstract results in the preceding section to two important examples: a
linear elliptic diffusion equation with affine-parametric coefficients and abstract holomorphic
maps between separable Hilbert spaces with affine-parametric input encoding.

1.4 Notation

N ={1,2,3,...} denotes the natural numbers, i.e. the set of positive integers and we write
Ny = NU{0}. An important role in GPC expansion will be played by the set of “finitely
supported” multiindices F = {v = (v})jen : v € NngjeN vj < oo}. Observe that F is
countable. We denote by 0 € F the zero multi-index, and by e; the sequence (d;;);jen. We
introduce in F a half-ordering via

’ . . ’
v<v —=VjeN: vy <u.

A multi-indexed sequence (o,),er C R is called increasing if o, < o, for v/ < v.
For v = (v;)jen € F, we introduce for 0 < p < co

1/p
vlp = | D_vf

JEN
We also set supp(v) = {j € N: v; # 0}, and

Vo =#{j eN:v; #0}), [V|o = maxvj .



We shall also use the following notation: for k € N,
F.:={veF:v;eNy,, jeN}, where Ny,:={neNy:n=0kr+1,...}.

Obviously F = Fy. To describe certain cancellations in Jacobi expansion due to symmetry,
in our analysis of sparse-grid quadrature we shall require the even index set

Fe, :={v € F:v; € 2Ny for all j € N} C Fs. (1.1)

A multi-index set A C F (A C Fey) is called downward closed in F (resp. in Fe,) if the
inclusion v € A implies v/ € A for every v’ € F (v’ € Fey) such that v/ < w.
Throughout, I := [—1,1], and I°° = [—1, 1]>° denotes the countable cartesian product.

2 Fully discrete approximations in Bochner spaces

In this section, we develop fully discrete sparse-grid GPC interpolation and quadrature
for infinite-variate functions in Bochner spaces associated with a Hilbert space X and an
infinite-tensor-product Jacobi measure. We consider infinite-variate X-valued functions with
weighted fo-summability conditions for the Jacobi GPC expansion coefficient sequences, and
and a generic, stable discretization of X in terms of a dense sequence (V,,),en of finite-
dimensional subspaces with certain approximation properties. We present finite sparse-grid,
tensor-product polynomial interpolations and sparse, Smolyak-type quadrature rules built
from the univariate Chebyshev nodes.

2.1 Jacobi polynomials

For given a,b > —1, let (Jx)ken, be the sequence of (probabilistic) Jacobi polynomials on
I = [-1,1] which are normalized with respect to the Jacobi probability measure p4; on I
endowed with the sigma algebra of Borel sets B(I) on I, i.e.,

[ Pdnasts) = [10@)Pbusti)dy =1k € N,
I I
where the Jacobi weight function J,(y) in (—1,1) is given by

I'(a+b+2)
= 1—y)%(1+y)° = .
dap(y) = cap(l = )" (L +Y)"  cap 20+b+1T (g + DT'(b + 1)

In particular, (I, B, f144) is a probability space, and the Jacobi polynomials normalized in
this way are p, ;-orthonormal, i.e.

Ah@ﬁ@@m@:@h kol €N . (2.1)
In particular, Jy =1 for all a,b > —1.

Important examples contained in this setting are: (i) a = b = 0, when p,_; is the uniform
probability measure on I with cpo = 1/2 and d,p = 1/2, and (Ji)gen are the Legendre
polynomials, (ii) @ = b = —1/2 which corresponds to the family of the Chebyshev polyno-
mials, and (iii) @ = b > —1 which corresponds to the family of ultra-spherical (Gegenbauer)
polynomials.

In all cases, one has the Rodrigues’ formula

ca,b k
W) = 0 -n) T (0P - D)), (22)

b
where ¢ ;=1 and

, keN. (2.3)

ap  |@k+a+b+DET(k+a+b+ 1) (a+ Db+ 1)
T T(k+a+DI(k+b+ Dl(a+b+2)
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From [32, Theorem 7.32.1] and the relations Jy = 1 and cZ7b ~ kY2 k€N, by a direct
computation one can derive the bound

HJkHLOC(]I) < (1 + /\a7bk)max{a,b,—l/2}+l/2 (24)

for k € Ny, where A, is a positive constant independent of k.

2.2 Jacobi chaos

Multivariate Jacobi polynomials are constructed by tensorization. For GPC expansions,
arbitrary large tensor products of univariate polynomials are required. To describe these,
we introduce suitable notation. Let a = (a;);.y € loo(N) and b = (b)), € loo(N) with
—1 < a,b, where a := infjenaj, b := infjenb;. We define the infinite-dimensional Jacobi
probability measure 4 on I° as the tensor product of the Jacobi probability measures iq; 5,

Ha,b = ® lffaj,bj~ (25)

JEN
When a, b are clear from the context, we also write y instead of piq,p.
For v = (vj)jen € F and y = (y;)jen € I* define the tensor product Jacobi polynomial

T () = Q) o, (v;)- (2.6)

jEN

Due to Jy = 1 for any v € F the product in (2.6) contains only |v|¢o-many nontrivial factors.
The univariate orthonormality (2.1) then implies with Fubini’s theorem

Vo, €F: /]I () (9)dp(y) = s (2.7)

Hence, the countable collection (J,),cr is an orthonormal basis of Lo (I%°; ).

For a summability index 0 < p < oo, we introduce the Bochner space L£,(X) :=
L,(I*, X;p) as the set of all strongly p-measurable functions I*® — X taking values in
a Hilbert space X, equipped with the (quasi-)norm

v P d Up, 0<p< oo,
Polle, = 4 U @I dnty) 2.8
ess supyere [[v(y)|x, p =00

There hold the norm inequalities for 0 < p; < py < 00,

-1z, x) <M llep, ) (2.9)

Let C(I*°, X) be the Banach space of all functions defined on I°° taking values in X, which
are continuous on I*® w.r. to the product topology. According to the Tychonoff theorem
(see, e.g., [31, page 143: Thm. 13]), this topology renders I compact. A norm in C(I*°, X)
is then defined by

lolle@.x) = max flu(y)llx-

Note that [|[v]|cqe x) = [Vl 2 (x) for v € CI%, X).
If v € Lo(X) for a Hilbert space X, the formal Jacobi generalized polynomial chaos (GPC)
expansion of v reads

v = Z’UUJU, where v, ::/ v(y)Ju(y)du(y), (2.10)
velF Iee
with the equality and convergence in the Hilbert space £2(X). There holds the Parseval’s
identity
ol Zac0) = D low k- (2.11)
vel



We remark that the £o-convergence implied by (2.11) does not imply absolute convergence.
For absolute convergence we need a certain additional condition on weighted summability as
stated in Lemma 2.2. We start by introducing the weights that we shall consider.

For 6, \ > 0 we define the set p(0, ) := (pu(0,\)),,cp by

pu(0,)) =[]+ 2)’, veF. (2.12)
jEN

We use also the abbreviation: p(f) := p(6,1). From (2.4) we can see that

[ Tullp @=) < pu(fo, M), vEF, (2.13)
where
Ao i==SUp Ag; b, < OO (2.14)
JEN

with the constants A4, 3, as in (2.4), and

0o := max{supaj,supbj,1/2}+1/2 > 0. (2.15)
JEN JjEN

2.3 Sparse-grid tensor-product polynomial interpolation

In this section, we construct linear fully discrete (multi-level) sparse-grid tensor-product
polynomial interpolations for approximation of functions taking values in the Banach space
X? c X!, with weighted f5-summability of Jacobi GPC expansion coefficients. We consider
Hilbert spaces X! and X? satisfying a certain “spatial” approximation property which we
formalize in Assumption 2.3, item (iii) below.

For m € Ny, we denote by Y, the set of Chebyshev nodes

(2k+ )7

Vi =Yg = —COS o 1 k=0,1,2,...,m . 2.16

If v is a function on R taking values in a Hilbert space X and m € Ny, we define the function
I,,(v) on R taking values in X by

m

Y —Ym,j
In(©) =Y 0Wms)Lmg, L) =[] ——. o17)
=0 j=1,...,m,j#k Ym,k = Ym,j

The function I,,(v) interpolates v at Yy, k, i-e., Iny(V)(Ym.k) = V(Ym k) for k=0,...,m.
The Lebesgue constant is given by

)\m(Ym) = sup ||Im(U)HC(H) .
”'U”c(n)§1

There holds the inequality
An(Yim) <14 %log(m +1),
see, for examples, [10, eq. (10)]. Hence we get
Am (V) < log(2m + 3). (2.18)
We define the univariate increment operator AL for m € Ny by

Al = I, — L1, (2.19)

m



with the convention I_; = 0, and the univariate even increment operator AL’; for m € 2Ny
by
A= T, — I o, (2.20)

with the convention I_o = 0. From (2.18) it follows that

1A%

(v)HLm(H), ‘Ain(v)HLoo(D < 2log(2m+3) [[vllp_ g, veECI), meNy. (2.21)

Recalling (2.19), for a function v defined on I*° and taking values in a Hilbert space X,
we introduce the tensor product operator AL, v € F, by

AL(w) == Q)AL (v), (2.22)
JEN

where the univariate operator A{,j is applied to the univariate function ),_; AL (v) by
considering it as a function of variable y; with the other variables held fixed. For a finite set
A C F, the sparse tensor-product interpolation operator I, is defined by

In:=Y Al (2.23)

veA
For v € F, define R, := {v/ € F:v' <v}. Here the inequality v’ < v means that
vi<wvj,j €N,

Assumption 2.1 v € L£5(X) and there exist a set of positive numbers (oy)uer strictly larger
than 1 and a number 0 < q < 2 such that

1/2 1/q
(Z(0V||v,,||x)2> <M <o and (Z (pu0. A)W%Vl)q) <K <.

velF velF
Lemma 2.2 Let € be a fized positive number and C. such that
2(1 + Mok)% log(2k 4 3) < (C.k + 1), VE € Ny,

with 0, Ao given in (2.14) and (2.15).
Let v € Lo(X) and satisfy Assumption 2.1 with

0:=0+1+e, A:=C.+1. (2.24)

Then the function v can be identified with an element in C(I°°, X).
Additionally, for every y € I we can represent v(y) by the series

v(y) = v du(y), (2.25)

veFR
with absolute convergence in X. The series (2.10) converges unconditionally in L2(X) to v.

Proof. We first prove that the series in (2.10) converges absolutely in C(I*°, X). By (2.13)
and (2.24) we get

> v dulleeex) < D lollx vl =) < > lowllxpu (6, 2)

vel velF velF
1/2 ) 1/2
< (Zwu ||vu||x>2> (Z (n0.05) ) (2:26)
velF velF
1/q
S
veF

7



Here and below, 6 and X are as in (2.24). Since C(I*°, X) is a Banach space, the series in
(2.10) converges absolutely and therefore, unconditionally in the Banach space C(I*°, X), and
hence, due to the norm inequalities (2.9), in Lo(X) to an element v € C(I*, X) C Lo(X).
In particular, we have for every y € F,

o(y) = > v du(y)

vel

with the absolute convergence in X. Since v and v have the same Jacobi GPC expansion we
get v =0 in L2(X). Hence v(y) = 9(y) p-almost everywhere. This means that the function
v can be treated as an element in C(I*°, X). 0

For the sparse-grid interpolation approximation bounds, we require a sparsity hypothesis
on v. As in previous works [15, 4, 35, 20, 23], given Hilbert spaces X! and X? with X2 C X!,
sparsity in these spaces here takes the form of what we call “double-weighted summability”
of coefficients in Jacobi GPC expansions of v € £5(X?). To construct linear, fully discrete
approximation methods, besides weighted f,-summabilities with respect to X! and X2 we
need an approximation property on the spaces X! and X?2. Combining these requirements,
we say that v satisfies Assumption 2.3 iff

Assumption 2.3

(i) [Hilbert scale] X' and X? are Hilbert spaces, X? is a linear subspace of X' and there
exists a constant C' > 0 such that for all w € X? holds ||w||x: < C||w||xz2;

(ii) [GPC representation] v € L2(X?) is represented by the series

v = ZUVJ,,, v, € X2, (2.27)
velF

(iii) [Stability and consistency of spatial approxzimation] There exist a sequence (Vy,)nen, 0of
subspaces V, C X1 of dimension at most n with Vo = {0}, and a sequence (Pp)nen, of
linear operators from X' into V,,, and a number o > 0 such that Py(w) = 0 and there
exist constants C1,Cy > 0 such that

|1Po(w)lx: < Chillw|xr, [[w— Po(w)|x: <Con™%||w||x2, VneNy, VYwe X2.
(2.28)

(iv) [Double-weighted Jacobi-summability] for i = 1,2, there exist numbers q; with 0 < g1 <
g2 < 00 and g1 < 2, and families o; *= (0;.)ver C (1,00) such that

S (ouwlvlx ) < Mi<oo and (p(6. 0 00r)) et (®)  (229)
veF ver
with 6, X as in (2.24).

Spaces X! and X? C X! will typically belong to a suitable scale of Sobolev or Besov
spaces describing regularity of parametric maps in “physical” co-ordinates. This in turn
provides approximation rate « of projections P,. Assumption 2.3 stipulates the regularity
and approximation rate bounds to hold uniformly with respect to y € I°° for one collection

{Va}neng, i-e. Vi, is independent of y.
For each k € Ny, with P, as in Assumption 2.3, we define for w € X2

(Sk(w) = ng (’LU) — P2k—1(w), ke N, dp := Po(w) (230)

We have from (2.28)
10 ()l < €27 Juwll s,k € No. (2:31)

For w € X? satisfying Assumption 2.3, item (iii), we can represent w by the series

w = i 6k(w), (2'32)
k=0



with equality and unconditional convergence in X'.
In the setting of Assumption 2.3, for a finite set G C Ny x F, we define the approximation
space

V(G):=<v= Z veJy v € Var o (2.33)
(k,v)eG

The linear projector Sg : L2(X?) — V(G) is then defined by

Sgv = Z Ok(vy)dy  forv = ZUVJV € EQ(XQ), v, € X2, (2.34)
(kwv)eG veF

For the constructive sparse-grid tensor product interpolation and finite truncation of GPC
expansion, as in e.g. [35, 37, 36, 20, 23|, index sets G are chosen by thresholding.

Definition 2.4 [Thresholded index sets] For a threshold parameter & > 1, for the approxi-
mation rate « and the summability exponents q1,q2 as in Assumption 2.3, define

-1
2 2 1 1 1 1
T = , 9= —— -, =——-=z ) 2.35
2 —qo 2—q (lh 2) 1 (lh 2) (2:35)
and the thresholded index set

k.v)e Ny xF: 282 < ifa<1/gy—1/2,
G(E) — {( V) 0 X 02,1/ = 5} . , ZfOé = /Q2 / (236)

{(k,v) e Ng x F: 0!, <&(log€)", 27%0y,, <€} ifa>1/¢—1/2.

We will need the following auxiliary result on fully discrete approximation in the Bochner
space L,(X!) for the operator Sgg).

Lemma 2.5 Let v satisfy Assumption 2.3 with summability exponents q1,q2 and let a > 0
be as in Assumption 2.3, item (iii). Let further the threshold index sets G(&) be as in
Definition 2.4, for a threshold parameter £ > 1.

Then there exists a constant C' > 0 such that for every threshold parameter € > 1 and for
every 0 < p < 2 holds

o if a <1/q2 —1/2,
lv = Saevlle,xy < {5(1/1111/2) if a>1/g2—1/2. (237

Proof. In this proof the positive constant C' may change its value from place to place but is
independent of . Because of the inequality || - ||z, (x1) < || - [lz,(x1), it is sufficient to prove
the theorem for p = 2. Under Assumption 2.3, in a fashion analogous to the proof of [23,
Lemma 3.4], the function v can be represented as the series

v=" > vy (2.38)

(k,v)ENg XF

converging absolutely and hence, unconditional in L2(X1) to v.
We first consider the case o < 1/go — 1/2. We have by Parseval’s identity and the



unconditional convergence of the series (2.38) that

lv = Seeyvllz,xr) = > )= > v

(k,v)eNy xF velR ngg?ugg

La(X1)

2 2

= Z Z 6k(vu) J,,

vel 50;32 <9k

-5

La(X1) veF

Z 5k(vy)

£o, 02 <2k

X1

2 2
<> ( > Iék(vu)l)a) <> ( > CQ“’“IIvul;@)
velF 50;32 <92k veF 50_;32 <2k
2
< O ok ( > 2”’“) < CY llwllxe (o)™

veF velF

2k>50;52

Hence, by the inequalities goav < 1 and o3, > 1, and (2.29) we derive that

lo = SaervlZ,on < €& Nloamlvulxe)? < €&,
vel

which proves the lemma for the case a < 1/gs — 1/2.
Let us consider the case o > 1/¢2 — 1/2. Putting

Ve 1= Z vy Jy,
{violl <g(log&)m}
we get
v —Saeyvllcoxry < llv—2elle,xr) + llve — Saeyvllcaxry- (2.39)

By Lemma 2.2 the series (2.10) converges unconditionally in £2(X1!) to v. Hence, employing
Assumption 2.3, item (iv), the norm |[v — vg||z,(x1) can be estimated by

Yool = Y endowllulx)?

o1, >E(log €)n o1, >E(log £)

v _U§||2L2(X1)

(2.40)

IN

(§(0g €))7/ Y (orwllonllx1)? < C(€(loge)”) >/

veFR

10



~1/7 g0/
For the norm [|ve — Sg(¢)vll £, (x1), with N = N(§,v) := 2L1°g2 (o2 7e”

Uy — Z Ok ('Uu)

ok SU;,I,/TQS/T

)J we have

2

lvg = Saeyvlz,y = Y
0?1 <g(log &)

2
- ¥ ‘UV—PN(%) L SO0 Y Nk

ot <€(log €)1 o1t e(log &)
1/ _
Y 0 P ke
ol <é(log €)n
= o N ke

oil, <&(log&)n

_ 05—2(1/111—1/2) Z Ug;fm”vu”g(?
oL, <€(log &)

X1

IN

< ¢ 2Wa=1/2) Z(U2w||vu||xz)2 < ¢ 2Wa-1/2),
velR
Here we used the equalities Yo /7 = 1/g1 —1/2, 2a/T = 2— g and Assumption 2.3, item (iv).

Summing up, we find

HU _ SG(g)UHEg(Xl) < CE—(l/m—l/Q)

in the case a > 1/¢q2 — 1/2. O

Definition 2.6 Given an index set G C No x F with the structure (2.36), we introduce the
sparse tensor product interpolation operator Zg : C(I*°, X?) — V(G) by

TIovi= Y (0r@AL)(). (2.41)
(k,v)eG

Here, the sparse-grid, tensor-product interpolation increments Al are as in (2.22).

The sparse-grid interpolation operator Zgv corresponds to a linear (i.e. non-adaptive),
fully discrete polynomial interpolation approximation. It is constructed by a sum over the
index set G, of anisotropic tensor products of dyadic, successive differences of spatial approx-
imations to v, and of successive differences of tensorized Lagrange interpolating polynomials.

The symmetry of the univariate Jacobi probability measures fi4; 5, in the ultra-spherical
case when a; = b; > —1, j € N, implies the cancellation

/ Ju(y)dp(y) =0 when there exists j such that v; is odd. (2.42)
HOO

A corresponding set of symmetric sparse tensor-product interpolators on C (I, X?) exploits
these cancellations, and will be relevant in Section 2.4 below for the corresponding sparse-
grid quadratures, as observed first in [35, 37] in the Legendre case and later in [20, 23] in
the Jacobi case.

Definition 2.7 [Symmetric sparse tensor product interpolator] For a finite index set G C
No x Fey with the structure (2.36), the interpolation operators

T O, X?) — V(G)
as defined as in (2.41), with the tensorized increments A for v € Fo, replaced by ALlF :=

& en A},’;, with A,Ijj defined as in (2.20).
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Theorem 2.8 [Sparse-grid tensor-product interpolation convergence] Suppose that v satis-
fies Assumption 2.3.

Then for the index set G(§) in Definition 2.4 and for each n € N there exists a number &,
such that Aim V(G (&,)) < n. Furthermore, there exists a constant C > 0 such that for any
0 <p<2and any n € N, we have for the sparse-grid tensor-product interpolation operator

Ta,) : CI%°, X?%) = V(G(&)),

the error bound

n-< ifa<1/qa—1/2,
v — 1, v <C 2.43
|| G(&n) ||£p(X1) - {n—ﬁ(logn)x if(l’ > 1/q2 _ 1/27 ( )
where « is the convergence rate given by (2.28) and
1 1 a 1 1 a+1/2—-1/¢
=l——-2)]— d=—-—, O0<kri= ———— < 1. 2.44
’ (ql 2> a+0 @ Q@ a+l/a—1/¢ (2.44)

Proof. This theorem is proved along the lines of the proof of [23, Theorem 3.1]. We provide
details for completeness. It is sufficient to prove the theorem for p = 2. From the condition
(2.29) in Assumption 2.3 it follows that the series (2.27) converges unconditionally in £o(X*)
to v by Lemma 2.2. In this proof the constant C' may change its value from place to place
but is always independent of &.

Step 1: Relation of the sparse-grid interpolant Ixv to the truncated Jacobi gpc expansion.
We have that AL.J,, = 0 for every v £ v'. If A C F is a downward closed set in [F, then
IxJy, = J, for every v € A, and hence we can write

Lo = (Y od) = Y wid = > ol + Y vlan, Jo (245)

veF velF veA vEA

Let £ > 1 be given. For k € Ny, put

AL(E) = {veF:of, <27F¢} if a<1/ge—1/2;
{veF: ofl, <&(logé)", oo < 27 TR¢TY if a>1/qy—1/2.

Define further

k(&) = llog, &) if a<1/q2 —1/2,
(f) = |_197——1 10g2 fJ if a> 1/(]2 - 1/2

Observe that Ag(€) = 0 for all k > k(¢), and consequently, we have that

k(&) k(&)
Ig(g)v = Z(Sk< Z AL)’U = ZaklAk(ﬁ)U' (2.46)
k=0

k=0 vEAL(E)

Since the sequence (02, )yer is increasing, the index sets Ay (€) are downward closed sets in F

and, consequently, the sequence {Ak &) :f()) is nested in the inverse order, i.e., Ay C Ag(€)

if ¥ > k, and Ay is the largest and Ag, = {Op} for some 0 < ko < k(&) and A, = 0 if k > ko.
From the unconditional convergence of the series (2.32) to v, and from (2.46) and (2.45)
we derive that

k(£) k(§)

Tagv = >, . o)y + > Y Sw)lagonm, T

k=0 vEAL(€) k=0 ugAy(€)

k(§)

= Sg(g)’l} + Z Z 5k(Uu)IAk(§)mR,, Ju.
k=0vgAk(£)

12



This implies that

k(£)

v — Ig(g)’l} = v — Sg(g)v — Z Z 5k<vy)IAk(§)mRu Ju. (2.47)
k=0 vgAL(§)

Observe that for k < k(€), if v € Ak(€), then (k,v) & G(£). Hence, by (2.47) it follows that
[v=Zowoll gy, < o =Sawvllyoey+ Do I0c@)lixe [Lav@nr, Jull 1o -

(k) £G(€)
(2.48)

Step 2: Next, we claim
||IAk(§)ﬂRV (Ju) ||L2(Hoc“u) < pu(ev >‘)7 (249)

with 6 and 6 being given in (2.24). This can be proven in a manner analogous to the proof
of [23, Eqn. (3.26)] We recall the definition (2.23) of the sparse-grid interpolant I, and have

H]Ak(ﬁ)ﬂRu (J")HLOC(]IOO) < Z HAL (J")HLOC(]IOO) : (2.50)
v €A (E)NRy

Since v’ < v, from (2.21) we derive that

HAII/;- (JVJ)

‘L oy < 210802 +3) [ 1}y < 20+ Aov;)% log(2v; + 3),
with 8y and Ag being given in (2.14) and (2.15), respectively. Hence, we have

HALQ (JVJ') < (Cevj + 1)%0+e,

’Lm(ﬂ)
This, together with (2.50), gives
[ av©nr, (JV)HLOC(HOO) < H (Cevj + 1)+
v'eA(E)NR, jEsupp(v)
< |Rv| H (Cal/j +1)90+6 Spu(l)pu(90+57ca)
j€supp(v)
<pp(Bo+1+4+¢,Cc+1)=p,(0,)N). (2.51)

This proves (2.49)
Step 3: From (2.48) and (2.49) it follows that

[v = Za@vl oy < llv=Sa@vl 0 +A©), (2.52)
where
AQ) = D llok(w)llxr - pu(8,N). (2.53)
(k1)EG(E)

In the next steps, we use the inequality (2.52) to establish bounds for Hv — IG(E)UHLQ(XI)'
Step 4: The case a < 1/ga —1/2. Lemma 2.5 gives

cee (2.54)

_s ‘
HU G(&)U LQ(XI) -

Let us estimate the term A(§) in (2.53) which appears in the right-hand side of (2.52).
Bounding ||0x(vy)]|x1 in (2.53) with (2.31) we derive that

A < Y 27%p 0, )|ullx: = CY p@Nvlx: Y, 27

(k) £G () = oh>E0y 02

IN

CY p@Nvnllxe (Gog2)™* < CE* > pu(0, N)oL vy | x>

veF vel

13



By the inequalities 2(1 — gar) > g2 and o2, > 1 and the assumptions we have that

1/2 1/2
(szwnvunxzf) (Zpu<e7x>%2j“q2“>>

> (0, M08 vy | x> <
veFR velF veF
1/2 1/2
< (zmunvunxzv) (Zpu(éw?o;?) .
velR velF

Thus, we obtain in (2.53)
A(§) < o

This together with (2.52) and (2.54) implies that
||v — Ig(g)u||£2(xl) < Ccge.
We also have by (2.29)

dmV(GE)) < Y dimVu < Y 2 <) eon =€) op ¥ <0k

(k,v)eG(€) of2,<2-k¢ veF veF
Hence, for each n € N we can find a number &, such that dim V(G(&,)) < n and
lv = Zaevlleaxy <Cn™%, a<1/g—1/2. (2.55)

This proves the result in the case o < 1/g2 — 1/2.
Step 5: The case a > 1/qa —1/2. Lemma 2.5 gives

lo = Sa@oll gy < &N, (2.56)
We split A(€) in (2.53) into two sums as

A(§) = Au(8) + A2(8),

where

Aq(§) = Z 0k (v) | x 10 (0, M),

0';11 >£(10g 5)77, UZ;VS2_TIC519

HZ

and

A©) = 3 1k()llx pul6, ).

02;V>277'k£19

We get by Assumption 2.3, item (iii),

k(§)

A < >0 Do lIk(w)llxpe(8,A)

o1k, >E(og &) k=0

k(&)
<0 Y Y lwlxp@.n) (2.57)
oL, >¢(log £)n k=0
< Clogé Y fowllxipu(8,0).

o1l >€(log €)n

14



We obtain by Holder’s inequality and the hypothesis of the theorem,

> llwlixipa(9,3)
ot >&(log £)7
1/2

Y (owllulx)? >

oih, >E(log €)n oih,>E(log €)7

IN

1/2

IN
Q

S N ol er ST

o1}, >E(log €)n

IN

1/2
C(&(log &)y~ Ma=1/2) (Zpu (6, )) m)

velF

IN

CeMa=1/2)(jog £) =11/ 01 =1/2),
Due to the equality 7(1/¢q1 — 1/2) = 1, this and (2.57) yield that

A(&) < cgWa—1/2),

pu(0,2)

1/2

2 _—2
Ulu

(2.58)

We now give a bound for A5(€). Observe that do/7 = 1/¢; —1/2 and a/7 =1 — ¢2/2.
Employing (2.31), the assumption (2.29) and Holder’s inequality, we get

As(§)

IN

ST X law)llx pu(0.0)

vel 2k>(519”;;i)1/7

Y D> 2 %Mullxe (0,0

velF 2k>(£ﬂa;i)l/r

IN

IN

O (o077 unllxz pu (6, A)
velF

Ce"TN" o5l |lvwlx2 pu(6,0)
velF

= W=t N 5022 o | xa pu (6, 0)
veF

IN

veF velF

IN

Cg—(l/q1—1/2).

This proves that
Ay(€) < Cgf(l/thfl/?).

Combining (2.58), (2.59) and (2.56) leads to the estimate

v — IG(g)UHLQ(Xl) < Cg*(l/qu/Q)'

1/2 1/2
Cé'*(l/‘hfl/Q) (Z(02§V||UV||X2)2> (Zpu 9 )\ UQ,;)

(2.59)

(2.60)

We estimate the dimension of the space V(G(§)). Put ¢ := 7¢2 and define ¢’ by 1/¢’ +
1/g = 1. Since a > 1/g2 — 1/2, we have ¢ > 1. Consequently, using Holder’s inequality and
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(2.29), we derive that

dmV(G() < > dimVi < > o2

(k,v)EG(E) oil,<&(log &) 27Ro, <€V

2 Y ey

o1k, <&(log £)7

IN

1/q 1/d’
<2 N op > !
oL, <E(log )" o1 SE(log )7
1/q 1/q
<267 <Z 02732> (Z €<10gf>"0£31>
veR velR

= MEYTHIT (log )T = Mg (log )"/,

where M = 2| (5,0 |2/ [ (T )17

For any n € N, letting &, be a number satisfying the inequalities
MEEF/2(log g, )T < n < 2M €579/ (log €)M, (2.61)

we derive that dim V(G(,)) < n. On the other hand, by (2.61),

~(1/01-1/2) 355
—(a-1/2) o (™ — B K
fn - ((logn)n/q/> =n (logn) ’
where with ¢1 < 2 and « > 1/¢2 — 1/2, we have
1/2-1
0 < e 0122 Va

a+1/qg -1/
This together with (2.60) proves that
[v = Za) vl eoxr) < Cn~Plogn)”,  a>1/g —1/2.
By combining the last estimate and (2.55) we derive (2.43). O

Remark 2.1 Fully discrete GPC interpolation approximation of functions in Bochner spaces
with countable product tensor product Jacobi measure and applications to affine-parametric
PDEs was studied in [19, 20, 35, 36]. Theorem 2.8 in the case a < q% - % was proven in [23,
Theorem 6.3]. Theorem 2.8 in the case o > q% — 3 improves the result of [23, Theorem 6.3]
by a logarithm factor of (logn)~(1=*),

Definition 2.9 For & > 1, 7, ¢ and n as in (2.35), denote

G (g) L {(kaV)GNOXFev:2kUg;2V§§} ZfOtSl/(JQ—l/2,
T {kv) € No X Fey s ofl, <E(log€)", 27F0n,, <€V} ifa>1/go —1/2.
(2.62)

In a similar way as in the proof of Theorem 2.8, we can prove
Corollary 2.10 Let v € L2(X?) admit a even Jacobi GPC expansion

v = Z vy, v, € X2 (2.63)

vEFe,
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Suppose that v satisfies Assumption 2.3 with F being replaced by Fo, and let Gey(€) be as in
Definition 2.9.

Then for each n € N there exists a number &, such that for the symmetric sparse tensor
interpolation operator

Ty : O, X2) = V(Gev(60)),
holds dAim V(Gey (&y)) < n.
Furthermore, there exists a constant C > 0 such that for n € N and for 0 < p < 2 it
holds that

n-¢ ifa<1/qa—1/2,

-7 <c 2.64
I =Zouevle, o < {nﬁ(logn)~ ifo>1/6—1/2, (264

where the convergence rate « is given by (2.28), and B and k by (2.44).

2.4 Sparse-grid quadratures

In this section, we construct linear fully-discrete quadratures for numerical integration of
functions taking values in X2 with double-weighted ¢5-summability of Jacobi GPC expan-
sion coefficients for Hilbert spaces X! and X? satisfying a certain “spatial” approximation
property, as specified in Assumption 2.3, and their bounded linear functionals. In particu-
lar, we give convergence rates for these quadratures which are derived from the results on
convergence rate of polynomial interpolation approximation in £;(X?!) in Corollary 2.10.

Assume that a; = b; for j € N in the definition (2.5) of the measure pqp. This case
corresponds to the symmetric ultra-spherical measure fiq,q. This symmetry property allows
to establish in the application settings in the next section, a crucial improvement of the
convergence rate of sparse-grid quadrature with respect to the infinite-tensor-product, ultra-
spherical weight due to the cancellation of anti-symmetric terms.

If v is a function defined on I taking values in a Hilbert space X, the function I,,(v)
defined in (2.17) generates the jth component interpolatory quadrature formulas defined as

Vi
Quy(0)i= [ 1, 0)(05) b, 35) = 30 )s G €N
I k=0
where the quadrature weights are given by

Wy, k = ALijk(yj)duaj’bj (yj)

The quadrature @, being interpolatory, we have for every polynomial ¢ in variable y; of
degree < vy,

Q) = [ 05) it 0,0
We define the univariate “increment” or “detail” operator A(Bj for even v; € 2Ny by
AS} = Qu; — Qy,—2, with the convention Q)2 := 0.

For a function v € C(I*°; X), for v € F,, introduce the tensorized increment operator (with
respect to the measure f1 = fiqp)

AS() = QA2 (v),

JEN

where the univariate operator A(Bj is applied to the univariate function ),_; A2 (v) by

considering v as a function of variable y; with all remaining variables held fixed. As AL, the
operators A are well-defined for all v € F,.
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Let Assumption 2.3 hold for Hilbert spaces X! and X2, and v € L3(X?). For a finite
index set G C Ny x Fo, with the structure (2.36), we introduce the quadrature operator

Q¢ which is generated by the symmetric Smolyak sparse-grid tensor-product interpolator
I} O(I*, X?) — V(G), defined for v € C(I*°, X?) by

Qo= ¥ (6w = [ Teotw)duty) (2.65)

(kv)ed

Further, if ¢ € (X!)’ is a bounded linear functional on X1, for a finite index set G C N x Fey,
with the structure (2.36), the quadrature formula Qgv generates the quadrature formula
Qa (¢, v) for integration of (¢, v) by

Qo) = (6.000) = [ (0Teo(w) dutw).

The sets Y,, in (2.16) of Chebyshev nodes are symmetric with respect to the origin for
every m € Ng. In the ultra-spherical case a; = b;, j € N of the Jacobi probability measure
1(y), then it holds [ Ji(z)dz = 0, if k € N is odd. For a function v € L3(X) that is
represented by the Jacobi gpc series (2.27), the assumed symmetry of the product measure
u with respect to 0 implies (see (2.42))

/ o(y) duly) = / vev () dp(y), (2.66)
Iee Iee

and
A2 J,(y) = 0, v¢F, VeEF. (2.67)

Theorem 2.11 Let a; = b;, j € N, for the Jacobi probability measure iqp. Consider a
function v € Lo(X?) represented by the Jacobi GPC series (2.63), and such that v satisfies
Assumption 2.3 with F being replaced by Fey. For & > 0, let Gey(§) be the index set in
Definition 2.9.

Then, there is a constant C > 0 (depending on v) such that

(i) For each n € N, there exists a number &, such that dim V(Gey(&,)) < n and
o if o <1 —1/2
‘ <0 {n Fa<lm=12 0

n~P(logn)* if a>1/q —1/2.
(i) Let ¢ € (X1) be a bounded linear functional on X. Then, for each n € N there exists
&n € R such that dim V(Gey (&) < n and

/ o(y) duy) — Qe (e
oo X1

n= if a<1l/qg—1/2,
/Hm (0,0(y)) du(y) = Qa.y e (05 0) | < Clidllx1y {n_ﬁ(logn),@ if a>1/g—1/2.
(2.69)

The rate « is given by (2.28), § and k by (2.44).

Proof. Using Corollary 2.10, this theorem can be proven in a similar way to the proof of [21,
Theorem 4.1] (see also [23, Theorem 4.1]) with some necessary modifications as in the proof
of Theorem 2.8. O

3 Applications

We indicate practical applications of the preceding results. The first, illustrative of these
is the affine-parametric, linear elliptic model equation which was considered in many other
references, e.g. in [15, 16, 11, 4, 5, 24, 36, 8, 19, 20, 23] and references there.

The second of these is the more abstract setting of holomorphic, implicit operator equa-
tions as in e.g. [18, 30, 3], with affine-parametric input encoding as considered e.g. [13, 35].
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3.1 Affine-parametric, linear elliptic PDEs

Let D C R? be a bounded Lipschitz domain. Consider the linear diffusion elliptic equation
in the divergence form

—div(aVu) = f in D, wulop = 0, (3.1)

for a given fixed right-hand side f and a spatially variable scalar diffusion coefficient a.
Denote by V := H}(D) the energy space and V* := H~1(D) the dual space of V. Assume
that f € V* (in what follows this preliminary assumption always holds without mention). If
a € Lo (D) satisfies the ellipticity assumption

0 < essinf a(x) < a(x) < esssupa(x) < oo, x € D,
xeD xeD

by the well-known Lax-Milgram lemma, there exists a unique solution u € V to the equa-
tion (3.2) in the weak form

/Da(ac)Vu(w)~Vv(w) de = (f,v) YveW

Let us consider the parametric diffusion elliptic equation
—div(a(y)Vu(y)) = f in D, ufpp =0 yel~, (3.2)

with affine-parametric diffusion coefficients
a’(y) = d+zijj7 RS ]1007 (33)
j=1

where @ and (¢;)jen belong to L (D). Note that if

amin = inf inf a(y)(x) >0,

yel>~ xzeD
then /1
V*
sup [lu(y)llv < ——. (3.4)
yel> Amin
We introduce the space W" := {v € V. : Av € H""?(D)} for r > 2. This space
is equipped with the norm |[v|[w+ := ||Av||gr—2(py, and coincides with the Sobolev space

V N H"~%(D) with equivalent norms if the domain D has C"~!! smoothness, see, e.g., [28,
Theorem 2.5.1.1]. We make use of the convention W' := V.

Lemma 3.1 Letr € N. Let the right side f in (3.2) belong to H'=2(D), and D be a bounded
Lipschitz domain for r = 1 and a bounded domain of C"~21 smoothness for r > 2. Assume
that @ € Lo (D) is such that essinfa > 0, and that there exist sequences p; = (p1,;)jen and
Py = (prj)jen of positive numbers such that
H > jen {’le‘%‘l <1, (3.5)
“ Leo (D)

and, that in the case r > 2, a and all functions ; belong to W™=1°°(D), that there holds

sup Zpr7j|Do‘1/1j\ <00 . (3.6)
la|<r—1 jeN Loo(D)
Then for the sequence o = (0ru),,cp
S Erallullw)? < oo, ory = p [ et (3.7)
velF jEN

where we recall the constants cZ’b, k €N, as defined in (2.3).
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Proof. This lemma has been proven in [5, Theorem 3.1] for » = 1 and the Legendre expansion,
and in [4, Theorem 5.1] for 7 > 1 and the scalar case when a; = a, b; = b for j € N. The
general case can be proven in an analogous fashion with certain modifications. O

Lemma 3.2 Let 0 < ¢ < 00, kK € N and p = (p;) en be a sequence of numbers larger than
1 such the sequence (p}l)jeN belongs to £4(N). Let (pu (0, A))ver be the sequence of the form
(2.12) with arbitrary nonnegative 6, X.

Then for the sequence o = (0,),er defined by

o = p" [T e, (3.8)
jeN

we have

Z (0, N)o, 75 < co.

velF,

Proof. There holds cZ’b < (1+ k)™ for k € Ny with some 7 > 0 depending on a,b. Since
a,b € {(N) we have for v € F that

H cfﬁj’f’bj < H(l + l/j)el

JEN JEN
with 8’ > 0 depending on |a|« and |b|s. For any 6 > 0, we get with (3.8)

pu(0, 07,7 = pu (0. M) (p~*)" (T] Cgﬁ’bj)_q/ﬁ
JEN

< pu(0, \)pu (g0 /1, 1) (p~ )V < p (07, \) (p~ )",

where 0* := 0 + ¢6’ /k and \* := X+ 1. We derive that

Do (0N, <Y pu (07 ) (o)

velF, velF,

Now applying [20, Lemma 6.2] to the right-hand side we obtain the desired result. 0

For finite-parametric approximations it is necessary to replace the GPC coefficients u, by
corresponding finite-parametric surrogates. For parametric PDEs such as (3.2), such approx-
imations are furnished by discretizations which realize the projectors P, in Assumption 2.3,
item (iii).

In fully discrete approximations of the solution u(y) to the parametric PDE (3.2) by
using interpolation with respect to the parametric variables with a large, finite number of
particular values u(y;), stable numerical approximations depend on discretization of u(y;).
For wniformly (w.r. to the parameter y) stable PDEs and corresponding uniformly stable
discretizations the discretization error is known to be quasi-optimal, uniformly with respect
to y; convergence rate bounds can in this case be obtained by replacing the discretization
error u(y;) — Pn(y;)u(y;) by u(y;) — Pyu(y,) with a suitable (quasi-)interpolant P, as
stipulated, e.g., in Assumption 2.3, item (iii).

Assumption 3.3 There are
(1) a sequence (Vi )nen, of subspaces V,, CV of dimension < n, and

(ii) a sequence (Pp)nen, of linear operators from V into V,,, and a number o > 0 such that
there are stability and consistency constants C1,Cs > 0 with

[Pa(w)llv < Crllwllv,  [lw=Pu(w)lly < Con™[Jwllwr, Vn € No, YweW". (3.9)
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To treat fully discrete approximations, we assume that f € H"~2(D) in the equation (3.2)
and that it holds the approximation property (3.9) in Assumption 3.3 for all w € W, see, for
instance, [14, Theorem 3.2.1] for the case when D C R? is a polygonal domain. Notice that
classical error estimates yield the convergence rate @ = (r — 1)/d by using Lagrange finite
elements of order at least » — 1 on quasi-uniform partitions with the finite element spaces V,,
associated to grids (7n)n>0 and finite element functions P, (w) (for n = 1/h € N). Also, the
spaces W7 do not always coincide with H" (D). For example, for d = 2, W is strictly larger
than (H"N H})(D) when D is a polygon with re-entrant corner. In this case, it is well known
that the optimal rate a = (r —1)/2 is yet attained, by using the finite element grids (7, )nen
with proper refinement near re-entrant corners where w € W might have singularities.

As before, for w € V' and for each k € Ny, we define

Jo(w) := Py(w), Op(w) := Por(w) — Por—1(w), keN. (3.10)

Theorem 3.4 Let 0 < p < 2 and r € N, r > 1. Let Assumption 3.3 hold. Let the
assumptions of Lemma 3.1 hold for the spaces W' =V and W with p1,; strictly larger than
1 for all j € N and (pi_’jl)jEN €Ly, (N) fori=1,r, and 0 < ¢1 < ¢, < 00 and q1 < 2. For
&> 1, let G(&) be the thresholded multi-index set in Definition 2.4 for o1 and o, in place of
oo as in (3.7) and g2 in place of q,.

Then, for eachn € N there exists a number &, such that dim V(G (&,)) < n. Furthermore,
there exists a constant C' > 0 such that for any 0 < p < 2 and any n € N, we have for the
sparse-grid temsor-product interpolation operator

Tae,) : CI7, W) = V(G(En)),
the error bound for the solution u(y) to the equation (3.2)

n-¢ ifa<1l/q.-—1/2,

T <C 3.11
HU G(fn)uHﬁp(V) — {n—,@(logn)ﬁ ifOé > ]_/qT — ]_/2, ( )

where « is the convergence rate given by (2.28), 8 and k by (2.44) with g2 being replaced by
qr-

Proof. First note that by the condition (p;;;)jeN € {4 (N) we have p,; — 0o as j —
00. Therefore with out loss of generality we can assume that the sequence p, in (3.6)
satisfies p,; > 1 for all j € N. Consequently, by Lemmas 3.1 and 3.2, we conclude that
Assumption 2.3 holds with X! = V and X2 = W for the solution u of the equation (3.2)
with go being replaced by ¢, and any 7,A > 0. Now by applying Theorem 2.8 the result
follows. O

Definition 3.5 For given (0.), i = 1,2, and threshold parameter £ > 1, we define the
threshold even multi-index set Gey(§) by

é (g) o {(k,l/) € I\IO X ]ch : 2kag;21{2 S f} if « S 2/q2 - 1/27
T H{kv) € No x Foy ¢ 0% < €(log€)7, 27%0n,, < €7} if a > 2/qp — 1/2,
where
4o 4 2 1 2 1\ !
= , 9= Z_2), p=(2-2) . 3.12
4—q 4—qo (fh 2) 7 (Q1 2) (812)

Theorem 3.6 Let Assumption 3.3 hold andr € N, r > 1. Let a; = b;, j € N, for the Jacobi
probability measure fiq b, and the assumptions of Lemma 3.1 hold for the spaces W' =V
and W" with p1,; strictly larger than 1 for all j € N and (pi_,jl)jEN € £y, (N) fori=1,r,
and 0 < ¢ < qr < 00 and q1 < 4. For & > 1, let G‘ev(f) be the threshold index set in
Definition 3.5 for o1 and oo with o9 being replaced by o, as in (3.7) and ¢ by ;.

Then, for the quadrature operator QC?‘CV(E) generated by the interpolation operator Ig‘ © "

C(I®°, W) = V(Gey(£)), we have the following for the solution u(y) to the equation (3.2).
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(i) There exists a constant C > 0 such that for any n € N there exists a number &, such

that dim V(Gey(§)) < n and

(3.13)

n~-® ifa<2/q.—1/2,
d — Q5 <C
/HOO U(y) :U“(y) QGev(EvL)u v = {n_ﬁ(logn>n ZfO[ > 2/(]7’ _ 1/2

(ii) Let ¢ € V*. There exists a_constant C' > 0 such that for any n € N there exists a
number &, such that dimV(Gey(&,)) < n and

n- if a <2/q, —1/2,
) d - e ) < C *

/Hm (¢, u(y)) du(y) chv(gn)<¢ u) l9llv {nﬁ(logn)“ ifa>2/g —1/2.

(3.14)
The rate « is given by (2.28) and B > 0 is given by
2 1\ a a+1/2-2/q 2 2

=—=-= , K= with §:= — — —. 3.15

4 (q1 2)a+5 a+2/q—2/q, @ g (3.15)

Proof. Observe that F., C Fs. From Lemma 3.1 and Lemma 3.2, the assumptions of
Theorem 2.11 hold for X! =V and X% = W" with 0 < ¢;1/2 < ¢,/2 < o0 and ¢1/2 < 2.
Theorem 3.6 follows by applying Theorem 2.11, with ¢; /2 in place of ¢; and ¢,./2 in place of
q2- O

3.2 Holomorphic maps with affine-parametric encoding

We consider abstract, real analytic maps u between Hilbert spaces Z and X. We identify
the real Hilbert spaces X, Z with their complexification X¢, Z¢, without change in notation.
Real analytic maps u : Z — X admit unique holomorphic extensions, again denoted by u, to
the complexifications X¢, Z¢ by a power series argument.

Assume given a sequence (¢;)jen C Z such that (||¢;]|z);jen € €1(N). Set

o(y):=> yiv; and u(y):=u(oy)), yel. (3.16)
JEN

‘We shall work under

Assumption 3.7 X,Z are complex Hilbert spaces. The sequence (¢;)jen C Z, and there
are real numbers p € (0,1], r > 0 and M > 0 such that, with BZ(¢) C Zc denoting the open
ball of radius r centered at ¢ € Z,

() b= (ll¥llz)jen € £,(N),
(i) with o(y) = >_;enY;¥5 € Z, and with the sets

K :={o(y):y €I} and Sk := | J BY(¢) C Z
PEK
it holds u € Hol(Sk; X),

(i) sup.cs, [u(z)]lx = M < oc.

(iv) The function u : 1 — X is given in terms of u as in (3.16).

Jacobi series approximation convergence rates of holomorphic in [—1, 1] functions u are well
known to be related to the classical Bernstein ellipse £, C C with foci at z = £1 and
semiaxis-sum p > 1. For a sequence p = (p;)jen € (1,00)" of semiaxis-sums, define &, :=

Epy X Epy X ... C CN. We collect some elementary properties of maps y — u(y) obtained
from a holomorphic u : Z — X in Assumption 3.7, parameterized as in (3.16).
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Proposition 3.8 Let u:1° — X be as defined in (3.16) with u satisfying Assumption 3.7.
Set b= (bj)jen with bj := ||¢;||z. Then there holds
(i) w:I*° — X is continuous,

(i) for every sequence p C (1,00) which is (b, r)-admissible, i.e.,

D bilps—1) <7, (3.17)
jeN
y — u(y) allows a separately holomorphic extension to £, (denoted also with u) ,
(iif) with
S = U EpCZ
{p:p 18 (b,r)—admissible}
the extension u : Sp, — X is well-defined and

sup |lu(2)]lx <M <oo. (3.18)
2ESp,r

For a proof, we refer to e.g. [35, Lemma 2.2.7]. There holds the following summability of
the Jacobi gpc coefficients u,, in the gpc series (2.10) of y — u(y) in (3.16).

Theorem 3.9 Consider the parametric function v : I — X : y — u(y) obtained from
a holomorphic map u with the input-encoding (3.16), so that Assumption 8.7 holds for the
resulting parametric map y — u(y). Let r >0, p > 0 and b € (0,1]>° N {,(N).

Then, with the weight p, = p,(0,\) for v € F, with p,(0,)\) as defined in (2.12) for
arbitrary given 0, \ > 0, there exists C' > 0 and, for each k € N, a monotonically decreasing
sequence (ay)per € (0,00)% such that

(i) (aV)VEFm € ep/n(]FH):

(ii) for u : I® — X related to u as in Assumption 3.7, for M,r > 0 as above, and for
(¢¥j)jen C Z with ||¢j|lz < b; for all j € N, there exists C > 0 such that the Jacobi
coefficients (uy)ver of u satisfy

Vv eF,: pollusllx <CMa,. (3.19)

In particular, for every k € N holds
(Polluwllx)ver, € Cpyn(Fr).

This result is contained in [35, Thm. 2.2.10], where a complete proof is available. As in
earlier works [16, 5, 13, 2], it uses complex-variable methods to obtain precise bounds on
the Jacobi-coefficients u,, expressed via the Cauchy-Integral Theorem on suitable contours
in poly-ellipses £, with (b, r)-admissible semi-axis sums p as in Proposition 3.8.

We relate Theorem 3.9 to the abstract sparse-grid interpolation and quadrature results,
Corollary 2.10 and Theorem 2.11. To this end, we verify that the parametric holomorphy in
Proposition 3.8 implies the double-weighted summability Assumption 2.3.

Corollary 3.10 Under the assumption and notation of Theorem 3.9, let 0 < p/k < 2,
0,\ >0, and define the sequence o := (ou)ver by

oy = al/>* p,(0,)), v eF.
Then there exists a constant M, > 0 such that
1/2
(Z (aunuunx)?) < M2 <o and |[p0, N, <M <oco, (3.20)
velF,

where q,; == 272%/’% and M, = HGHZ/,Z(FN)'
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Proof. We prove the corollary for the particular case when x = 1. The case when k > 2 can
be proven in an analogous manner with obvious modifications.
Observe F = F; and that M; < oo and

luwllx < pu(6,0)  ay

by (3.19) in Theorem 3.9. Hence, we have by Theorem 3.9,

2
S @ lulx)? < 3 (P8 N (0.0 Ma) = Jlallf g < M,

veR veR
and
Hp(@,)\)U*lHZq(]F) = Z (a,lfp/2)2p/(2_p) = ||a||§p(JF) < My,
veF
which proves (3.20) for x = 1. 0

The general results, Theorem 2.11 and Corollary 2.10, on convergence rates of fully
discrete sparse-grid interpolation and quadrature imply with the double summability in As-
sumption 2.3 (which in the presently considered case is a consequence of Theorem 3.9 and
Corollary 3.10 with k = 2) the following result valid under the parametric holomorphy
u:Zt— X' i=1,2.

Theorem 3.11 For complex Hilbert spaces X*, Z%, i = 1,2, with X? C X! and Z? C Z',
assume given a map u : Z' — X' i = 1,2 which is in each case holomorphic according
to Assumption 3.7, item (i), with suitable exponents 0 < p1 < py < 2, and corresponding
sequences b;, i = 1,2 as in Assumption 3.7, item (i).

Assume the parametric maps 1° > y — u(y) € X' are given in terms of u via affine
encoding o in (3.16) with one (common) sequence (Y;)jen C Z* C Z* as in Assumption 3.7,
satisfy the double weighted summability Assumption 2.3, item (i) with the summability ex-
ponents q; :=2p; /(2 —p;), i =1,2.

Let 0 := (00)ver, © = 1,2, be the sets defined as in Corollary 3.10 in the context of the
space X°.

Assume further given a sequence (Xp)nen of subspaces X,, C X' such that (2.28) in
Assumption 2.8, item (iii) holds with rate o > 0.

(i) Then there hold the interpolation error bounds (2.43), with the rate o > 0 which is as
in (2.28) of Assumption 2.3, item (iii) and the rates § and k are as in (2.44).

Assume in addition that the product Jacobi measure (2.5) is symmetric, i.e. that a; = b;
for alli € N. For £ > 1, let Goy(§) be the set defined as in Definition 3.5 for o;, i =1,2, as
in Assumption 2.3, item (iv).

Then for the quadrature operator Qé‘ev(ﬁ) generated by the interpolation operator Ig © "
C(I%, X?) = V(Gey(€)), we have the following.

(ii) There exists a constant C' > 0 such that for any n € N there exists a number &, such

that dim V(Gey(&)) < and

(iii) Let ¢ € (X')" be a bounded linear functional on X*. There exists a constant C' > 0
such that for any n € N there exists a number &, such that dim V(Gey(€,)) < n and

/Hm u(y) du(y) = Qa6

—a b o _
<c{"” Foas2/e=1/2 g,
X! n~P(logn)® ifa>2/qs —1/2.

i n=¢ ifa<2/qgy—1/2,
/HOC (¢, u(y)) du(y) — Qccv(gn)@’ u)| < CHfbH(xl)/ {nﬁ(log W) ifa>2/g —1/2.
(3.22)
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The rate « is given by (2.28), k and 8 > 0 by (3.15) with q, being replaced by qs.

Proof. Ttem (i) is directly obtained by applying Theorem 2.8. Items (ii) and (iii) can be
proven in a manner similar to the proof of Theorem 3.6. 0

Remark 3.1 We compare the convergence rates of fully discrete sparse-grid polynomial
interpolations and quadratures in Theorems 3.4-3.6 and in Theorem 3.11. Denote by A,
and B,, the bounds (without constants) for these convergence rates as in the right-hand sides
of (3.11) and (3.13), respectively. Evidently, ignoring values of constants, A, and B,, cannot
exceed n~% which is governed by the spatial regularity « in Assumption 2.3, item (iii). By
simple computation we derive that

B,=A,=n"¢ if a<1/gs—1/2,
B, =A4,n"(logn)™" if 1/ga—1/2 < a<2/qga—1/2, (3.23)
B,=A,n"" if a>2/qg—1/2,
o (0~ 1/g+1/2) (/a1 +/2)
_ala—1/g2 + oo/ +
T = ato >07 TQ.—(a+6)(a+25)>O,

where § := 1/¢1 — 1/g2 > 0. This shows a dichotomy between the asymptotic convergence
rates, i.e., the behaviors of A,, and B,, which depends on the relation of spatial regularity
«a and weighted summability exponent ps. More precisely, A,, dominates B,, in the case of
higher spatial regularity when o > 1/g2 —1/2. In the complementary case, i.e., in the case of
lower spatial regularity when o < 1/go —1/2, both asymptotic rates coincide and equal n=%.
As noted earlier, this principal improvement in the first case stems from the cancellation of
anti-symmetric terms within the sparse-grid tensor-product quadratures associated with the

symmetric infinite-tensor-product ultra-spherical polynomials.
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