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Abstract

We study fully-discrete approximations and quadratures of infinite-variate functions in
abstract Bochner spaces associated with a Hilbert space X and an infinite-tensor-product
Jacobi measure. For target infinite-variate functions taking values in X which admit ab-
solutely convergent Jacobi generalized polynomial chaos expansions, with suitable weighted
summability conditions for the coefficient sequences, we generalize and improve prior re-
sults on construction of sequences of finite sparse-grid tensor-product polynomial interpo-
lation approximations and quadratures, based on the univariate Chebyshev points. For a
generic stable discretization of X in terms of a dense sequence (Vn)n∈N of finite-dimensional
subspaces, we obtain fully-discrete, linear approximations in terms of so-called sparse-grid
tensor-product projectors, with convergence rates of approximations as well as of sparse-grid
tensor-product quadratures of the target functions.

We verify the abstract assumptions in two fundamental application settings: first, a linear
elliptic diffusion equation with affine-parametric coefficients and second, abstract holomor-
phic maps between separable Hilbert spaces with affine-parametric input data encoding. For
these settings, as in [37, 20], cancellation of anti-symmetric terms in ultra-spherical Jacobi
generalized polynomial chaos expansion coefficients implies crucially improved convergence
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rates of sparse-grid tensor-product quadrature with respect to the infinite-tensor-product
Jacobi weight, free from the “curse-of-dimension”.

Largely self-contained proofs of all results are developed. Approximation convergence rate
results in the present setting which are based on construction of neural network surrogates,
for unbounded parameter ranges with Gaussian measures, will be developed in extensions of
the present work.

1 Introduction

Recent years have seen development of numerical analysis and “high-dimensional” approxi-
mation, i.e., of functions depending on a large, possibly, infinite number of variables. These
arise, in connection with PDEs with uncertain input data from function spaces. Upon rep-
resenting such input data in suitable bases, for example Fourier-, Wavelet- or Frames (see,
e.g., [34] for a lucid presentation of constructions of concrete representation systems in a
wide range of function spaces), the solutions of the PDE become infinite-parametric maps
which, in turn, take values in target Hilbert- or Banach spaces X.

Parsimonious numerical approximation of such maps by finite-parametric surrogates re-
quires, as a rule, dimension-explicit parametric regularity combined with hierarchic, multi-
level approximation in the target function spaces. One central issue in approximation rate es-
timates is the so-called “curse of dimensionality” (CoD). For infinite-parametric maps which
result from holomorphic maps between function spaces, it has been shown in recent years,
starting with [33, 15, 16, 13], that the CoD can be overcome. The key mathematical insight
in these works were suitable summability results in coefficient sequences of generalized poly-
nomial chaos (GPC) expansions of the parametric solution families. Summability, in turn,
gives rise to N -term approximation rate bounds via Stechkin’s lemma. GPC summability
results provide existence of finite-parametric approximations of the parametric solutions in
function space X, but are, generally, not constructive.

Subsequently, constructive versions of GPC approximations with N -term approximation
rates have been developed in the past decade, for example in [35, 19, 20, 37, 23, 1, 22, 25]
and the references there. Related results addressing numerical quadrature with respect to
probability measures on the coordinate sequence spaces have been developed in [29, 37]:
there, convergence rates of the sparse-grid quadratures for semi-discrete (i.e. assuming exact
evaluations of the function values) setting, for quadrature w.r. to tensor products of the
uniform probability measure on (−1, 1). A unified mathematical derivation of constructive
interpolation approximation and numerical integration with spatial discretization in the tar-
get space X of affine-parametric and, more generally, holomorphic maps between function
spaces is the purpose of the present paper.

1.1 Existing results

In the semi-discrete setting (i.e. without discretization in X) and for integration against
tensor products of the uniform measure, in [37] and later in [20, 23], approximation rate
bounds were developed. By exploiting symmetry properties of the uniform measure on
(−1, 1), cancellations of anti-symmetric moments in the Bochner integrals over generalized
polynomial chaos (for sort GPC) surrogates were shown in [37] to imply higher convergence
rates of the corresponding Smolyak quadratures. The general (non-symmetric) case, still
semi-discrete, for numerical approximation of the integral versus the product Jacobi measure
µa,b was analyzed in [35, Thm. 3.1.6] and [20, Corollary 6.1], in the semi-discrete case.

Results on fully-discrete approximations were developed in [4], [35, Sec. 3.2] for a Galerkin
method, and [20, Thms. 6.1, 6.2]. Results on fully-discrete polynomial interpolations and
quadratures were obtained, among others, in [35, 36, 19, 23]. Semi-discrete least-squares ap-
proximations, i.e., without discretization of the GPC coefficients, for parametric PDEs have
been studied in [9, 12, 17], whereas full-discrete least-squares approximations are analyzed
for example in [22].
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Adcock et al. address in [2] the approximation rate analysis of infinite-parametric, holo-
morphic functions, again in a semi-discrete setting (i.e., the coefficients in the approximation
are assumed to take values in Hilbert- or Banach spaces X). Algorithmic aspects of localiz-
ing, for a given budget of N GPC terms, set of at most N multi-indices are addressed in [1].
Bachmayr et al. in [6] address parametric analyticity of solution families of affine-parametric,
linear diffusion equation. Analytic regularity of parametric solutions is established in [6] via
a real-variables argument, with inductive proofs to bound parametric derivatives of the so-
lution. Nonlinear (adaptive) sparse grid approximations have been investigated in [26, 27]
and more recently in [7, 8].

1.2 Contributions

We generalize and improve the convergence rate results in [29, 37, 23] to multi-level, sparse-
grid polynomial interpolation and quadrature based on univariate Chebyshev nodes and with
respect to general Jacobi weights, as considered in [35, 20].

The crucial improvement in the convergence rate of the sparse-grid quadrature is verified
for more general weights than considered in [37], specifically for tensorized versions of the
univariate (symmetric) ultra-spherical weights, both in the fully-discrete and semi-discrete
case. The construction of finite-parametric sparse-grid approximations for polynomial in-
terpolation and quadrature is via a weighted thresholding of index sets, similar to [35, 23].
The construction will be used in a subsequent part of this work to construct neural network
approximations of parametric PDE solution manifolds with convergence rates.

1.3 Layout

In Sec. 2, we recap basic terminology and definitions on Jacobi orthogonal polynomials, their
infinite tensor products and corresponding GPC expansions, and univariate interpolation op-
erators. We develop constructions of sparse-grid tensor-product polynomial interpolation and
quadrature for approximation of X-valued, parametric functions in Bochner space associated
with a Hilbert space X and a Jacobi infinite tensor product measure on the parameter se-
quences. We establish convergence rates of fully-discrete polynomial interpolations as well
as of the related, fully-discrete quadratures for the target functions under some weighted
summability condition on Jacobi GPC coefficients, and subject to discretization in X. In
Sec. 3, we apply the abstract results in the preceding section to two important examples: a
linear elliptic diffusion equation with affine-parametric coefficients and abstract holomorphic
maps between separable Hilbert spaces with affine-parametric input encoding.

1.4 Notation

N = {1, 2, 3, . . .} denotes the natural numbers, i.e. the set of positive integers and we write
N0 = N ∪ {0}. An important role in GPC expansion will be played by the set of “finitely
supported” multiindices F = {ν = (νj)j∈N : ν ∈ NN

0 ,
∑
j∈N νj < ∞}. Observe that F is

countable. We denote by 0 ∈ F the zero multi-index, and by ei the sequence (δij)j∈N. We
introduce in F a half-ordering via

ν ≤ ν′ ⇐⇒ ∀j ∈ N : νj ≤ ν′j .

A multi-indexed sequence (σν)ν∈F ⊂ R is called increasing if σν′ ≤ σν for ν′ ≤ ν.
For ν = (νj)j∈N ∈ F, we introduce for 0 < p <∞

|ν|p :=

∑
j∈N

νpj

1/p

.

We also set supp(ν) = {j ∈ N : νj 6= 0}, and

|ν|0 := #({j ∈ N : νj 6= 0}), |ν|∞ := max
j∈N

νj .
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We shall also use the following notation: for κ ∈ N,

Fκ := {ν ∈ F : νj ∈ N0,κ, j ∈ N}, where N0,κ := {n ∈ N0 : n = 0, κ, κ+ 1, . . .}.

Obviously F = F1. To describe certain cancellations in Jacobi expansion due to symmetry,
in our analysis of sparse-grid quadrature we shall require the even index set

Fev := {ν ∈ F : νj ∈ 2N0 for all j ∈ N} ⊂ F2. (1.1)

A multi-index set Λ ⊂ F (Λ ⊂ Fev) is called downward closed in F (resp. in Fev) if the
inclusion ν ∈ Λ implies ν′ ∈ Λ for every ν′ ∈ F (ν′ ∈ Fev) such that ν′ ≤ ν.

Throughout, I := [−1, 1], and I∞ = [−1, 1]∞ denotes the countable cartesian product.

2 Fully discrete approximations in Bochner spaces

In this section, we develop fully discrete sparse-grid GPC interpolation and quadrature
for infinite-variate functions in Bochner spaces associated with a Hilbert space X and an
infinite-tensor-product Jacobi measure. We consider infinite-variate X-valued functions with
weighted `2-summability conditions for the Jacobi GPC expansion coefficient sequences, and
and a generic, stable discretization of X in terms of a dense sequence (Vn)n∈N of finite-
dimensional subspaces with certain approximation properties. We present finite sparse-grid,
tensor-product polynomial interpolations and sparse, Smolyak-type quadrature rules built
from the univariate Chebyshev nodes.

2.1 Jacobi polynomials

For given a, b > −1, let (Jk)k∈N0
be the sequence of (probabilistic) Jacobi polynomials on

I = [−1, 1] which are normalized with respect to the Jacobi probability measure µa,b on I
endowed with the sigma algebra of Borel sets B(I) on I, i.e.,∫

I
|Jk(y)|2dµa,b(y) =

∫
I
|Jk(y)|2δa,b(y)dy = 1, k ∈ N0,

where the Jacobi weight function δa,b(y) in (−1, 1) is given by

δa,b(y) := ca,b(1− y)a(1 + y)b, ca,b :=
Γ(a+ b+ 2)

2a+b+1Γ(a+ 1)Γ(b+ 1)
.

In particular, (I,B, µa,b) is a probability space, and the Jacobi polynomials normalized in
this way are µa,b-orthonormal, i.e.∫

I
Jk(y)Jl(y)dµa,b(y) = δkl , k, l ∈ N0 . (2.1)

In particular, J0 ≡ 1 for all a, b > −1.
Important examples contained in this setting are: (i) a = b = 0, when µa,b is the uniform

probability measure on I with c0,0 = 1/2 and δa,b ≡ 1/2, and (Jk)k∈N are the Legendre
polynomials, (ii) a = b = −1/2 which corresponds to the family of the Chebyshev polyno-
mials, and (iii) a = b > −1 which corresponds to the family of ultra-spherical (Gegenbauer)
polynomials.

In all cases, one has the Rodrigues’ formula

Jk(y) =
ca,bk
k!2k

(1− y)−a(1 + y)−b
dk

dyk
(
(y2 − 1)k(1− y)a(1 + y)b

)
, (2.2)

where ca,b0 := 1 and

ca,bk :=

√
(2k + a+ b+ 1)k!Γ(k + a+ b+ 1)Γ(a+ 1)Γ(b+ 1)

Γ(k + a+ 1)Γ(k + b+ 1)Γ(a+ b+ 2)
, k ∈ N. (2.3)
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From [32, Theorem 7.32.1] and the relations J0 ≡ 1 and ca,bk ∼ k1/2, k ∈ N, by a direct
computation one can derive the bound

‖Jk‖L∞(I) ≤ (1 + λa,bk)max{a,b,−1/2}+1/2 (2.4)

for k ∈ N0, where λa,b is a positive constant independent of k.

2.2 Jacobi chaos

Multivariate Jacobi polynomials are constructed by tensorization. For GPC expansions,
arbitrary large tensor products of univariate polynomials are required. To describe these,
we introduce suitable notation. Let a = (aj)j∈N ∈ `∞(N) and b = (bj)j∈N ∈ `∞(N) with
−1 < a, b, where a := infj∈N aj , b := infj∈N bj . We define the infinite-dimensional Jacobi
probability measure µ on I∞ as the tensor product of the Jacobi probability measures µaj ,bj :

µa,b :=
⊗
j∈N

µaj ,bj . (2.5)

When a, b are clear from the context, we also write µ instead of µa,b.
For ν = (νj)j∈N ∈ F and y = (yj)j∈N ∈ I∞ define the tensor product Jacobi polynomial

Jν(y) :=
⊗
j∈N

Jνj (yj). (2.6)

Due to J0 = 1 for any ν ∈ F the product in (2.6) contains only |ν|0-many nontrivial factors.
The univariate orthonormality (2.1) then implies with Fubini’s theorem

∀ν,ν′ ∈ F :

∫
I∞
Jν(y)Jν′(y)dµ(y) = δνν′ . (2.7)

Hence, the countable collection (Jν)ν∈F is an orthonormal basis of L2(I∞;µ).
For a summability index 0 < p ≤ ∞, we introduce the Bochner space Lp(X) :=

Lp(I∞, X;µ) as the set of all strongly µ-measurable functions I∞ → X taking values in
a Hilbert space X, equipped with the (quasi-)norm

‖v‖Lp(X) :=

{(∫
I∞ ‖v(y)‖pX dµ(y)

)1/p
, 0 < p <∞,

ess supy∈I∞ ‖v(y)‖X , p =∞.
(2.8)

There hold the norm inequalities for 0 < p1 < p2 ≤ ∞,

‖ · ‖Lp1 (X) ≤ ‖ · ‖Lp2 (X). (2.9)

Let C(I∞, X) be the Banach space of all functions defined on I∞ taking values in X, which
are continuous on I∞ w.r. to the product topology. According to the Tychonoff theorem
(see, e.g., [31, page 143: Thm. 13]), this topology renders I∞ compact. A norm in C(I∞, X)
is then defined by

‖v‖C(I∞,X) := max
y∈I∞

‖v(y)‖X .

Note that ‖v‖C(I∞,X) = ‖v‖L∞(X) for v ∈ C(I∞, X).

If v ∈ L2(X) for a Hilbert space X, the formal Jacobi generalized polynomial chaos (GPC)
expansion of v reads

v =
∑
ν∈F

vνJν , where vν :=

∫
I∞
v(y)Jν(y)dµ(y), (2.10)

with the equality and convergence in the Hilbert space L2(X). There holds the Parseval’s
identity

‖v‖2L2(X) =
∑
ν∈F
‖vν‖2X . (2.11)
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We remark that the L2-convergence implied by (2.11) does not imply absolute convergence.
For absolute convergence we need a certain additional condition on weighted summability as
stated in Lemma 2.2. We start by introducing the weights that we shall consider.

For θ, λ ≥ 0 we define the set p(θ, λ) := (pν(θ, λ))ν∈F by

pν(θ, λ) :=
∏
j∈N

(1 + λνj)
θ, ν ∈ F. (2.12)

We use also the abbreviation: p(θ) := p(θ, 1). From (2.4) we can see that

‖Jν‖L∞(I∞) ≤ pν(θ0, λ0), ν ∈ F, (2.13)

where
λ0 := sup

j∈N
λaj ,bj < ∞ (2.14)

with the constants λaj ,bj as in (2.4), and

θ0 := max

{
sup
j∈N

aj , sup
j∈N

bj ,−1/2

}
+ 1/2 ≥ 0. (2.15)

2.3 Sparse-grid tensor-product polynomial interpolation

In this section, we construct linear fully discrete (multi-level) sparse-grid tensor-product
polynomial interpolations for approximation of functions taking values in the Banach space
X2 ⊂ X1, with weighted `2-summability of Jacobi GPC expansion coefficients. We consider
Hilbert spaces X1 and X2 satisfying a certain “spatial” approximation property which we
formalize in Assumption 2.3, item (iii) below.

For m ∈ N0, we denote by Ym the set of Chebyshev nodes

Ym :=

{
ym,k = − cos

(2k + 1)π

2(m+ 1)
: k = 0, 1, 2, . . . ,m

}
. (2.16)

If v is a function on R taking values in a Hilbert space X and m ∈ N0, we define the function
Im(v) on R taking values in X by

Im(v) :=

m∑
k=0

v(ym,k)Lm,k, Lm,k(y) :=
∏

j=1,...,m,j 6=k

y − ym,j
ym,k − ym,j

. (2.17)

The function Im(v) interpolates v at ym,k, i.e., Im(v)(ym,k) = v(ym,k) for k = 0, . . . ,m.
The Lebesgue constant is given by

λm(Ym) := sup
‖v‖C(I)≤1

‖Im(v)‖C(I) .

There holds the inequality

λm(Ym) ≤ 1 +
2

π
log(m+ 1),

see, for examples, [10, eq. (10)]. Hence we get

λm(Ym) < log(2m+ 3). (2.18)

We define the univariate increment operator ∆I
m for m ∈ N0 by

∆I
m := Im − Im−1, (2.19)
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with the convention I−1 = 0, and the univariate even increment operator ∆I∗
m for m ∈ 2N0

by
∆I∗
m := Im − Im−2, (2.20)

with the convention I−2 = 0. From (2.18) it follows that∥∥∆I∗
m(v)

∥∥
L∞(I) ,

∥∥∆I
m(v)

∥∥
L∞(I) ≤ 2 log(2m+ 3) ‖v‖L∞(I) , v ∈ C(I), m ∈ N0. (2.21)

Recalling (2.19), for a function v defined on I∞ and taking values in a Hilbert space X,
we introduce the tensor product operator ∆I

ν , ν ∈ F, by

∆I
ν(v) :=

⊗
j∈N

∆I
νj (v), (2.22)

where the univariate operator ∆I
νj is applied to the univariate function

⊗
i<j ∆I

νi(v) by
considering it as a function of variable yj with the other variables held fixed. For a finite set
Λ ⊂ F, the sparse tensor-product interpolation operator IΛ is defined by

IΛ :=
∑
ν∈Λ

∆I
ν . (2.23)

For ν ∈ F, define Rν := {ν′ ∈ F : ν′ ≤ ν}. Here the inequality ν′ ≤ ν means that
ν′j ≤ νj , j ∈ N.

Assumption 2.1 v ∈ L2(X) and there exist a set of positive numbers (σν)ν∈F strictly larger
than 1 and a number 0 < q < 2 such that(∑

ν∈F
(σν‖vν‖X)2

)1/2

≤M <∞ and

(∑
ν∈F

(
pν(θ, λ)2/qσ−1

ν

)q)1/q

≤ K <∞.

Lemma 2.2 Let ε be a fixed positive number and Cε such that

2(1 + λ0k)θ0 log(2k + 3) ≤ (Cεk + 1)θ0+ε, ∀k ∈ N0,

with θ0, λ0 given in (2.14) and (2.15).
Let v ∈ L2(X) and satisfy Assumption 2.1 with

θ := θ0 + 1 + ε, λ := Cε + 1. (2.24)

Then the function v can be identified with an element in C(I∞, X).
Additionally, for every y ∈ I∞ we can represent v(y) by the series

v(y) =
∑
ν∈F

vνJν(y), (2.25)

with absolute convergence in X. The series (2.10) converges unconditionally in L2(X) to v.

Proof. We first prove that the series in (2.10) converges absolutely in C(I∞, X). By (2.13)
and (2.24) we get∑

ν∈F
‖vνJν‖C(I∞,X) ≤

∑
ν∈F
‖vν‖X‖Jν‖L∞(I∞) ≤

∑
ν∈F
‖vν‖Xpν(θ, λ)

≤

(∑
ν∈F

(σν ‖vν‖X)2

)1/2(∑
ν∈F

(
pν(θ, λ)σ−1

ν

)2
)1/2

≤M

(∑
ν∈F

(
pν(θ, λ)2/qσ−1

ν

)q)1/q

<∞.

(2.26)
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Here and below, θ and λ are as in (2.24). Since C(I∞, X) is a Banach space, the series in
(2.10) converges absolutely and therefore, unconditionally in the Banach space C(I∞, X), and
hence, due to the norm inequalities (2.9), in L2(X) to an element v̄ ∈ C(I∞, X) ⊂ L2(X).
In particular, we have for every y ∈ F,

v̄(y) =
∑
ν∈F

vνJν(y)

with the absolute convergence in X. Since v̄ and v have the same Jacobi GPC expansion we
get v = v̄ in L2(X). Hence v(y) = v̄(y) µ-almost everywhere. This means that the function
v can be treated as an element in C(I∞, X).

For the sparse-grid interpolation approximation bounds, we require a sparsity hypothesis
on v. As in previous works [15, 4, 35, 20, 23], given Hilbert spaces X1 and X2 with X2 ⊂ X1,
sparsity in these spaces here takes the form of what we call “double-weighted summability”
of coefficients in Jacobi GPC expansions of v ∈ L2(X2). To construct linear, fully discrete
approximation methods, besides weighted `2-summabilities with respect to X1 and X2 we
need an approximation property on the spaces X1 and X2. Combining these requirements,
we say that v satisfies Assumption 2.3 iff

Assumption 2.3

(i) [Hilbert scale] X1 and X2 are Hilbert spaces, X2 is a linear subspace of X1 and there
exists a constant C > 0 such that for all w ∈ X2 holds ‖w‖X1 ≤ C ‖w‖X2 ;

(ii) [GPC representation] v ∈ L2(X2) is represented by the series

v =
∑
ν∈F

vνJν , vν ∈ X2, (2.27)

(iii) [Stability and consistency of spatial approximation] There exist a sequence (Vn)n∈N0
of

subspaces Vn ⊂ X1 of dimension at most n with V0 = {0}, and a sequence (Pn)n∈N0
of

linear operators from X1 into Vn, and a number α > 0 such that P0(w) = 0 and there
exist constants C1, C2 > 0 such that

‖Pn(w)‖X1 ≤ C1‖w‖X1 , ‖w − Pn(w)‖X1 ≤ C2n
−α‖w‖X2 , ∀n ∈ N0, ∀w ∈ X2.

(2.28)

(iv) [Double-weighted Jacobi-summability] for i = 1, 2, there exist numbers qi with 0 < q1 ≤
q2 <∞ and q1 < 2, and families σi := (σi;ν)ν∈F ⊂ (1,∞) such that∑

ν∈F
(σi;ν‖vν‖Xi)2 ≤Mi <∞ and

(
pν(θ, λ)2/qiσ−1

i;ν

)
ν∈F
∈ `qi(F) (2.29)

with θ, λ as in (2.24).

Spaces X1 and X2 ⊂ X1 will typically belong to a suitable scale of Sobolev or Besov
spaces describing regularity of parametric maps in “physical” co-ordinates. This in turn
provides approximation rate α of projections Pn. Assumption 2.3 stipulates the regularity
and approximation rate bounds to hold uniformly with respect to y ∈ I∞ for one collection
{Vn}n∈N0

, i.e. Vn is independent of y.
For each k ∈ N0, with Pn as in Assumption 2.3, we define for w ∈ X2

δk(w) := P2k(w)− P2k−1(w), k ∈ N, δ0 := P0(w). (2.30)

We have from (2.28)
‖δk(w)‖X1 ≤ C2−αk ‖w‖X2 , k ∈ N0. (2.31)

For w ∈ X2 satisfying Assumption 2.3, item (iii), we can represent w by the series

w =

∞∑
k=0

δk(w), (2.32)
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with equality and unconditional convergence in X1.
In the setting of Assumption 2.3, for a finite set G ⊂ N0×F, we define the approximation

space

V(G) :=

v =
∑

(k,ν)∈G

vkJν : vk ∈ V2k

 . (2.33)

The linear projector SG : L2(X2)→ V(G) is then defined by

SGv :=
∑

(k,ν)∈G

δk(vν)Jν for v =
∑
ν∈F

vνJν ∈ L2(X2), vν ∈ X2. (2.34)

For the constructive sparse-grid tensor product interpolation and finite truncation of GPC
expansion, as in e.g. [35, 37, 36, 20, 23], index sets G are chosen by thresholding.

Definition 2.4 [Thresholded index sets] For a threshold parameter ξ > 1, for the approxi-
mation rate α and the summability exponents q1, q2 as in Assumption 2.3, define

τ :=
2α

2− q2
, ϑ :=

2

2− q2

(
1

q1
− 1

2

)
, η :=

(
1

q1
− 1

2

)−1

, (2.35)

and the thresholded index set

G(ξ) :=

{{
(k,ν) ∈ N0 × F : 2kσq22;ν ≤ ξ

}
if α ≤ 1/q2 − 1/2,{

(k,ν) ∈ N0 × F : σq11;ν ≤ ξ(log ξ)η, 2τkσ2;ν ≤ ξϑ
}

if α > 1/q2 − 1/2.
(2.36)

We will need the following auxiliary result on fully discrete approximation in the Bochner
space Lp(X1) for the operator SG(ξ).

Lemma 2.5 Let v satisfy Assumption 2.3 with summability exponents q1, q2 and let α > 0
be as in Assumption 2.3, item (iii). Let further the threshold index sets G(ξ) be as in
Definition 2.4, for a threshold parameter ξ > 1.

Then there exists a constant C > 0 such that for every threshold parameter ξ > 1 and for
every 0 < p ≤ 2 holds

‖v − SG(ξ)v‖Lp(X1) ≤ C

{
ξ−α if α ≤ 1/q2 − 1/2,

ξ−(1/q1−1/2) if α > 1/q2 − 1/2.
(2.37)

Proof. In this proof the positive constant C may change its value from place to place but is
independent of ξ. Because of the inequality ‖ · ‖Lp(X1) ≤ ‖ · ‖L2(X1), it is sufficient to prove
the theorem for p = 2. Under Assumption 2.3, in a fashion analogous to the proof of [23,
Lemma 3.4], the function v can be represented as the series

v =
∑

(k,ν)∈N0×F

δk(vν) Jν (2.38)

converging absolutely and hence, unconditional in L2(X1) to v.
We first consider the case α ≤ 1/q2 − 1/2. We have by Parseval’s identity and the

9



unconditional convergence of the series (2.38) that

‖v − SG(ξ)v‖2L2(X1) =

∥∥∥∥∥ ∑
(k,ν)∈N0×F

δk(vν) Jν −
∑
ν∈F

∑
2kσ

q2
2;ν≤ξ

δk(vν) Jν

∥∥∥∥∥
2

L2(X1)

=

∥∥∥∥∥∑
ν∈F

∑
ξσ
−q2
2;ν <2k

δk(vν) Jν

∥∥∥∥∥
2

L2(X1)

=
∑
ν∈F

∥∥∥∥∥ ∑
ξσ
−q2
2;ν <2k

δk(vν)

∥∥∥∥∥
2

X1

≤
∑
ν∈F

( ∑
ξσ
−q2
2;ν <2k

‖δk(vν)‖X1

)2

≤
∑
ν∈F

( ∑
ξσ
−q2
2;ν <2k

C 2−αk‖vν‖X2

)2

≤ C
∑
ν∈F
‖vν‖2X2

( ∑
2k>ξσ

−q2
2;ν

2−αk

)2

≤ C
∑
ν∈F
‖vν‖2X2 (ξσ−q22;ν )−2α.

Hence, by the inequalities q2α ≤ 1 and σ2;ν > 1, and (2.29) we derive that

‖v − SG(ξ)v‖2L2(X1) ≤ C ξ−2α
∑
ν∈F

(σ2;ν‖vν‖X2)2 ≤ C ξ−2α,

which proves the lemma for the case α ≤ 1/q2 − 1/2.
Let us consider the case α > 1/q2 − 1/2. Putting

vξ :=
∑

{ν:σ
q1
1;ν≤ξ(log ξ)η}

vνJν ,

we get
‖v − SG(ξ)v‖L2(X1) ≤ ‖v − vξ‖L2(X1) + ‖vξ − SG(ξ)v‖L2(X1). (2.39)

By Lemma 2.2 the series (2.10) converges unconditionally in L2(X1) to v. Hence, employing
Assumption 2.3, item (iv), the norm ‖v − vξ‖L2(X1) can be estimated by

‖v − vξ‖2L2(X1) =
∑

σ
q1
1;ν>ξ(log ξ)η

‖vν‖2X1 =
∑

σ
q1
1;ν>ξ(log ξ)η

σ−2
1;ν(σ1;ν‖vν‖X1)2

≤ (ξ(log ξ)η)−2/q1
∑
ν∈F

(σ1;ν‖vν‖X1)2 ≤ C(ξ(log ξ)η)−2/q1 .

(2.40)
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For the norm ‖vξ − SG(ξ)v‖L2(X1), with N = N(ξ,ν) := 2

⌊
log2

(
σ
−1/τ
2;ν ξϑ/τ

)⌋
we have

‖vξ − SG(ξ)v‖2L2(X1) =
∑

σ
q1
1;ν≤ξ(log ξ)η

∥∥∥∥∥vν − ∑
2k≤σ−1/τ

2;ν ξϑ/τ

δk(vν)

∥∥∥∥∥
2

X1

=
∑

σ
q1
1;ν≤ξ(log ξ)η

∥∥∥vν − PN (vν)
∥∥∥2

X1
≤ C

∑
σ
q1
1;ν≤ξ(log ξ)η

N−2α‖vν‖2X2

≤ C
∑

σ
q1
1;ν≤ξ(log ξ)η

(σ
−1/τ
2;ν ξϑ/τ )−2α‖vν‖2X2

= C ξ−2ϑα/τ
∑

σ
q1
1;ν≤ξ(log ξ)η

σ
2α/τ
2;ν ‖vν‖2X2

= C ξ−2(1/q1−1/2)
∑

σ
q1
1;ν≤ξ(log ξ)η

σ2−q2
2;ν ‖vν‖2X2

≤ C ξ−2(1/q1−1/2)
∑
ν∈F

(σ2;ν‖vν‖X2)
2 ≤ C ξ−2(1/q1−1/2).

Here we used the equalities ϑα/τ = 1/q1−1/2, 2α/τ = 2−q2 and Assumption 2.3, item (iv).
Summing up, we find

‖v − SG(ξ)v‖L2(X1) ≤ C ξ−(1/q1−1/2)

in the case α > 1/q2 − 1/2.

Definition 2.6 Given an index set G ⊂ N0 × F with the structure (2.36), we introduce the
sparse tensor product interpolation operator IG : C(I∞, X2)→ V(G) by

IGv :=
∑

(k,ν)∈G

(δk ⊗∆I
ν)(v). (2.41)

Here, the sparse-grid, tensor-product interpolation increments ∆I
ν are as in (2.22).

The sparse-grid interpolation operator IGv corresponds to a linear (i.e. non-adaptive),
fully discrete polynomial interpolation approximation. It is constructed by a sum over the
index set G, of anisotropic tensor products of dyadic, successive differences of spatial approx-
imations to v, and of successive differences of tensorized Lagrange interpolating polynomials.

The symmetry of the univariate Jacobi probability measures µaj ,bj in the ultra-spherical
case when aj = bj > −1, j ∈ N, implies the cancellation∫

I∞
Jν(y)dµ(y) = 0 when there exists j such that νj is odd. (2.42)

A corresponding set of symmetric sparse tensor-product interpolators on C(I∞, X2) exploits
these cancellations, and will be relevant in Section 2.4 below for the corresponding sparse-
grid quadratures, as observed first in [35, 37] in the Legendre case and later in [20, 23] in
the Jacobi case.

Definition 2.7 [Symmetric sparse tensor product interpolator] For a finite index set G ⊂
N0 × Fev with the structure (2.36), the interpolation operators

I∗G : C(I∞, X2)→ V(G)

as defined as in (2.41), with the tensorized increments ∆Iν for ν ∈ Fev replaced by ∆I∗
ν :=⊗

j∈N ∆I∗
νj , with ∆I∗

νj defined as in (2.20).
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Theorem 2.8 [Sparse-grid tensor-product interpolation convergence] Suppose that v satis-
fies Assumption 2.3.

Then for the index set G(ξ) in Definition 2.4 and for each n ∈ N there exists a number ξn
such that dimV(G(ξn)) ≤ n. Furthermore, there exists a constant C > 0 such that for any
0 < p ≤ 2 and any n ∈ N, we have for the sparse-grid tensor-product interpolation operator

IG(ξn) : C(I∞, X2)→ V(G(ξn)),

the error bound

∥∥v − IG(ξn)v
∥∥
Lp(X1)

≤ C

{
n−α if α ≤ 1/q2 − 1/2,

n−β(log n)κ if α > 1/q2 − 1/2,
(2.43)

where α is the convergence rate given by (2.28) and

β :=

(
1

q1
− 1

2

)
α

α+ δ
, δ :=

1

q1
− 1

q2
, 0 < κ :=

α+ 1/2− 1/q2

α+ 1/q1 − 1/q2
< 1. (2.44)

Proof. This theorem is proved along the lines of the proof of [23, Theorem 3.1]. We provide
details for completeness. It is sufficient to prove the theorem for p = 2. From the condition
(2.29) in Assumption 2.3 it follows that the series (2.27) converges unconditionally in L2(X1)
to v by Lemma 2.2. In this proof the constant C may change its value from place to place
but is always independent of ξ.

Step 1: Relation of the sparse-grid interpolant IΛv to the truncated Jacobi gpc expansion.
We have that ∆I

νJν′ = 0 for every ν 6≤ ν′. If Λ ⊂ F is a downward closed set in F, then
IΛJν = Jν for every ν ∈ Λ, and hence we can write

IΛv = IΛ

(∑
ν∈F

vν Jν

)
=
∑
ν∈F

vν IΛJν =
∑
ν∈Λ

vν Jν +
∑
ν 6∈Λ

vν IΛ∩Rν Jν . (2.45)

Let ξ > 1 be given. For k ∈ N0, put

Λk(ξ) :=

{{
ν ∈ F : σq22;ν ≤ 2−kξ

}
if α ≤ 1/q2 − 1/2;{

ν ∈ F : σq11;ν ≤ ξ(log ξ)η, σ2;ν ≤ 2−τkξϑ
}

if α > 1/q2 − 1/2.

Define further

k(ξ) :=

{
blog2 ξc if α ≤ 1/q2 − 1/2,
bϑτ−1 log2 ξc if α > 1/q2 − 1/2.

Observe that Λk(ξ) = ∅ for all k > k(ξ), and consequently, we have that

IG(ξ)v =

k(ξ)∑
k=0

δk

( ∑
ν∈Λk(ξ)

∆I
ν

)
v =

k(ξ)∑
k=0

δkIΛk(ξ)v. (2.46)

Since the sequence (σ2;ν)ν∈F is increasing, the index sets Λk(ξ) are downward closed sets in F
and, consequently, the sequence

{
Λk(ξ)

}k(ξ)

k=0
is nested in the inverse order, i.e., Λk′ ⊂ Λk(ξ)

if k′ > k, and Λ0 is the largest and Λk0 = {0F} for some 0 ≤ k0 ≤ k(ξ) and Λk = ∅ if k > k0.
From the unconditional convergence of the series (2.32) to v, and from (2.46) and (2.45)

we derive that

IG(ξ)v =

k(ξ)∑
k=0

∑
ν∈Λk(ξ)

δk(vν) Jν +

k(ξ)∑
k=0

∑
ν 6∈Λk(ξ)

δk(vν)IΛk(ξ)∩Rν Jν

= SG(ξ)v +

k(ξ)∑
k=0

∑
ν 6∈Λk(ξ)

δk(vν)IΛk(ξ)∩Rν Jν .
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This implies that

v − IG(ξ)v = v − SG(ξ)v −
k(ξ)∑
k=0

∑
ν 6∈Λk(ξ)

δk(vν)IΛk(ξ)∩Rν Jν . (2.47)

Observe that for k ≤ k(ξ), if ν 6∈ Λk(ξ), then (k,ν) 6∈ G(ξ). Hence, by (2.47) it follows that∥∥v − IG(ξ)v
∥∥
L2(X1)

≤
∥∥v − SG(ξ)v

∥∥
L2(X1)

+
∑

(k,ν)6∈G(ξ)

‖δk(vν)‖X1

∥∥IΛk(ξ)∩Rν Jν
∥∥
L2(I∞,µ)

.

(2.48)
Step 2: Next, we claim ∥∥IΛk(ξ)∩Rν (Jν)

∥∥
L2(I∞,µ)

≤ pν(θ, λ), (2.49)

with θ and θ being given in (2.24). This can be proven in a manner analogous to the proof
of [23, Eqn. (3.26)] We recall the definition (2.23) of the sparse-grid interpolant IΛ, and have∥∥IΛk(ξ)∩Rν (Jν)

∥∥
L∞(I∞)

≤
∑

ν′∈Λk(ξ)∩Rν

∥∥∆I
ν′ (Jν)

∥∥
L∞(I∞)

. (2.50)

Since ν′ ≤ ν, from (2.21) we derive that∥∥∥∆I
ν′j

(
Jνj
)∥∥∥
L∞(I)

≤ 2 log(2ν′j + 3)
∥∥Jνj}∥∥L∞(I) ≤ 2(1 + λ0νj)

θ0 log(2νj + 3),

with θ0 and λ0 being given in (2.14) and (2.15), respectively. Hence, we have∥∥∥∆I
ν′j

(
Jνj
)∥∥∥
L∞(I)

≤ (Cενj + 1)θ0+ε.

This, together with (2.50), gives∥∥IΛk(ξ)∩Rν (Jν)
∥∥
L∞(I∞)

≤
∑

ν′∈Λk(ξ)∩Rν

∏
j∈supp(ν)

(Cενj + 1)θ0+ε

≤ |Rν |
∏

j∈supp(ν)

(Cενj + 1)θ0+ε ≤ pν(1) pν(θ0 + ε, Cε)

≤ pν(θ0 + 1 + ε, Cε + 1) = pν(θ, λ). (2.51)

This proves (2.49)
Step 3: From (2.48) and (2.49) it follows that∥∥v − IG(ξ)v

∥∥
L2(X1)

≤
∥∥v − SG(ξ)v

∥∥
L2(X1)

+A(ξ), (2.52)

where
A(ξ) :=

∑
(k,ν)6∈G(ξ)

‖δk(vν)‖X1 · pν(θ, λ). (2.53)

In the next steps, we use the inequality (2.52) to establish bounds for
∥∥v − IG(ξ)v

∥∥
L2(X1)

.

Step 4: The case α ≤ 1/q2 − 1/2. Lemma 2.5 gives∥∥∥v − SG(ξ)u
∥∥∥
L2(X1)

≤ C ξ−α. (2.54)

Let us estimate the term A(ξ) in (2.53) which appears in the right-hand side of (2.52).
Bounding ‖δk(vν)‖X1 in (2.53) with (2.31) we derive that

A(ξ) ≤ C
∑

(k,ν) 6∈G(ξ)

2−αkpν(θ, λ)‖vν‖X2 = C
∑
ν∈F

pν(θ, λ)‖vν‖X2

∑
2k>ξσ

−q2
2;ν

2−αk

≤ C
∑
ν∈F

pν(θ, λ)‖vν‖X2 (ξσ−q22;ν )−α ≤ Cξ−α
∑
ν∈F

pν(θ, λ)σq2α2;ν ‖vν‖X2 .
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By the inequalities 2(1− q2α) ≥ q2 and σ2;ν > 1 and the assumptions we have that

∑
ν∈F

pν(θ, λ)σq2α2;ν ‖vν‖X2 ≤

(∑
ν∈F

(σ2;ν‖vν‖X2)2

)1/2(∑
ν∈F

pν(θ, λ)2σ
−2(1−q2α)
2;ν

)1/2

≤

(∑
ν∈F

(σ2;ν‖vν‖X2)2

)1/2(∑
ν∈F

pν(θ, λ)2σ−q22;ν

)1/2

<∞.

Thus, we obtain in (2.53)
A(ξ) ≤ Cξ−α.

This together with (2.52) and (2.54) implies that

‖v − IG(ξ)u‖L2(X1) ≤ Cξ−α.

We also have by (2.29)

dimV(G(ξ)) ≤
∑

(k,ν)∈G(ξ)

dimV2k ≤
∑

σ
q2
2;ν≤2−kξ

2k ≤
∑
ν∈F

ξσ−q22;ν = ξ
∑
ν∈F

σ−q22;ν ≤ Cξ.

Hence, for each n ∈ N we can find a number ξn such that dimV(G(ξn)) ≤ n and

‖v − IG(ξn)v‖L2(X1) ≤ Cn−α, α ≤ 1/q2 − 1/2. (2.55)

This proves the result in the case α ≤ 1/q2 − 1/2.
Step 5: The case α > 1/q2 − 1/2. Lemma 2.5 gives∥∥v − SG(ξ)v

∥∥
L2(X1)

≤ Cξ−(1/q1−1/2). (2.56)

We split A(ξ) in (2.53) into two sums as

A(ξ) = A1(ξ) +A2(ξ),

where
A1(ξ) :=

∑
σ
q1
1;ν>ξ(log ξ)η, σ2;ν≤2−τkξϑ

‖δk(vν)‖X1pν(θ, λ),

and
A2(ξ) :=

∑
σ2;ν>2−τkξϑ

‖δk(vν)‖X1 pν(θ, λ).

We get by Assumption 2.3, item (iii),

A1(ξ) ≤
∑

σ
q1
1;ν>ξ(log ξ)η

k(ξ)∑
k=0

‖δk(vν)‖X1pν(θ, λ)

≤ C
∑

σ
q1
1;ν>ξ(log ξ)η

k(ξ)∑
k=0

‖vν‖X1pν(θ, λ)

≤ C log ξ
∑

σ
q1
1;ν>ξ(log ξ)η

‖vν‖X1 pν(θ, λ).

(2.57)
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We obtain by Hölder’s inequality and the hypothesis of the theorem,∑
σ
q1
1;ν>ξ(log ξ)η

‖vν‖X1 pν(θ, λ)

≤

 ∑
σ
q1
1;ν>ξ(log ξ)η

(σ1;ν‖vν‖X1)2

1/2 ∑
σ
q1
1;ν>ξ(log ξ)η

pν(θ, λ)2σ−2
1;ν

1/2

≤ C

 ∑
σ
q1
1;ν>ξ(log ξ)η

pν(θ, λ)2σ−q11;ν σ
−(2−q1)
1;ν

1/2

≤ C(ξ(log ξ)η)−(1/q1−1/2)

(∑
ν∈F

pν(θ, λ)2σ−q11;ν

)1/2

≤ Cξ−(1/q1−1/2)(log ξ)−η(1/q1−1/2).

Due to the equality η(1/q1 − 1/2) = 1, this and (2.57) yield that

A1(ξ) ≤ Cξ−(1/q1−1/2). (2.58)

We now give a bound for A2(ξ). Observe that ϑα/τ = 1/q1 − 1/2 and α/τ = 1 − q2/2.
Employing (2.31), the assumption (2.29) and Hölder’s inequality, we get

A2(ξ) ≤
∑
ν∈F

∑
2k>(ξϑσ−1

2;ν)
1/τ

‖δk(vν)‖X1 pν(θ, λ)

≤ C
∑
ν∈F

∑
2k>(ξϑσ−1

2;ν)
1/τ

2−αk‖vν‖X2 pν(θ, λ)

≤ C
∑
ν∈F

(
σ
−1/τ
2;ν ξϑ/τ

)−α‖vν‖X2 pν(θ, λ)

= C ξ−ϑα/τ
∑
ν∈F

σ
α/τ
2;ν ‖vν‖X2 pν(θ, λ)

= C ξ−(1/q1−1/2)
∑
ν∈F

σ
1−q2/2
2;ν ‖vν‖X2 pν(θ, λ)

≤ C ξ−(1/q1−1/2)

(∑
ν∈F

(σ2;ν‖vν‖X2)2

)1/2(∑
ν∈F

p2
ν(θ, λ)σ−q22;ν

)1/2

≤ C ξ−(1/q1−1/2).

This proves that
A2(ξ) ≤ Cξ−(1/q1−1/2). (2.59)

Combining (2.58), (2.59) and (2.56) leads to the estimate

‖v − IG(ξ)v‖L2(X1) ≤ Cξ−(1/q1−1/2). (2.60)

We estimate the dimension of the space V(G(ξ)). Put q := τq2 and define q′ by 1/q′ +
1/q = 1. Since α > 1/q2 − 1/2, we have q > 1. Consequently, using Hölder’s inequality and
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(2.29), we derive that

dimV(G(ξ)) ≤
∑

(k,ν)∈G(ξ)

dimV2k ≤
∑

σ
q1
1;ν≤ξ(log ξ)η

∑
2τkσ2;ν≤ξϑ

2k

≤ 2
∑

σ
q1
1;ν≤ξ(log ξ)η

ξϑ/τσ
−1/τ
2;ν

≤ 2ξϑ/τ

 ∑
σ
q1
1;ν≤ξ(log ξ)η

σ−q22;ν

1/q ∑
σ
q1
1;ν≤ξ(log ξ)η

1

1/q′

≤ 2ξϑ/τ

(∑
ν∈F

σ−q22;ν

)1/q (∑
ν∈F

ξ(log ξ)ησ−q11;ν

)1/q′

= Mξϑ/τ+1/q′(log ξ)η/q
′

= Mξ1+δ/α(log ξ)η/q
′
,

where M := 2
∥∥(σ−1

2;ν

)∥∥q2/q
`q2 (F)

∥∥(σ−1
1;ν

)∥∥q1/q′
`q1 (F)

.

For any n ∈ N, letting ξn be a number satisfying the inequalities

M ξ1+δ/α
n (log ξn)η/q

′
≤ n < 2M ξ1+δ/α

n (log ξn)η/q
′
, (2.61)

we derive that dimV(G(ξn)) ≤ n. On the other hand, by (2.61),

ξ−(1/q1−1/2)
n �

(
n

(log n)η/q′

)−(1/q1−1/2) α
α+δ

= n−β(log n)κ,

where with q1 < 2 and α > 1/q2 − 1/2, we have

0 < κ :=
α+ 1/2− 1/q2

α+ 1/q1 − 1/q2
< 1.

This together with (2.60) proves that

‖v − IG(ξn)v‖L2(X1) ≤ Cn−β(log n)κ, α > 1/q2 − 1/2.

By combining the last estimate and (2.55) we derive (2.43).

Remark 2.1 Fully discrete GPC interpolation approximation of functions in Bochner spaces
with countable product tensor product Jacobi measure and applications to affine-parametric
PDEs was studied in [19, 20, 35, 36]. Theorem 2.8 in the case α ≤ 1

q2
− 1

2 was proven in [23,

Theorem 6.3]. Theorem 2.8 in the case α > 1
q2
− 1

2 improves the result of [23, Theorem 6.3]

by a logarithm factor of (log n)−(1−κ).

Definition 2.9 For ξ > 1, τ , ϑ and η as in (2.35), denote

Gev(ξ) :=

{{
(k,ν) ∈ N0 × Fev : 2kσq22;ν ≤ ξ

}
if α ≤ 1/q2 − 1/2,{

(k,ν) ∈ N0 × Fev : σq11;ν ≤ ξ(log ξ)η, 2τkσ2;ν ≤ ξϑ
}

if α > 1/q2 − 1/2.

(2.62)

In a similar way as in the proof of Theorem 2.8, we can prove

Corollary 2.10 Let v ∈ L2(X2) admit a even Jacobi GPC expansion

v =
∑
ν∈Fev

vνJν , vν ∈ X2. (2.63)
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Suppose that v satisfies Assumption 2.3 with F being replaced by Fev and let Gev(ξ) be as in
Definition 2.9.

Then for each n ∈ N there exists a number ξn such that for the symmetric sparse tensor
interpolation operator

I∗Gev(ξn) : C(I∞, X2)→ V(Gev(ξn)),

holds dimV(Gev(ξn)) ≤ n.
Furthermore, there exists a constant C > 0 such that for n ∈ N and for 0 < p ≤ 2 it

holds that

∥∥v − IGev(ξn)v
∥∥
Lp(X1)

≤ C

{
n−α if α ≤ 1/q2 − 1/2,

n−β(log n)κ if α > 1/q2 − 1/2,
(2.64)

where the convergence rate α is given by (2.28), and β and κ by (2.44).

2.4 Sparse-grid quadratures

In this section, we construct linear fully-discrete quadratures for numerical integration of
functions taking values in X2 with double-weighted `2-summability of Jacobi GPC expan-
sion coefficients for Hilbert spaces X1 and X2 satisfying a certain “spatial” approximation
property, as specified in Assumption 2.3, and their bounded linear functionals. In particu-
lar, we give convergence rates for these quadratures which are derived from the results on
convergence rate of polynomial interpolation approximation in L1(X1) in Corollary 2.10.

Assume that aj = bj for j ∈ N in the definition (2.5) of the measure µa,b. This case
corresponds to the symmetric ultra-spherical measure µa,a. This symmetry property allows
to establish in the application settings in the next section, a crucial improvement of the
convergence rate of sparse-grid quadrature with respect to the infinite-tensor-product, ultra-
spherical weight due to the cancellation of anti-symmetric terms.

If v is a function defined on I taking values in a Hilbert space X, the function Im(v)
defined in (2.17) generates the jth component interpolatory quadrature formulas defined as

Qνj (v) :=

∫
I
Iνj (v)(yj) dµaj ,bj (yj) =

νj∑
k=0

ωνj ,k v(yνj ,k), j ∈ N,

where the quadrature weights are given by

ωνj ,k :=

∫
I
Lνj ,k(yj) dµaj ,bj (yj).

The quadrature Qνj being interpolatory, we have for every polynomial ϕ in variable yj of
degree ≤ νj ,

Qνj (ϕ) =

∫
I
ϕ(yj) dµaj ,bj (yj) .

We define the univariate “increment” or “detail” operator ∆Q
νj for even νj ∈ 2N0 by

∆Q
νj := Qνj −Qνj−2, with the convention Q−2 := 0.

For a function v ∈ C(I∞;X), for ν ∈ Fev introduce the tensorized increment operator (with
respect to the measure µ = µa,b)

∆Q
ν (v) :=

⊗
j∈N

∆Q
νj (v),

where the univariate operator ∆Q
νj is applied to the univariate function

⊗
i<j ∆Q

νi(v) by

considering v as a function of variable yj with all remaining variables held fixed. As ∆I
ν , the

operators ∆Q
ν are well-defined for all ν ∈ Fev.
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Let Assumption 2.3 hold for Hilbert spaces X1 and X2, and v ∈ L2(X2). For a finite
index set G ⊂ N0 × Fev with the structure (2.36), we introduce the quadrature operator
QG which is generated by the symmetric Smolyak sparse-grid tensor-product interpolator
I∗G : C(I∞, X2)→ V(G), defined for v ∈ C(I∞, X2) by

QGv :=
∑

(k,ν)∈G

(δk ⊗∆Q
ν )(v) =

∫
I∞
I∗Gv(y) dµ(y). (2.65)

Further, if φ ∈ (X1)′ is a bounded linear functional on X1, for a finite index set G ⊂ N0×Fev,
with the structure (2.36), the quadrature formula QGv generates the quadrature formula
QG〈φ, v〉 for integration of 〈φ, v〉 by

QG〈φ, v〉 := 〈φ,QGv〉 =

∫
I∞
〈φ, I∗Gv(y)〉dµ(y).

The sets Ym in (2.16) of Chebyshev nodes are symmetric with respect to the origin for
every m ∈ N0. In the ultra-spherical case aj = bj , j ∈ N of the Jacobi probability measure
µ(y), then it holds

∫
I Jk(x)dx = 0, if k ∈ N is odd. For a function v ∈ L2(X) that is

represented by the Jacobi gpc series (2.27), the assumed symmetry of the product measure
µ with respect to 0 implies (see (2.42))∫

I∞
v(y) dµ(y) =

∫
I∞
vev(y) dµ(y), (2.66)

and
∆Q
ν′Jν(y) = 0, ν /∈ Fev, ν

′ ∈ F. (2.67)

Theorem 2.11 Let aj = bj, j ∈ N, for the Jacobi probability measure µa,b. Consider a
function v ∈ L2(X2) represented by the Jacobi GPC series (2.63), and such that v satisfies
Assumption 2.3 with F being replaced by Fev. For ξ > 0, let Gev(ξ) be the index set in
Definition 2.9.

Then, there is a constant C > 0 (depending on v) such that

(i) For each n ∈ N, there exists a number ξn such that dimV(Gev(ξn)) ≤ n and∥∥∥∥∫
I∞
v(y) dµ(y)−QGev(ξn)v

∥∥∥∥
X1

≤ C

{
n−α if α ≤ 1/q2 − 1/2,

n−β(log n)κ if α > 1/q2 − 1/2.
(2.68)

(ii) Let φ ∈ (X1)′ be a bounded linear functional on X1. Then, for each n ∈ N there exists
ξn ∈ R such that dimV(Gev(ξn)) ≤ n and∣∣∣∣∫

I∞
〈φ, v(y)〉dµ(y)−QGev(ξn)〈φ, v〉

∣∣∣∣ ≤ C‖φ‖(X1)′

{
n−α if α ≤ 1/q2 − 1/2,

n−β(log n)κ if α > 1/q2 − 1/2.

(2.69)

The rate α is given by (2.28), β and κ by (2.44).

Proof. Using Corollary 2.10, this theorem can be proven in a similar way to the proof of [21,
Theorem 4.1] (see also [23, Theorem 4.1]) with some necessary modifications as in the proof
of Theorem 2.8.

3 Applications

We indicate practical applications of the preceding results. The first, illustrative of these
is the affine-parametric, linear elliptic model equation which was considered in many other
references, e.g. in [15, 16, 11, 4, 5, 24, 36, 8, 19, 20, 23] and references there.

The second of these is the more abstract setting of holomorphic, implicit operator equa-
tions as in e.g. [18, 30, 3], with affine-parametric input encoding as considered e.g. [13, 35].
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3.1 Affine-parametric, linear elliptic PDEs

Let D ⊂ Rd be a bounded Lipschitz domain. Consider the linear diffusion elliptic equation
in the divergence form

− div(a∇u) = f in D, u|∂D = 0, (3.1)

for a given fixed right-hand side f and a spatially variable scalar diffusion coefficient a.
Denote by V := H1

0 (D) the energy space and V ∗ := H−1(D) the dual space of V . Assume
that f ∈ V ∗ (in what follows this preliminary assumption always holds without mention). If
a ∈ L∞(D) satisfies the ellipticity assumption

0 < essinf
x∈D

a(x) ≤ a(x) ≤ esssup
x∈D

a(x) <∞, x ∈ D,

by the well-known Lax-Milgram lemma, there exists a unique solution u ∈ V to the equa-
tion (3.2) in the weak form∫

D

a(x)∇u(x) · ∇v(x) dx = 〈f, v〉 ∀v ∈ V.

Let us consider the parametric diffusion elliptic equation

− div(a(y)∇u(y)) = f in D, u|∂D = 0 y ∈ I∞, (3.2)

with affine-parametric diffusion coefficients

a(y) = ā+

∞∑
j=1

yjψj , y ∈ I∞, (3.3)

where ā and (ψj)j∈N belong to L∞(D). Note that if

amin := inf
y∈I∞

inf
x∈D

a(y)(x) > 0,

then

sup
y∈I∞

‖u(y)‖V ≤
‖f‖V ∗
amin

. (3.4)

We introduce the space W r := {v ∈ V : ∆v ∈ Hr−2(D)} for r ≥ 2. This space
is equipped with the norm ‖v‖W r := ‖∆v‖Hr−2(D), and coincides with the Sobolev space
V ∩Hr−2(D) with equivalent norms if the domain D has Cr−1,1 smoothness, see, e.g., [28,
Theorem 2.5.1.1]. We make use of the convention W 1 := V .

Lemma 3.1 Let r ∈ N. Let the right side f in (3.2) belong to Hr−2(D), and D be a bounded
Lipschitz domain for r = 1 and a bounded domain of Cr−2,1 smoothness for r ≥ 2. Assume
that ā ∈ L∞(D) is such that ess inf ā > 0, and that there exist sequences ρ1 = (ρ1,j)j∈N and
ρr = (ρr,j)j∈N of positive numbers such that∥∥∥∥

∑
j∈N ρ1,j |ψj |

ā

∥∥∥∥
L∞(D)

< 1 , (3.5)

and, that in the case r ≥ 2, ā and all functions ψj belong to W r−1,∞(D), that there holds

sup
|α|≤r−1

∥∥∥∥∥∑
j∈N

ρr,j |Dαψj |

∥∥∥∥∥
L∞(D)

<∞ . (3.6)

Then for the sequence σr = (σr,ν)ν∈F,∑
ν∈F

(σr;ν‖uν‖W r )2 <∞, σr;ν := ρνr
∏
j∈N

caj ,bjνj , (3.7)

where we recall the constants ca,bk , k ∈ N, as defined in (2.3).
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Proof. This lemma has been proven in [5, Theorem 3.1] for r = 1 and the Legendre expansion,
and in [4, Theorem 5.1] for r > 1 and the scalar case when aj = a, bj = b for j ∈ N. The
general case can be proven in an analogous fashion with certain modifications.

Lemma 3.2 Let 0 < q < ∞, κ ∈ N and ρ = (ρj)j∈N be a sequence of numbers larger than
1 such the sequence (ρ−1

j )j∈N belongs to `q(N). Let (pν(θ, λ))ν∈F be the sequence of the form
(2.12) with arbitrary nonnegative θ, λ.

Then for the sequence σ = (σν)ν∈F defined by

σν := ρν
∏
j∈N

caj ,bjνj , (3.8)

we have ∑
ν∈Fκ

pν(θ, λ)σ−q/κν <∞.

Proof. There holds ca,bk ≤ (1 + k)τ for k ∈ N0 with some τ > 0 depending on a, b. Since
a, b ∈ `∞(N) we have for ν ∈ F that∏

j∈N
caj ,bjνj ≤

∏
j∈N

(1 + νj)
θ′

with θ′ > 0 depending on |a|∞ and |b|∞. For any θ ≥ 0, we get with (3.8)

pν(θ, λ)σ−q/κν = pν(θ, λ)(ρ−ν)q/κ
(∏
j∈N

caj ,bjνj

)−q/κ
≤ pν(θ, λ)pν(qθ′/κ, 1)(ρ−ν)q/κ ≤ pν(θ∗, λ∗)(ρ−ν)q/κ,

where θ∗ := θ + qθ′/κ and λ∗ := λ+ 1. We derive that∑
ν∈Fκ

pν(θ, λ)σ−q/κν ≤
∑
ν∈Fκ

pν(θ∗, λ∗)(ρ−ν)q/κ.

Now applying [20, Lemma 6.2] to the right-hand side we obtain the desired result.
For finite-parametric approximations it is necessary to replace the GPC coefficients uν by

corresponding finite-parametric surrogates. For parametric PDEs such as (3.2), such approx-
imations are furnished by discretizations which realize the projectors Pn in Assumption 2.3,
item (iii).

In fully discrete approximations of the solution u(y) to the parametric PDE (3.2) by
using interpolation with respect to the parametric variables with a large, finite number of
particular values u(yj), stable numerical approximations depend on discretization of u(yj).
For uniformly (w.r. to the parameter y) stable PDEs and corresponding uniformly stable
discretizations the discretization error is known to be quasi-optimal, uniformly with respect
to y; convergence rate bounds can in this case be obtained by replacing the discretization
error u(yj) − Pn(yj)u(yj) by u(yj) − Pnu(yj) with a suitable (quasi-)interpolant Pn as
stipulated, e.g., in Assumption 2.3, item (iii).

Assumption 3.3 There are

(i) a sequence (Vn)n∈N0
of subspaces Vn ⊂ V of dimension ≤ n, and

(ii) a sequence (Pn)n∈N0 of linear operators from V into Vn, and a number α > 0 such that
there are stability and consistency constants C1, C2 > 0 with

‖Pn(w)‖V ≤ C1‖w‖V , ‖w−Pn(w)‖V ≤ C2n
−α‖w‖W r , ∀n ∈ N0, ∀w ∈W r. (3.9)
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To treat fully discrete approximations, we assume that f ∈ Hr−2(D) in the equation (3.2)
and that it holds the approximation property (3.9) in Assumption 3.3 for all w ∈W r, see, for
instance, [14, Theorem 3.2.1] for the case when D ⊂ R2 is a polygonal domain. Notice that
classical error estimates yield the convergence rate α = (r − 1)/d by using Lagrange finite
elements of order at least r− 1 on quasi-uniform partitions with the finite element spaces Vn
associated to grids (Tn)n>0 and finite element functions Pn(w) (for n = 1/h ∈ N). Also, the
spaces W r do not always coincide with Hr(D). For example, for d = 2, W r is strictly larger
than (Hr∩H1

0 )(D) when D is a polygon with re-entrant corner. In this case, it is well known
that the optimal rate α = (r− 1)/2 is yet attained, by using the finite element grids (Tn)n∈N
with proper refinement near re-entrant corners where w ∈W r might have singularities.

As before, for w ∈ V and for each k ∈ N0, we define

δ0(w) := P0(w), δk(w) := P2k(w)− P2k−1(w), k ∈ N. (3.10)

Theorem 3.4 Let 0 < p ≤ 2 and r ∈ N, r > 1. Let Assumption 3.3 hold. Let the
assumptions of Lemma 3.1 hold for the spaces W 1 = V and W r with ρ1,j strictly larger than
1 for all j ∈ N and (ρ−1

i,j )j∈N ∈ `qi(N) for i = 1, r, and 0 < q1 ≤ qr < ∞ and q1 < 2. For
ξ > 1, let G(ξ) be the thresholded multi-index set in Definition 2.4 for σ1 and σr in place of
σ2 as in (3.7) and q2 in place of qr.

Then, for each n ∈ N there exists a number ξn such that dimV(G(ξn)) ≤ n. Furthermore,
there exists a constant C > 0 such that for any 0 < p ≤ 2 and any n ∈ N, we have for the
sparse-grid tensor-product interpolation operator

IG(ξn) : C(I∞,W r)→ V(G(ξn)),

the error bound for the solution u(y) to the equation (3.2)

∥∥u− IG(ξn)u
∥∥
Lp(V )

≤ C

{
n−α if α ≤ 1/qr − 1/2,

n−β(log n)κ if α > 1/qr − 1/2,
(3.11)

where α is the convergence rate given by (2.28), β and κ by (2.44) with q2 being replaced by
qr.

Proof. First note that by the condition (ρ−1
r;j )j∈N ∈ `qr (N) we have ρr;j → ∞ as j →

∞. Therefore with out loss of generality we can assume that the sequence ρr in (3.6)
satisfies ρr,j > 1 for all j ∈ N. Consequently, by Lemmas 3.1 and 3.2, we conclude that
Assumption 2.3 holds with X1 = V and X2 = W r for the solution u of the equation (3.2)
with q2 being replaced by qr and any τ, λ > 0. Now by applying Theorem 2.8 the result
follows.

Definition 3.5 For given (σi;ν), i = 1, 2, and threshold parameter ξ > 1, we define the

threshold even multi-index set G̃ev(ξ) by

G̃ev(ξ) :=

{{
(k,ν) ∈ N0 × Fev : 2kσ

q2/2
2;ν ≤ ξ

}
if α ≤ 2/q2 − 1/2,{

(k,ν) ∈ N0 × Fev : σ
q1/2
1;ν ≤ ξ(log ξ)η, 2τkσ2;ν ≤ ξϑ

}
if α > 2/q2 − 1/2,

where

τ :=
4α

4− q2
, ϑ :=

4

4− q2

(
2

q1
− 1

2

)
, η :=

(
2

q1
− 1

2

)−1

. (3.12)

Theorem 3.6 Let Assumption 3.3 hold and r ∈ N, r > 1. Let aj = bj, j ∈ N, for the Jacobi
probability measure µa,b, and the assumptions of Lemma 3.1 hold for the spaces W 1 = V
and W r with ρ1;j strictly larger than 1 for all j ∈ N and (ρ−1

i,j )j∈N ∈ `qi(N) for i = 1, r,

and 0 < q1 ≤ qr < ∞ and q1 < 4. For ξ > 1, let G̃ev(ξ) be the threshold index set in
Definition 3.5 for σ1 and σ2 with σ2 being replaced by σr as in (3.7) and q2 by qr.

Then, for the quadrature operator QG̃ev(ξ) generated by the interpolation operator I∗
G̃ev(ξ)

:

C(I∞,W r)→ V(G̃ev(ξ)), we have the following for the solution u(y) to the equation (3.2).
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(i) There exists a constant C > 0 such that for any n ∈ N there exists a number ξn such
that dimV(G̃ev(ξn)) ≤ n and∥∥∥∥∫

I∞
u(y) dµ(y)−QG̃ev(ξn)u

∥∥∥∥
V

≤ C

{
n−α if α ≤ 2/qr − 1/2,

n−β(log n)κ if α > 2/qr − 1/2.
(3.13)

(ii) Let φ ∈ V ∗. There exists a constant C > 0 such that for any n ∈ N there exists a
number ξn such that dimV(G̃ev(ξn)) ≤ n and∣∣∣∣∫

I∞
〈φ, u(y)〉dµ(y)−QG̃ev(ξn)〈φ, u〉

∣∣∣∣ ≤ C‖φ‖V ∗
{
n−α if α ≤ 2/qr − 1/2,

n−β(log n)κ if α > 2/qr − 1/2.

(3.14)

The rate α is given by (2.28) and β > 0 is given by

β :=

(
2

q1
− 1

2

)
α

α+ δ
, κ =

α+ 1/2− 2/qr
α+ 2/q1 − 2/qr

with δ :=
2

q1
− 2

qr
. (3.15)

Proof. Observe that Fev ⊂ F2. From Lemma 3.1 and Lemma 3.2, the assumptions of
Theorem 2.11 hold for X1 = V and X2 = W r with 0 < q1/2 ≤ qr/2 < ∞ and q1/2 < 2.
Theorem 3.6 follows by applying Theorem 2.11, with q1/2 in place of q1 and qr/2 in place of
q2.

3.2 Holomorphic maps with affine-parametric encoding

We consider abstract, real analytic maps u between Hilbert spaces Z and X. We identify
the real Hilbert spaces X,Z with their complexification XC, ZC, without change in notation.
Real analytic maps u : Z → X admit unique holomorphic extensions, again denoted by u, to
the complexifications XC, ZC by a power series argument.

Assume given a sequence (ψj)j∈N ⊂ Z such that (‖ψj‖Z)j∈N ∈ `1(N). Set

σ(y) :=
∑
j∈N

yjψj and u(y) := u(σ(y)) , y ∈ I∞ . (3.16)

We shall work under

Assumption 3.7 X,Z are complex Hilbert spaces. The sequence (ψj)j∈N ⊂ Z, and there
are real numbers p ∈ (0, 1], r > 0 and M > 0 such that, with BZr (φ) ⊂ ZC denoting the open
ball of radius r centered at φ ∈ Z,

(i) b = (‖ψj‖Z)j∈N ∈ `p(N),

(ii) with σ(y) =
∑
j∈N yjψj ∈ Z, and with the sets

K := {σ(y) : y ∈ I∞} and SK :=
⋃
φ∈K

BZr (φ) ⊆ Z

it holds u ∈ Hol(SK ;X),

(iii) supz∈SK ‖u(z)‖X = M <∞.

(iv) The function u : I∞ → X is given in terms of u as in (3.16).

Jacobi series approximation convergence rates of holomorphic in [−1, 1] functions u are well
known to be related to the classical Bernstein ellipse Eρ ⊂ C with foci at z = ±1 and
semiaxis-sum ρ > 1. For a sequence ρ = (ρj)j∈N ∈ (1,∞)N of semiaxis-sums, define Eρ :=
Eρ1 × Eρ2 × . . . ⊂ CN. We collect some elementary properties of maps y 7→ u(y) obtained
from a holomorphic u : Z → X in Assumption 3.7, parameterized as in (3.16).
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Proposition 3.8 Let u : I∞ → X be as defined in (3.16) with u satisfying Assumption 3.7.
Set b = (bj)j∈N with bj := ‖ψj‖Z . Then there holds

(i) u : I∞ → X is continuous,

(ii) for every sequence ρ ⊂ (1,∞) which is (b, r)-admissible, i.e.,∑
j∈N

bj(ρj − 1) ≤ r , (3.17)

y 7→ u(y) allows a separately holomorphic extension to Eρ (denoted also with u) ,

(iii) with

Sb,r :=
⋃

{ρ:ρ is (b,r)−admissible}

Eρ ⊂ Z

the extension u : Sb,r → X is well-defined and

sup
z∈Sb,r

‖u(z)‖X ≤M <∞ . (3.18)

For a proof, we refer to e.g. [35, Lemma 2.2.7]. There holds the following summability of
the Jacobi gpc coefficients uν in the gpc series (2.10) of y 7→ u(y) in (3.16).

Theorem 3.9 Consider the parametric function u : I∞ → X : y 7→ u(y) obtained from
a holomorphic map u with the input-encoding (3.16), so that Assumption 3.7 holds for the
resulting parametric map y 7→ u(y). Let r > 0, p > 0 and b ∈ (0, 1]∞ ∩ `p(N).

Then, with the weight pν := pν(θ, λ) for ν ∈ F, with pν(θ, λ) as defined in (2.12) for
arbitrary given θ, λ > 0, there exists C > 0 and, for each κ ∈ N, a monotonically decreasing
sequence (aν)ν∈F ∈ (0,∞)∞ such that

(i) (aν)ν∈Fκ ∈ `p/κ(Fκ),

(ii) for u : I∞ → X related to u as in Assumption 3.7, for M, r > 0 as above, and for
(ψj)j∈N ⊂ Z with ‖ψj‖Z ≤ bj for all j ∈ N, there exists C > 0 such that the Jacobi
coefficients (uν)ν∈F of u satisfy

∀ν ∈ Fκ : pν‖uν‖X ≤ CMaν . (3.19)

In particular, for every κ ∈ N holds

(pν‖uν‖X)ν∈Fκ ∈ `p/κ(Fκ).

This result is contained in [35, Thm. 2.2.10], where a complete proof is available. As in
earlier works [16, 5, 13, 2], it uses complex-variable methods to obtain precise bounds on
the Jacobi-coefficients uν expressed via the Cauchy-Integral Theorem on suitable contours
in poly-ellipses Eρ with (b, r)-admissible semi-axis sums ρ as in Proposition 3.8.

We relate Theorem 3.9 to the abstract sparse-grid interpolation and quadrature results,
Corollary 2.10 and Theorem 2.11. To this end, we verify that the parametric holomorphy in
Proposition 3.8 implies the double-weighted summability Assumption 2.3.

Corollary 3.10 Under the assumption and notation of Theorem 3.9, let 0 < p/κ < 2,
θ, λ > 0, and define the sequence σ := (σν)ν∈F by

σν := ap/2κ−1
ν pν(θ, λ), ν ∈ F.

Then there exists a constant Mκ > 0 such that(∑
ν∈Fκ

(σν‖uν‖X)2

)1/2

≤M1/2
κ <∞ and

∥∥p(θ, λ)σ−1
∥∥
`q/κ(Fκ)

≤Mκ/q
κ <∞, (3.20)

where qκ := 2p
2−p/κ and Mκ := ‖a‖p/κ`p/κ(Fκ).
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Proof. We prove the corollary for the particular case when κ = 1. The case when κ ≥ 2 can
be proven in an analogous manner with obvious modifications.

Observe F = F1 and that M1 <∞ and

‖uν‖X ≤ pν(θ, λ)−1aν

by (3.19) in Theorem 3.9. Hence, we have by Theorem 3.9,∑
ν∈F

(σν‖uν‖X)2 ≤
∑
ν∈F

(
pν(θ, λ)ap/2−1

ν pν(θ, λ)−1aν

)2

= ‖a‖p`p(F) ≤ M1,

and ∥∥p(θ, λ)σ−1‖q`q(F) =
∑
ν∈F

(
a1−p/2
ν

)2p/(2−p)
= ‖a‖p`p(F) ≤ M1,

which proves (3.20) for κ = 1.
The general results, Theorem 2.11 and Corollary 2.10, on convergence rates of fully

discrete sparse-grid interpolation and quadrature imply with the double summability in As-
sumption 2.3 (which in the presently considered case is a consequence of Theorem 3.9 and
Corollary 3.10 with κ = 2) the following result valid under the parametric holomorphy
u : Zi → Xi, i = 1, 2.

Theorem 3.11 For complex Hilbert spaces Xi, Zi, i = 1, 2, with X2 ⊂ X1 and Z2 ⊂ Z1,
assume given a map u : Zi → Xi, i = 1, 2 which is in each case holomorphic according
to Assumption 3.7, item (ii), with suitable exponents 0 < p1 ≤ p2 < 2, and corresponding
sequences bi, i = 1, 2 as in Assumption 3.7, item (i).

Assume the parametric maps I∞ 3 y 7→ u(y) ∈ Xi are given in terms of u via affine
encoding σ in (3.16) with one (common) sequence (ψj)j∈N ⊂ Z2 ⊂ Z1 as in Assumption 3.7,
satisfy the double weighted summability Assumption 2.3, item (iv) with the summability ex-
ponents qi := 2pi/(2− pi), i = 1, 2.

Let σi := (σi;ν)ν∈F, i = 1, 2, be the sets defined as in Corollary 3.10 in the context of the
space Xi.

Assume further given a sequence (Xn)n∈N of subspaces Xn ⊂ X1 such that (2.28) in
Assumption 2.3, item (iii) holds with rate α > 0.

(i) Then there hold the interpolation error bounds (2.43), with the rate α > 0 which is as
in (2.28) of Assumption 2.3, item (iii) and the rates β and κ are as in (2.44).

Assume in addition that the product Jacobi measure (2.5) is symmetric, i.e. that ai = bi
for all i ∈ N. For ξ > 1, let G̃ev(ξ) be the set defined as in Definition 3.5 for σi, i = 1, 2, as
in Assumption 2.3, item (iv).

Then for the quadrature operator QG̃ev(ξ) generated by the interpolation operator I∗
G̃ev(ξ)

:

C(I∞, X2)→ V(G̃ev(ξ)), we have the following.

(ii) There exists a constant C > 0 such that for any n ∈ N there exists a number ξn such
that dimV(G̃ev(ξn)) ≤ n and∥∥∥∥∫

I∞
u(y) dµ(y)−QG̃ev(ξn)u

∥∥∥∥
X1

≤ C

{
n−α if α ≤ 2/q2 − 1/2,

n−β(log n)κ if α > 2/q2 − 1/2.
(3.21)

(iii) Let φ ∈ (X1)′ be a bounded linear functional on X1. There exists a constant C > 0
such that for any n ∈ N there exists a number ξn such that dimV(G̃ev(ξn)) ≤ n and∣∣∣∣∫

I∞
〈φ, u(y)〉dµ(y)−QG̃ev(ξn)〈φ, u〉

∣∣∣∣ ≤ C‖φ‖(X1)′

{
n−α if α ≤ 2/q2 − 1/2,

n−β(log n)κ if α > 2/q2 − 1/2.

(3.22)
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The rate α is given by (2.28), κ and β > 0 by (3.15) with qr being replaced by q2.

Proof. Item (i) is directly obtained by applying Theorem 2.8. Items (ii) and (iii) can be
proven in a manner similar to the proof of Theorem 3.6.

Remark 3.1 We compare the convergence rates of fully discrete sparse-grid polynomial
interpolations and quadratures in Theorems 3.4–3.6 and in Theorem 3.11. Denote by An
and Bn the bounds (without constants) for these convergence rates as in the right-hand sides
of (3.11) and (3.13), respectively. Evidently, ignoring values of constants, An and Bn cannot
exceed n−α which is governed by the spatial regularity α in Assumption 2.3, item (iii). By
simple computation we derive that

Bn = An = n−α if α ≤ 1/q2 − 1/2,

Bn = Ann
−τ1(log n)−κ if 1/q2 − 1/2 < α ≤ 2/q2 − 1/2,

Bn = Ann
−τ2 if α > 2/q2 − 1/2,

(3.23)

for

τ1 :=
α(α− 1/q2 + 1/2)

α+ δ
> 0, τ2 :=

α(α/q1 + δ/2)

(α+ δ)(α+ 2δ)
> 0,

where δ := 1/q1 − 1/q2 ≥ 0. This shows a dichotomy between the asymptotic convergence
rates, i.e., the behaviors of An and Bn, which depends on the relation of spatial regularity
α and weighted summability exponent p2. More precisely, An dominates Bn in the case of
higher spatial regularity when α > 1/q2−1/2. In the complementary case, i.e., in the case of
lower spatial regularity when α ≤ 1/q2−1/2, both asymptotic rates coincide and equal n−α.
As noted earlier, this principal improvement in the first case stems from the cancellation of
anti-symmetric terms within the sparse-grid tensor-product quadratures associated with the
symmetric infinite-tensor-product ultra-spherical polynomials.
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[25] D. Dũng, V. Nguyen, C. Schwab, and J. Zech. Analyticity and Sparsity in Uncertainty
Quantification for PDEs with Gaussian Random Field Inputs. Lecture Notes in Math-
ematics vol. 2334, Springer, 2023.

[26] M. Eigel, C. J. Gittelson, C. Schwab, and E. Zander. Adaptive stochastic Galerkin
FEM. Comput. Methods Appl. Mech. Engrg., 270:247–269, 2014.

26



[27] M. Eigel, C. J. Gittelson, C. Schwab, and E. Zander. A convergent adaptive stochastic
Galerkin finite element method with quasi-optimal spatial meshes. ESAIM Math. Model.
Numer. Anal., 49(5):1367–1398, 2015.

[28] P. Grisvard. Elliptic problems in nonsmooth domains. Monographs and Studies in
Mathematics, 24, Pitman (Advanced Publishing Program), Boston, MA,, 1985.

[29] A.-L. Haji-Ali, H. Harbrecht, M. D. Peters, and M. Siebenmorgen. Novel results for the
anisotropic sparse grid quadrature. J. Complexity, 47:62–85, 2018.

[30] C. Jerez-Hanckes, C. Schwab, and J. Zech. Electromagnetic wave scattering by random
surfaces: shape holomorphy. Math. Models Methods Appl. Sci., 27(12):2229–2259, 2017.

[31] J. Kelley. General Topology. University Series in Higher Mathematics, Van Nostrand,
NY, 1955.
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