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ABSTRACT. In this article, we consider the solution to elliptic diffusion prob-
lems on a class of random domains obtained by log-Gaussian random homo-
thety of the unit disk respectively an annulus. We model the problem under
consideration and verify the existence and uniqueness of the random solution
by path-wise pullback to the nominal unit disk respectively annulus. We more-
over prove the analytic regularity of the solution with respect to the random
input parameter. Finally, we consider the numerical approximation of the ran-
dom diffusion problem by means of a continuous, piecewise linear Lagrangian
finite element method with numerical quadrature in the nominal domain, and
by sparse grid interpolation and quadrature of Gauss-Hermite Smolyak and
Quasi-Monte Carlo type in the parameter domain. The theoretical findings
are complemented by numerical results.
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1. INTRODUCTION

Domain uncertainties appear in many applications from engineering and sciences
since the shape of the object under consideration may not be perfectly known. For
example, one might think of manufacturing imperfections in the shape of products
fabricated by line production, or shapes which stem from inverse problems such
as tomography. Similarly, the boundary of the object might not be well-defined in
the sense that it is the result of a smooth transition between different materials or
states. Here, one may think of applications in cell biology for example.

Boundary value problems on random domain have been considered by several
authors, see [7, [, 20, 22] 24] 27 29] for example. However, in all these articles,
the domain has been modeled by bounded random variables to ensure the random
domain under consideration does not degenerate. In contrast, we model the random
domain by using log-Gaussian distributed random variables. To this end, we restrict
ourselves to homothetic and star-shaped random domains where the logarithm of
radial function is a Fourier series with Gaussian coefficients. This setup guarantees
that almost every realization of the random domain is homothetic to a nominal
annulus resp. to the unit disc, and hence well-defined.

Since the realizations of the random domain can exhibit large variations, we apply
the domain mapping approach meaning that the given boundary value problem on
the random domain is pulled back to the unit disc resp. to a nominal annular
domain. Thus, the boundary value problem posed on the random domain becomes
a boundary value problem posed on a deterministic domain but with log-Gaussian
random diffusion matrix and right-hand side. This allows to extend the complex-
variable methods proposed in [I0, Section 2.2] and, specifically, in [I5, Section 3.6],
using holomorphic extension of the solution to the last equation to establish bounds
for its parametric partial derivatives in the energy norm, for the analysis of Sparse
Grid and Quasi-Monte Carlo integration.

1.1. Contents. This paper is organized as follows. We present the model prob-
lem and the geometry parametrization in Section 2] The model problem is for-
mulated in Section [2.I] and upon homothetic pullback on the reference domain in
Section [2.2] Geometry parametrization and precise analytic dependency on the
input parameters is investigated in Section Next, in Section [3| we consider the
situation that the input parameters are random. Geometry uncertainty is modelled
by tensor-product Gaussian measures on the parameter sequences. The partic-
ular log-Gaussian domain model is formulated in Section (3.I). Holomorphy of
the parameters-to-solution map is verified in where the precise bounds of the
particular partial derivatives are derived in Section [3.3] The semidiscretization
with respect to the random parameter is the topic of Section [l Here, we con-
sider the sparse grid interpolation of the random solution in Section and the
quasi-Monte Carlo quadrature based on Halton points for directly computing the
random solution’s expectation in Section [f.2] The finite element discretization and
implemenation of the problem under consideration is the topic of Section[5] The fi-
nite element discretization in the spatial variable of a generic parameter-dependent
boundary value problem is analysed in Section while numerical quadrature is
studied in Section This theory is then applied to the problem under consider-
ation in Section [5.3] Numerical experiments which verify our theoretical findings
are carried out in Section [} Finally, the conclusion is drawn in Section
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1.2. Notation. We denote the natural numbers by N = {1,2,...}, where Ny :=
N U {0}. As usual, Z are the integers, R the real numbers, R the real non-negative
numbers, and C the complex numbers. For a complex number z € C, R(z) and
J(2) denote the real and imaginary parts of z, respectively.

Denote by RY and RZ the sets of all sequences y = (y;)jen and y = (y;)jez,
respectively, with y; € R. For a nonnegative sequence p = (p;)j>1 € [0,0)N, we
denote its support supp(p) = {j € N : p; > 0}. With |y|o we count the number
of nonzero components y; of y = (y;)jen. The set F consists of all sequences of
non-negative integers v = (v;) en such that supp(v) := {j € N: v; > 0} is a finite
set. For v, ke Fand ke N, [v|1 := >,y vy, [V]eo 1= max{y;, j € N}, and

k. k k._ k; | .— N
e ] vk k= [N w=[]ut
Jjesupp(v) Jjesupp(v) JjeN

If o = (aj)jes is a set of positive numbers with any index set J < N, we use

the notation o' := (a;l)jej. Given the sets a = (a;)jey and B = (Bj) e, we

define o := (a?'j) .
JjeJg
We use the letters C' and K to denote general positive constants which may take
different values, and C,, g,... and K, g .. constants depending on «,f3,.... For the
quantities A,(f,k,y,...) and B,(f,k,y,...) depending on n, f, k,y, ..., we write
An(f,k,y,...) < Bu(f,k,y,...) if there exists a constant C' > 0 independent of
n, f,k,y, ... such that A,(f,k,vy,...) < CB,(f,k,y,...). Finally, we denote by |G|

the cardinality of the set G.

2. ELLIPTIC DIFFUSION PROBLEMS ON VARIABLE DOMAINS

2.1. A class of homothetic parametric domains. We shall first model the class
of random domains under consideration. The model we use is in accordance with
[20], where however uniformly distributed random variables on a compact domain
have been considered for the input parameters. Since log-Gaussian random domains
can become unbounded, we restrict ourselves here to homothetic domains in order
to ensure that the domains under consideration are always well-defined.

To this end, we consider the parametric Poisson equation

(1) — Au(a) = fin Dy(a), wu(a)=0on dDy(a),

where f € L?(R?) and & € [0, 1) and a describe the shape of the domain D, (a) < R?
in polar coordinates according to the homothety r — a(0)r, i.e.,

(2) Dy(a) :=int {z = (rcosf,rsinf) e R* : 0< ka(d) <r <a(0)}.

Here, “int” denotes the interior of a set. In (2)), we take a € WL (S!), understood to
be positive, and 27-periodic, where S is the unit circle and W} (S') is the space of
27-periodic, real-valued, Lipschitz-continuous functions on S!, equipped with the
norm

lalwy sty = lal ety + Ha/HLOC(Sl) :
When [y, () is finite and a(f) > 0, ¢ € S', the domain Dy(a) is a bounded do-
main. In particular, the domain Dy (a) is Lipschitz since the boundary admits

an global representation with respect to the polar angle as graph of the Lips-
chitz smooth radial function. Thus, there exists a unique weak solution u(a) €
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H§(Dy(a)) to (1)), satisfying the variational formulation
(3) J Vu(a) Vv = (f,v), ve Hj(Du(a)).

D, (a)

We remark that for 0 < xk < 1, dDx(a) has two components, one of them with
arbitrary large curvature as x | 0.

2.2. Pullback of the solution to a reference domain. In order to study the
parameter dependent problem and , we transform it to a parameter inde-
pendent, fixed reference domain Dict . Throughout this article, we consider for
0 < k < 1 the reference domain

(4) Dietye = int{€ e R* : k < [€]2 < 1} .

For k = 0, Dyer . is the open unit disc, and Dyt and D, (a) are star-shaped with
respect to the origin. For 0 < k < 1, Dt . is an annulus.

Given a and & € [0,1), let F(a) be the homothetic transform which maps Dyef
onto D, (a) that is defined by

(5) F(a)(&) := F(a)(rcosf,rsinf) := (a(8)rcosf,a(f)rsinb)
for & = (rcos@,rsinf) € Dyt .. The Jacobian matrix of F'(a)(&) is given by

dF(a)(E):a(a) [cose —sine] [1 h(e)Hcose sin@]

d¢ sinf)  cos® 0 1 —sinf cosf
with
_d(®)

where a’(#) denotes the derivative with respect to variable 6. The determinant of
the Jacobian is
dF(a)

) ) = det (2©)) = a0 >0,

which implies that the map F'(a)(€) is one-to-one.
We denote the pullback solution of by

(8) i(a) = u(a) o F(a) € V, where V := H}(Dyet ) -

Utilizing F(a) as a change of variable in (3)), @ solves
) i(a) eV : f M(@)Va(a) - Vo = (fuegla),o) YoeV.
Dref,rc

This is the variational formulation of the equation
(10) —div (M(a)Vi(a)) = frer(a) in Dyet,e,  @(a) = 0 on 0Dyeg
(for 0 < k < 1, @Dyes r, = kSt U'S! and for kK = 0, 0Dret e = S') with the diffusion

matrix
M) =) (e) () <€>)1 (")

_[cos® —sin@|[1+h(0)> —h(0)]] cosf sind
" |sinf  cosf —h(0) 1 —sinf cosd

(11)
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and the right-hand side

(12) fret(a)(§) := J(a)(€)(f o F(a)(£))-

Note that the equation on the random domain D (a) and the equation
on the deterministic domain Dyt are in different Cartesian coordinate systems:
is in @x-coordinates, while is in &-coordinates. The variables  and £ are
connected by the equation & = F(a)(&) of the change of variables. For simplicity,
x and & are omitted in the sequel in some equations and expressions.

2.3. Parametric analyticity of the pullback solution. Throughout the rest of
this article, we assume

(13) f is a fixed, real analytic function on R? and a € W2 (S*; C) .

We define the complex extension of the weak solution as

(14) a(a) e Voo B(a(a),v;a) = L(v;a) Yve Vg,

where V¢ = H& (Dyet,1i; C) and with ¥ denoting the complex conjugate for v € V.

(15) B(u(a),v;a) = JD M(a)Vi(a) - Vo and L(v;a) = (frer(a), D).

ref,x

Due to the expressions of M (a) in and of J(a) in , and the assumption
that f is real analytic, the mapping a — L(-;a) is holomorphic from W1 (S';C) to
V¢, and a — B(-,-; a) is linear, hence holomorphic, from L* (Dyet x; C) to B(Ve, Vi),
the bilinear forms Vg x Ve — C. It is also holomorphic from W1 (St; C) < L*(S!; C)
to B(Ve, Vo).

Let the real symmetric matrix R(a)(€) be defined by

R(a)(€) := R(M(a)(€)),
and let Amin(a)(€) resp. Amax(a)(€) denote its smallest resp. largest eigenvalue.
Denote

)\min(a) = QEIB:SK )\min(a>(£)a )\max(a) = £e%i)f(ﬁ )\max(a)(g)'

Then, we have

(16) R(B(v,v;a)) = JD R(a)Vv -V = Ayin(a) HUH%/C
ref,r

for any v € V. Therefore, the coercivity condition

(17) |B(v,0;a)] = Amin(a) [v]3,

holds. If Apin(a) > 0, by the Lax-Milgram lemma, we obtain

(18) (@), < Muin(@) ™ et @] 2 (s

Next, we derive a bound on Apin(a)~!.

Lemma 2.1. Assume that a € W (S*;C) and let h(0) be defined in (€). Assume
also that

13(R(0)]| 251y < 1.
Then there holds

(19) Ammin(@)~! < 2+ |R(O)3 o)
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and
(20) Amax(a) < 2+ [9R(A(0)) | Z0 51
Proof. The eigenvalues of R(a)(&) are the roots of the quadratic equation
N —BX+C
and, with S3(h)? denoting R(h?), that
C:=1-3(h())?* B:=2+RN0))*—3(h0))>.

Therefore,
N (0)(€) = 2+ R(W(9))* — I(h(0))* — v/ (R(R(9))? — I(h(9))*)? + 4%R((0))?
2

_ 2 —23(h(0))
24 R(WO))? - 2+ V/(R(h(6))? = 3(h(6))%)? + 4R(h(6))>

Then we have the estimate

N (@)(E) L < 2+ R(h(0))? + /R(h(0))* + 4R(h(0))> _ 2+ R(h(0))?
min 2— 23(h(9)) T 1=3(h(0))?’

which implies
“1 g 2+ | R(MO))]7 oy
1 —[[3(h(0))]7 0 g1y
The bound is derived in complete analogy. O
From and , we obtain

X 2+ |R(1(0) 7+ s1)
HU(a)‘VC s -3 (h(e))HLw(gl Hfref( )HU(Dref,n;C)'

)\min a

(21)
We also have the estimate
I fret (@) 22(p,.. ..c) = (@) (f © F(a))|L2(D,ct. i)

(22) <A@l (D) 122D,
< Ja(6) |- e If]

L2 (R2) .
Thus, we finally arrive at

~ 2+ ”m(h(g))”Loo (S1)
(23) la(@)llv, < 7= BOOIE. o Ha(0) e sr,c) 1] Lo -

Let A = WL(SY;C) be the set of all a € WL (S;C) which are lower bounded
away from zero and such that

(24) IR(R(0)] <o, |I(hO))| <1, h(H):= (Z((g)), geSt.

From [10, Theorem 2.1 and Corollary 2.4] we obtain, using , the following.

Lemma 2.2. For any 0 < k < 1, the pullback solution i(a) € Vi exists for every
a € A. Moreover, the map
a— u(a)

s holomorphic over a neighborhood of A.
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3. RANDOM VARIATIONS OF THE DOMAIN

3.1. Log-Gaussian shape parametrization. In the following, we consider the
Poisson problem with Dy(a), 0 < k < 1 as defined in and a depending on
Y = (Y )ken in the log-Gaussian form

(25) a(y)(0) = exp (Z yk%@)): 0eS', y=(yr)pen € R".

keN

Here yj, are i.i.d. standard Gaussian random variables on R, and ¢, € W1 (Sh).
With , we rewrite in the parametric form

—Au(y) = fin Dy(y), u(y)=0ondDx(y),
where
D.(y) :==int{x = (rcosf,rsinf) : 0< ra(y)®) <r <a(y)(d)}.
Le., for any choice of y, D,;(y) is obtained by a homothetic radial scaling r — a(6)r
of D¢t c, which is either an annulus when 0 < k < 1 or the unit circle for k = 0.
In the latter case, Dy (y) is contractible and star-shaped with respect to the origin
for any choice of y. Randomness of D, (y) will be modelled by considering y € RY

endowed with a Gaussian measure v (GM for short).
Let v(y) be the standard Gaussian probability measure on R with the density
1

(26) py) = E/

We recall (e.g. [3]) the concept of standard Gaussian probability measure y(y) on
RY as countable tensor product of the Gaussian measures v(y;):

(27) () = @), y=(y)eneRY.
JjeN
If X is a separable Banach space, the standard Gaussian probability measure -y

in on RY induces the Bochner space L2(RY, X;v) of strongly ~-measurable
mappings v from RN to X, equipped with the norm

1/2
(28) Pl = ([ 1ot law)

Elements v € L2(RY, X;~) are referred to as Gaussian random fields (GRF's) taking
values in X.

Example 3.1. A typical instance of that we consider also in our numerical
experiments, is that in b(y) = log(a(y)) is a stationary Gaussian random field
on St. Then, for fized y, 6 — b(y)(0) is a Fourier series, i.e. a(y) is of the form

(29) a(y)(6) = exp (b(y)(9)),

where Yy = (yr)rez is a sequence of i.i.d. standard Gaussian normal variables on a
probability space (Q, 2, P) and b(y)(0) is a GRF taking values in C(S'). We assume
the GRF b(y)(0) to be given in the form of a Karhunen-Loéve expansion

b(y)(0) = > y(w)orbi(0), H€S",
keZ
where, due to stationarity,

by = o and bi(0) ~ cos(kB), b_j ~ sin(k0) for ke N,
T
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are scaled to be orthonormal with respect to the L2(S') innerproduct (-, )1 given by

(p, )1 = S(Q)” ©(8)(0)do, i.e. (b,bj)st = 0kj for j,k € N. Comparing with ,
we set Py (0) = opbi(0), so that

b(y)(0) = yorbo + Y, wktbn(0) .

0#keZ

The sequence (U%)kez c [0,00) corresponds to the eigenvalues of the covariance
operator of the GRF b(y)(0). It is a compact and self-adjoint operator on L*(S').
We assume the eigenvalue sequence {O’ik}kez to be enumerated in decreasing order
according to oy = 041 = -+ = 04 = -+ = 0 and accumulating only at zero. The
connection to random Fourier series on S is via

0
(30) b(y)(0) = yoro + Z YAk cos(kO) + y—pA— sin(k0),
k=1

so that A\, = O(oy).

Remark 3.2. The derivative with respect to 6 of the expansion is given by
d(y)(0) = (a(y)b'(y))(0), so that in (6)) we obtain for that h(0) = V' ().

ST

FIGURE 1. Three realizations of the random domain with log-
Gaussian random boundary in case of x = 0 and for the sequence
e = (Jk| +1)72 for all k € Z.

00

FIGURE 2. Three realizations of the random domain with log-
Gaussian random boundary in case of k = 0 and for the sequence
Ak = (Jk] +1)73 for all k € Z.

A wvisualization of three random samples in case k = 0 and the sequence A\ =
(|k| + 1)72 is shown in Figure |1, while a visualization of three random samples in
case of A, = (|k| + 1)72 is shown in Figure[d
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Given a = a(y), we denote by 4(y) := @(a(y)) the weak pullback solution to
variational formulation @ It satisfies the equation

(31) | Mwviw) Ve = G, oev.
Dot n

where

(32) M(y) := M(a(y)) and frer(y) := frer(a(y))

are the diffusion matrix and the right-hand side. Note that equation is the
variational formulation of the equation

—div (M(y)Vﬁ(y)) = fref(y) In Drer s, @(y) = 0 on 0D;ef .

A complex extension of i(y) is z — 4(z) € V¢ which satisfies the equation

(33 | mevie v - Guw)ro. veve
Dyet, i
which is the variational formulation of the equation
(34) —div (M(z)Vﬁ(z)) = fref(2) In Dret g, U(2) =0 on 0Drer x,
where
M(z) = M(a(z))7 fref(z) = fref(a(z))a
and
a(z)(8) = exp (Z zkwk(9)>, 0eS', z=(2)yeC.
keN
We set
(35) b(2)(0) := log(a(2)) = ), 2k (0),

keN

where log(-) denotes the principal branch of the logarithm of a complex argument.
Then we have

ha(2))(0) = V() = ) zx¢5,(6), OeS,

keN
and by
. 2+ RO (2) 70 o1y
s S TG E o 140 Wl
36
2+ RO (2) 70 g1y
BT o (0Er5) g

provided [|3(0'(2))| = sty < 1.

3.2. Holomorphy of the parametric pullback solution. In 7 denote
(37) Up={yeR":a(y) e WL(S")} = {yeR" :b(y) e WL(SH)}.

In view of [Il Theorem 2.2], we have the following result.

Lemma 3.3. Assume that there exists a sequence (Tx)ken Such that exp(—T,f)keN €
01 (N) and the series

00— 2 melen(O) and 00— 3 7l (0)
keN keN
converge in L*(SY). Then v(Up) = 1.
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In the following we always assume that the sequence (1 )gen satisfies the condi-
tions in Lemma Let p = (p;)jen be a sequence of non-negative numbers and
assume that u € supp(p) is finite. Define

Sulp) == X Si(p),

jeu
where the strip S;(p) is given by
Sj(p) :={z; € C : [3(z)| < ps}-
For y € RN, put
Su(y, p) = {(2j)jen : 2 € Sj(p) if j e uand z; = y; if j ¢ u}.
Lemma 3.4. Let the sequence p = (p;)jen satisfy

Z Pre| V|

keN

< 1.

Lo(S1)

Let yo = (yo,j)jen € RY be such that b(y,) belongs to W (S'), and let u < supp(p)
be a finite set. Assume (13]).

Then the solution 4(y) of the parametric variational formulation s holo-
morphic on Sy(p) as a function of the parameters z, = (z;)jen € Su(Yy, p) taking
values in 'V with z; = yo ; for j ¢ u held fized.

Proof. Let N € N. We denote

Sun(p) = {(y; +i&)jew € Sulp) : [y — Yo,

For z, = (yj +i&;) ez € Su(yg, p) With (y; +i&;)jeu € Su,n(p), we have

< N}.

|3V (=)( Z Pl (0 <1
keN Loo(Sl)
and
ROV (20)(0))] = | > yrty (0 ‘
keN
<[ D st @)) + 3 oo~ el 104(0)
keN keu
< IV (o) lzosr) + N Y 14 (0)] < o0

keu
Similarly we have
|9R8(b(2u)) | L= (s1) < 0

Hence, by Lemma and the analyticity of exponential functions, we conclude
that the map z, — 4(zy) is holomorphic on the set S, n(p). Since N is arbitrary,
we finally deduce that the map z, — @(zy) is holomorphic on Sy(p). O
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3.3. Derivative estimates. We shall next study the behaviour of the derivatives
0¥ u(y) of the pullback solution. Recall that F is the set of all sequences of non-
negative integers v = (v;)jen such that their support supp(v) := {j € N: v; > 0} is
a finite set. The analytic continuation of the parametric solutions {u(y) : y € Up}
to Su(p) leads to a result on parametric V-regularity.

Theorem 3.5. Assume that there exist a non-negative sequence p = (p;)jen such
that there are constants By, C, such that in holds

(39) Mool <Bp<1
keN L (S1)
and
(39) > ol < Cp.
keN L©(S1)

Let y € RN with b(y) e WL(S') and v € F such that supp(v) < supp(p).
Then
2
vl (V'Y= +2)
pY 1-B,

|0 a(y)llv < exp(Cp)— exp ([Ib(y) |z 1) 1 £ 22 (m2)-
Proof. Let v € F be such that supp(v) € supp(p). Denote u = supp(v). Fixing
the variable y; when j ¢ u, the map Sy(y, p) 3 2, — @(2,) is holomorphic on the
domain S, (y, p) by Lemma Applying Cauchy’s integral formula gives

v!

- dz;,
(2mi) Ly,um) l_leu( —y;)vit! [z

jeu

where integration is over the cylinders
Cyu(p) = X Cyi(p),  Cyj(p):={z€C:lz —y;| = p;}.
jeu

This leads to

. v! N
(40) ||5"U(y)\|v<; sup [ a(zu)|ve

174
zu€Cu(y,p)

with
Cu(y, p) = {(2))jen € Su(y, p) = (2)jeu € Cyu(p)}-
Notice that for z, = (2;)jen € Cu(y, p) we can write z; = y; +1; + i&; € Cy ;(p)
with |n;| < pj, [&] < pj if jewand n; = & = 0if j ¢ u. We deduce from that
24 RO (2u) 70 1)
la(zu)ve <
T30 (2) 1oy
2+ b (y + »
< 16" (y W)HL 6
1- B,
2
2+ (|V'(y)l=sr) +1)
1- B,

2
1" ()| oo (1) + 2
< exp(C)! T L exp (1)) e
P

exp (|R(b(zu) L) 1 L2 we)

p (Hb(y + 77)”L°0(Sl)) HfHLZ(Rz)

< exp(C)p)

exp (Hb(y)”LOO(Sl)) HfHL2(JR2)
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By inserting this estimate into (40)), we obtain the desired result. O

This theorem immediately implies the following corollary which concerns the
special series expansion which is based on a Fourier series.

Corollary 3.6. Consider a(y)(0) as in ([29), with Fourier series b(y) = log(a(y)(6).
Assume that there exist a non-negative sequence p = (pj)jez and a number B, > 0
satisfying

o0
(41) D7 okl Aesin(k6)| + p_rk| A cos(k0)| <B,<1
k=1 Lo (S1)
and
0
Cp := | poro + Z Pi| Ak cos(kO)| + p_i|A_j sin(k0)]| < o0.
k=1 Lo (S1)

Let v € N§ be such that |v|; < o and supp(v) < supp(p). Then for every
y € RZ with b(y) € WL(S!) holds

2
vl (16" ()]l Lo sty +2)
pY 1-B,
for the parametric, weak solution 4(y) € V to with a(y) as in .

(42)  [o”a(y)lv < exp(Cp) exp ()] =) | £ L2 (re)

4. INTERPOLATION AND QUADRATURE

We address the numerical solution of the parametric PDE . In Section
we address sparse-grid interpolation with respect to the parameter, and sparse
Gauss-Hermite Smolyak quadrature with respect to the parameter. In Section
we address quasi-Monte Carlo quadrature over the parameter domain.

4.1. Sparse grid interpolation and quadrature. We apply the analyticity re-
sults in Lemmal[3.5]to obtain a weighted f>-summability of the Hermite GPC expan-
sion coefficients of u(y) which gives necessary conditions for constructing sparse-grid
interpolations and establishing a convergence rate that is free from the CoD.

Every function v € L2(RY, X;4) can be represented by the Hermite polynomial
chaos (PC) expansion

(43) v(y) = Y v Hy(y), v eX,
veF
where
W) = @ Hoy ). o= | o) Hw)dr(w). veF.
jeN
with (Hg)ken, being the Hermite orthonormal polynomials in L?(RR, ). There holds
the Parseval’s identity

[ol72@exm) = 25 loulk-
velF

For 0, A > 0, define the set p(6,\) := (p,.(0,N)),cp by
pu(0.X) = [ [+ ), veF.
JeN
For integer m € N, we use the following notation:

Fp,:={velF:v;eNg,,, jeN}, where No,, :={neNy:n=0mm+1,..}
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Lemma 4.1. Assume that there exist a non-negative sequence p = (pj)jen and
positive numbers B, and C, satisfying and B9, and (p}l)jeN € £,(N) for
some p € (0,1). Set q:=2p/(2—p) € (0,2). Let m € N and 7, = 0 be any fized
numbers. For r € N and the sequence 0 = (9;)jen given by

1-p/2 1

0j =P
BV (o PRI

we define the Wiener-Hermite weights o, by
2 V' o AW,
(44) o, = Z <I//>Q :H(Z(ﬁ)&), vel.
[/ |o<r jeN N\ =0

Then, for any fized r > 2(7 + 1)m/q, the Hermite coefficients G, of the parametric
weak solution (y) of admit the weighted {o-summability
> Oultlv)? <o with (pu(r,No,"), 0 € Lym(Fm).
veF,,
Proof. This lemma is derived from Theorem in a manner similar to the proofs
of Theorem 3.25 and of Remark 3.16 in [I5] by using [13, Lemma 5.3]. O

For m € Ny, let Yy, = (Ym:k )ken,, be the increasing sequence of the m + 1 roots
of the Hermite polynomial H,,.1, ordered as

ymgfj<"'<ym;71<ym;O:0<ym;l<"'<ym;j 1fm:2ja

Ymi—j < <Ym;—1 < Ym;1 <" < Ymyj ifm:?j—l,
where

{(—j,—j+1,..,-1,0,1,....5 — 1,5}  if m =2j;
T =
" {—=j,—j+1,...,—1,1,....5 — 1,5} if m=2j—1.

(in particular, Yy = (yo,0) with yo,0 = 0).
For a continuous function v : R — V and for m € Ny, we define the Lagrange
interpolation operator I, in the Hermite nodes by

Y — Ym;j
(45) Im(’l)) = Z v(yM;k)Lm;ka Lm,k(y) = 1_[ %,
kEmm jemm itk Ynsk — Ym;j

(in particular, Io(v) = v(yo.0)Lo.o(y) = v(0) and Lo,o(y) = 1). Notice that I,,,(v) is
a function on R taking values in X and interpolating v at Y.k, i.e., Ly (v)(Ymk) =
V(Ym:k). We define the univariate operator A, for m € Ny by

Am = Im —1Im-1,
with the convention I_; = 0, and the univariate operator A¥ for even m € Ny by
A;kn = Im - Im—2a

with the convention I_s = 0. For a function v : RY — X, we introduce the tensor
product operator A,, v € F, by

(46) Ay(v) == R A, (v),

jeN
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where the univariate operator A, is successively applied to the univariate function
®;~; Ay, (v) by considering it as a function of variable y; with the other variables
held fixed. We define for v € F in the same manner as A,
(47) I, = ®L,j, Ly = ®L,,j;kj, My 1= Hm,j.
JeN jeN jeN

For v € F and k € 7, let F,, < I be the subset of all e such that e; is either
lor0if vy >0, and e; is 0 if v; = 0, and let, for Uy CN in Section
Yok 1= (Yuysk;)jen € Up. Recall |v]y := >, yv; for v € F. It is easy to check that
the interpolation operator A, can be represented in the “combination” form

(48)  Ay(v) = Z (‘Ule‘llvfe(v) = Z (_1)|e\1 Z v(yufe;k)Lufe;k-
eckE, eckE, keET, _e

Let 0 < g < o0 and (o, )uer be a set of positive numbers. For £ > 1, define the
thresholded multi-index set

A& ={veF: ol <¢}.
With A(§), we introduce the sparse-grid interpolation operator Iy ¢) by

(49) IA(S) = 2 Ay.
veA(©)
By , we can represent the operator (e in the form (see (47))
IA(&) (’U) = Z (_l)le‘lv(yv—e;k>Lllfe;k;

(v,e,k)eG(&)
where the “sparse grid” is given by
(50)  G(AQ):= {(r,e,k)eFxFxF:velAl), ecE,, kem_}.

The following theorem gives a bound for the convergence rate of the semi-discrete
approximation of the parametric solution u by the sparse-grid interpolation I ¢)u.

Theorem 4.2. Under the assumptions of Lemma [{-1], consider the sparse-grid
interpolation operator Iy for q := 2p/(2 — p) and the weight sequence (0y)uer
defined by .

Then there exists a constant C' > 0 such that for each n > 1, we can deter-
mine a number &, so that for the set of points (Y, _e.k)(v.e.k)eG(A(E,)) it holds that
|G(A(&n))| < n and

Hﬂ — IA(En)'&HL2(RN7V;~y) < C’I’L_(l/p_l).

Proof. By Lemma the assumptions of [I3] Corollary 3.1] hold for X = V
with 0 < ¢ < 2 and ¢ := 2p/(2 — p) for p € (0,1) given as in the assumptions of
Lemma Therefore, by applying [I3 Corollary 3.1] for ¢ and taking account of
1/¢g—1/2 =1/p — 1, we prove the theorem. O

We present corresponding results for sparse-grid (Smolyak) quadrature over RN
with respect to v. The symmetry of the Gaussian measure v with respect to co-
ordinate reflection y; — —y; for all j € N implies vanishing of Hermite-pc terms
with at least one odd-degree Hermite polynomial. To exploit such cancellations in
Hermite-pc expansions due to parity, we use the index set

Fev :={v eF :v; even, je N} c Fs.
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The interpolation operators A% for v € Fe,, I} for a finite set A < Fe, are defined
by replacing A, with Afj, jeN.

If v is a function defined on R taking values in the space V, the function I,,(v)
in generates the quadrature formula defined as

Qun(v) = fRfm@)(y)dv(y) = > it 0y,

k=0

where

1
(m + D) HZ (Ymik)
We define the univariate quadrature-increment AQ for even m € Ny by
A% = Qm — Qm-—2,

with the convention @_ := 0. For a function v defined on RY taking values in V,
we introduce the operator

o = jR Lo (y) dr(y) =

AY = QAZ,
jeN
in the same manner as A,. For £ > 1, let the set A%, (£) be defined by
(51) AE(E) = (v e Fuy s 022 <€),

We introduce the sparse-grid quadrature operator A% (€) which is generated by

the sparse-grid interpolation operator IX* © follows
(52) Q= X AN = [ Iy rwdr)

veld, (&)

Theorem 4.3. Under the assumptions of Lemma with the index set Ak, (§) as
n , consider the sparse-grid Quadrature operator QA;kv(g) defined by the weight-
sequence (0 )per in ,

Then there exists a constant C' such that for each n € N, there exists a number
&n such that the number of quadrature points |G(AX,(£,))| is at most n and

(53) < Cn~ /=372,

f (y) dy(y) — Qpx e,
RN v

and if pe V'

s [ 00w 69 - 0060

Proof. Note that F., < Fy. By Lemma the assumptions of [I3, Corollary 3.1]
hold for X =V with 0 < ¢/2 < 1 and ¢ := 2p/(2 — p) for p € (0,1) given as in the
assumptions of Lemma Therefore, by applying [13, Corollary 4.1] for ¢/2 and
taking account 2/q¢ — 1/2 = 2/p — 3/2, we prove the theorem. O

< C|gllym= P32,

Observe that Theorems[d.2]and [£:3] provide convergence rates free from the “curse
of dimensionality”. Arbitrary high convergence rates are possible, for sufficiently
small summability exponent p, i.e., with sufficient sparsity of the Hermite expansion
coefficients (ty)yer.
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4.2. Quasi-Monte Carlo integration. We shall next show that our regularity
results also allow for convergence rate bounds of quasi-Monte Carlo quadrature
to compute the expectation of the random solution of moments of it. Since the
underlying random variables are Gaussian and hence unbounded, the application
of the quasi-Monte Carlo method requires some special care, compare [12] [I§].
We follow here the approach of [20] and apply the Halton sequence as points of
integration.

Definition 4.4. Letby,...,b,, denote the first m prime numbers. The m-dimensional
Halton sequence is given by

€ = [hy,(i),...,hp, ()]T, i=0,1,2,...,
where hy, (i) denotes the i-th element of the van der Corput sequence with respect

to bj. That is, if i = ---c3cacy in radiz by, then hy, (i) = 0.cicacs - -+ in radiz b;.

The associated quasi-Monte Carlo quadrature rule for a given function v defined
on [0,1]™ is then defined by

1y
(55) Quvi= 7 2, v(E),

where N denotes the number of samples and £° € [0,1]™ denotes the i-th Halton
point. The quadrature rule is known to give an approximation to the integral

Iv:= J v(z)dz
(0,1)m

provided that the integrand v is smooth enough.

To obtain a quasi-Monte Carlo method for the integration domain R™, we map
the quadrature points to R™ by the inverse distribution function. This is equivalent
to the transformation of the integrals under consideration to the unit cube. To that
end, we define the cumulative normal distribution

P:R—(0,1), y— Oy):= J_y p(y') dy’

where the density p is as in and its inverse
d1:(0,1) > R.

Then, for a function g € L'(R;~), it is well-known that with p as in
1

ng(y)dv(y) = ng(y)p(y) dy:f g(®7'(2)) dz

0

upon the substitution z = ®(y). Especially, we have go @' € L'((0,1)). By
defining ®(y) := [®(y1),. ., P(ym)]T, we may extend the above integral transform
to the multivariate case, i.e. g € L,(R™) and

J 9(y)rly)dy = J(O o 9(®7'(2)) dz.

In our application, the integrand g(y) = @(€,y) is the solution to (10)-(12) and
itself depends in addition also on the spatial variable § € D¢ . as we are interested
in the expectation E[4(€)]. Moreover, in order to be able to apply the quasi-Monte
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Carlo quadrature rule, we need to truncate the stochastic dimension in accordance
with

(56) W& y) = im(& Y1, Ym) + U5, (&, y)-

Here, 4, denotes the solution of the boundary value problem f for the
m-~dimensional model, i.e., the model where the series in is truncated after m
terms. This means that 4., (&, y) is understood via zero padding, i.e.

am(€7y17"'ay’m) = ﬁ(gaylv'-' aymvo)'

The function 4¢,(&) = 4(€) — G, (&) reflects the so-called dimension truncation
error. In view of , we have with E denoting expectation with respect to ~

B = [ (6,87 (2) = + Bl €)

)

which we are going to approximate by

E[a(8)] ~ Q (im (&, 27" () + Elas, (€)].

Here, the dimension truncation parameter m has to be chosen appropriately such
that the truncation error |E[4S, (€)]||v is sufficiently small. The rate of convergence
of this error as m — oo depends solely on the summability of the coefficients in the
series ([25)), compare [19, Thm. 4.1].

As shown in [2I], the convergence rate of the quasi-Monte Carlo quadrature
based on Halton points for the determination of the expectation E[4,,] depends only
mildly on the dimensionality m of the random parameter under certain properties

of the sequence p = (pi)gen from .

Theorem 4.5. The quasi-Monte Carlo quadrature using Halton points for approx-
imating the expectation E[4] of the solution 4 to provides a convergence Tate
which depends only linearly on the dimensionality m if the sequence p = (pk)keN
from satisfies pp = k**t€ More precisely, for each § > 0, the error of the
quasi-Monte Carlo quadrature with N Halton points satisfies

(57) |E[a] — Qni|, < (m+ DN floge) + [E[aS,]]v-

The constant hidden in this error estimate depends on € and &, but neither on the
dimension m € N nor on the number of points N € N.

Proof. Upon observing that v! < |v|! for v € F, estimate (or with (36))
implies [21, Eq. (14)] with (ve)rez = (py rez, or, equivalently, 21, Eq. (18)]
with p = 2 (the proof given there for p > 2 remains valid verbatim then). As
Y& < k~47¢ implies the error estimate in by using [2I, Thm. 4.3], we conclude
the assertion. O

5. FINITE ELEMENT DISCRETIZATION

5.1. Discretization in the reference domain D,.,s. We investigate in this sub-
section the discretization of a general, parameter-dependent, second order, elliptic
boundary value problem by the finite element method. To this end, let Dy; < R?
denote a generic bounded smooth reference domain (such as Dyt = Dyef s in ,
for 0 < k < 1 but is not necessary for the definition of the finite element discretiza-
tion). Throughout this section, the parameters y will be real-valued. We recall the
set Uy < RY from .
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In D,ef, we introduce a quasi-uniform, regular, simplicial partition 7; and con-
sider continuous, piecewise linear Lagrangian finite element spaces spanned by the
usual “hat”-function bases {p;}}¥.; defined on 7Tj,. The finite element space is de-
noted by

Vi, =span{p; :i=1,...,N} c V.

In order to avoid errors by the geometry approximation, we consider Zenisek’s
curved triangles in case of a non-polygonal boundary, compare [30]. We however
mention that a piecewise linear approximation of the boundary is consistent and
the subsequent theory can be extended to this situation straightforwardly by using
standard arguments from [6] or [4, Thm. II1.1.7]. We also assume for now exact
integration in the stiffness matrix and the load vector. With these assumptions,
given y € Uy = RY, we define the parametric bilinear form B(-,;y): V x V — R

(58) B(i, v;y) == fD M(y)Vi(y) - Vo

ref

and the parametric linear form L(-;y) : V — R
(59) L(viy) := {f(y), ).

Remark 5.1. In the analysis of first order finite element approzimation errors in
Dyt i, convergence rates require higher Sobolev regularity of parametric solutions
W(y) on Dyerw. This, in turn, imposes stronger regularity requirements on the map
F(a) and also on the map y — a(y).

For a as in (25), we have a(y) € W2(S') for all y € Uy = RY where Uy is
measurable and of full measure with respect to the tensor-product Gaussian measure
~ on RY if, in addition to the conditions in Lemma there also holds

> leR]

keN

(60) < .

C(S1)

For a(y) e W>*(SY), the diffusion coefficient M(y) in has entries M;;(y)(z)
which are (also v-a.s.) Lipschitz continuous functions of © € Dyer ., for 0 < k < 1.
Due to f € L*(Dyet,), for 0 < r < 1 then 4(y) € H?(Dset). For this regularity
and for a as in , the condition k > 0 is essential. The case k = 0 is discussed
in Section[5.3 ahead.

We assume the following that the eigenvalues of diffusion matrix M (y)(§) from
satisfy for y € Uy and & € D,o¢
(61) 0 < Amin () < Amin (M (Y)(€)) < Amax (M (4)(€)) < Amax(y) < 0
Also, the right-hand side f(y) € L?(Dyet).

Remark 5.2. The preceding assumption holds for . From the bounds ,
(20) we find with a = exp(b) as in that (cf. (6)) h(y) :== d'(y)/a(y) = V'(y)
and definition of Uy that

62)  VyeUo: maxthum(®) " Amas(®) <2+ V@) e <.

For any r > 0 exists C,. > 0 such that

(63)  VyeUp: max{Amin(¥) ™", Amax(¥)"} < Cr(1+ ¥/ (y) [T s1)) < 0
For y € Uy, we define 4y, (y) as solution of the parametric Galerkin equations:

(64) Seek 1y, (y) € Vj, such that B(a,(y),vn;y) = L(vp, y) for all vy, € V.
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Theorem 5.3. For y € Uy as defined in Remark [5.1] the finite element solution
an(y) to (58)-(64) satisfies the error estimate

Amax(y)  c(y)
Amin (y) >\r2nin (y)

for some hg > 0. Here the constant hidden in < is independent of y, and on
(66) c(y) := HM(y)HWgO(Dmf)'

Here, HM(y)”Wolo(Drcf)
Mi;(y) of M(y).

Proof. In view of the ellipticity and continuity constants Amin(y) and Apax(y),
respectively, we obtain that for every y € Uy there exists a unique solution 4, (y) €
Vi, of . Céa’s lemma implies for every fixed y € Uy for the Galerkin solution

an(y) € Vi, of (58)—(64) the error estimate

Amax(y) . N
o (0) nf la(y) — vnlv

(65)  Ja(y) —an(y)lv <

h”f(y)HLZ(Dref), 0 < h < ho,

is a mnorm of the matriz of WL (Diyet)-norms of elements

li(y) — an(y)lv <

with a generic constant in < that is independent of y. If 4(y) € H?(Dyef), we thus
obtain

Amax(y)
Amin(?:/)

for some hy > 0, by standard interpolation error estimates, see [4l [6] for example.
Since the problem under consideration is H?(Dyer) regular if the coefficient matrix
satisfies M (y) € W1 (Dyet), we find by tracking carefully the constants in the proofs
of [I7, Thms. 8.8 & 8.12] or [16, Sct. 6.3, Thms. 1 & 4]

(67) la(y) — an(y)lv < hay) a2 (D,e)s 0 < < ho,

) 1o £ 5 (@) + o) o.0 )

Herein, the constant hidden in < is again independent of y, and c(y) has finite
expectation under «. By using the standard stability estimate

1

Wy)lv < —=1FWlzz(prer)»

li(y)| o () 1F @) L2(D,er)

with constant in < depending only in D, we finally arrive at

O e L

min

By inserting this estimate into we arrive at . (Il

5.2. Fully discrete finite element method. If the expectation of the y-dependent
right-hand side of the estimate (65]) is finite with respect to the Gaussian measure,
then implies that we can solve the problem under consideration on a fixed fi-
nite element mesh with a sufficiently small mesh size h. Especially, due to Galerkin
orthogonality, the solution by piecewise linear Lagrangian finite elements does not
change if we replace the diffusion matrix M (y) on each finite element triangle T' by
its mean. Nonetheless, in practice, we have to apply numerical quadrature.



20 DINH DI:TNG7 HELMUT HARBRECHT, VAN KIEN NGUYEN, AND CHRISTOPH SCHWAB

In what follows, we investigate the impact of numerical quadrature in form of
the midpoint rule. This means that we replace the original variational formulation

G864 by
(69) Seek 4y, (y) € V3, such that By (ﬁh(y),vh; y) = Lp(vp,y) for all v, € V,
with the bilinear form Bj/(+,-;y) which is derived from the bilinear form B(:, -;y)

by approximating all integrals over triangles T' € 7; with the midpoint rule and
likewise for the linear form Ly, (-;y).

Theorem 5.4. Let By, (+,+;y) and Ly (+;y) be the fully discrete versions of B(-,+;y)
and L(-;y) obtained by application of the midpoint rule.

Then for y € Uy as in Remark the parametric FE-solution ty,(y) € V}, to the
fully discrete problem satisfies the error estimate

(70) la(y) — an(y)|lv < CWR|f(Y)wy (D,

with the constant hidden in < independent of y and

)\max (’!J) ) )\max (?J) C(y)
/\min(y) /\min(y) )‘rznin (y)

Proof. The midpoint rule applied to the restriction of bilinear form B(vp,vp;y) to
an arbitrary triangle T' € T}, of the triangulation 7}, is given by

By (v, vnsy) = [T Vo (€7)TM (y) (€7) Vor(€x),

where the size |T| of the triangle T is the quadrature weight and the barycenter
& € T of T is the only quadrature point. Observe that Vu,|r is constant in T
We find

(71) Bh|y(vn, vn;y) = T Awnin ()| VOr () 13 ~ Amin(9)[Von| 2 r)

with a constant hidden in ~ that is independent of the mesh size h and of the
parameter y. Summing over all T € Ty, the bilinear form By, (-, -; ¢) is uniformly
elliptic, i.e.,

Cly) = <1 + +c(y) + 1).

Von € Vi Bu(vh, vn39) 2 Amin(y)|on 5
independent of the mesh size h. The parametric matrix of the linear system of
equations which corresponds to is, for fixed y € Uy positive definite and sym-
metric uniformly with respect to h, with smallest eigenvalue bounded from below
by a constant that depends only on the quotient of A\pax(y) and Amin(y). Hence,
for every y € Uy exists a unique solution u, € Vj of . Strang’s first lemma
(e.g. [A,16,[9]) implies

a(y) — in@)lv < (1 " inf {|a<y> ol

(72) /\min(y) vRE€Vh
B : — B . L . — L .
+ sup \ (Uhywhvy) h(Uh,wh,y)\ + sup | (wmy) h(wha'y)}.
wheVh lwn v wheVi, lwnllv

We bound the three terms on the right-hand side. The first term is the usual best-
approximation error which is O(h) due to using approximation properties of
first order Lagrangian Finite Elements on regular, quasi-uniform triangulations 7Tj,
of Dyet, and the (assumed) regularity @(y) € H?(Dyet).
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For | M (y < o the midpoint rule on T € 7}, has the accuracyﬂ

)Hwolo(Dmf)
Bl (on whiy) = Balr(on, wii )| € AITIM @) |y o) IVl )| V0 vy .
Summing over T' € Tj, bounds the second term as
(73) |B(vn, wn; y) — Bu(vn, wn; y)| < hely)|vnllv |wnlv

with the constant ¢(y) defined in

For the third term in the bound (72 the midpoint rule for T' € Ty yields
Lu|p(wniy) = T|(f(y)) (Ex)wn(Er)-

Hence, we arrive at the element-wise error bound

|| (wns ) = Ll (s )| < BITILS @)l o leon oy, -
Summing over T' € T}, we arrive at
(74) |[L(wnsy) = Li(wn; y)| < B @) lwy (D, lwn v
Inserting , , and into and employing the bound
Lf W z2(Deer) < 1F (W)W (Der)
yields . |

Again, if the expectation of the right-hand side of the error estimate ([70)) is finite
with respect to the Gaussian measure, the proposed fully discrete finite element
method is sufficient to approximate the parametric solution 4(y) in expectation.

5.3. Application to PDEs on log-Gaussian domain. The aforementioned the-
ory of the fully discrete finite element method applies for instance directly to the
solution of (B)) with log-Gaussian scaling a as in (25), i.e. a(y)(#) = exp(b(y)(9)).

This means that it has been proven that piecewise linear ansatz functions on
a fixed finite element mesh in combination with a midpoint rule is sufficient to
compute the expected solution at optimal rate O(h) with respect to the energy
norm, in expectation with respect to the Gaussian measure « over the parameter set
U; defined in Remark[5.1} In particular, numerical integration order and Karhunen-
Loéve truncation need not be path-dependent. Due to and the bounds , for
Example[3.1] with small probability large values for Amax(y)/Amin(y) can arise, with
corresponding large values of the condition number of the matrix corresponding to
the parametric bilinear form By (-, -;y) in (69).

In our particular situation, we use the domain parametrization in . The
generic reference domain D,.s in Theorems is any of Diyef, for 0 < x < 1.
By Remark[5.2|and (L)), for y € U; = R it holds M;;(y) € C(Dyer,)) for 0 < < 1
and 7,7 = 1,2. Furthermore, for c¢(y) in holds E[c¢(+)] < o0. Also shows
that in this case M;;(y) € C(S!) for y € U;.

The polar parametrization of the random geometry map which underlies
the homothetic transformation can induce singularities in M (a) at the origin when

L we exploit here only the first order derivatives of the integrand instead of the second order
derivatives as this is sufficient to get O(h) accuracy.
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x = 0. On the one hand, we can estimate for y € U; in Remark [5.1]

Hf(y)HWOIO(Dref) = ”J(y)(f o F)(y)HWOIC(Dref,N)
STy Deee ) I 0 FY @)Wy, (Drer )
< ”a(y)H%/Vgc(Sl)HfHWSc(RQ)

which bounds | f(y)[wz (p,.;) in deterministically for y € Uy .

On the other hand, for k = 0, the domain mapping does not amount to a
coefficient matrix M (a) that is in W (Dyet o) —only for 0 < x < 1it is in C* (Drefv,ﬁ)
provided that a € C?(S!). Indeed, when differentiating (with respect to &), one
arrives at a matrix that contains the factor 1/r, which implies an 1/r-singularity at
the origin, compare (11). Hence, the constant ¢(y) in depends on 1/k and the
estimate holds only in Dt for £ > 0. As a consequence, on D¢ o a uniform
mesh 7T yields only a reduced order of convergence of the finite element method.
In our numerical experiments, we refine the finite element mesh towards the origin
to overcome this obstruction.

Remark 5.5. For random shapes generated by a log-Gaussian parametrization
, y-uniform bounds in the FE error analysis with iterative solvers can not be
expected. However, the numerical complexity scales optimally in expectation (i.e.
on average with respect to ), i.e., linearly with respect to the number N of degrees
of freedom, when using multigrid solvers [23).

6. NUMERICAL EXPERIMENT

In our numerical experiment, we consider the right-hand side f(x) = exp(—|x|2)
and the domain perturbation with kK = 0 and

0
(75) a(y)(0) = exp <y0)\0 + Z YA cos(kO) + y_pA_g sin(k&))
k=1
as in Example The particular series (Ag)rez Wwe prescribe is
1 1
— = - for ke Z\{0}.
(76) Ao 3 and  \g EESE or k e Z\{0}

The sum in the Fourier series is truncated after K = 199 terms, which yields
the dominant 399 terms of the series, i.e. we used

a’ (y)(0) == exp (bK (y)(9)>

in our numerical experiments. This was sufficiently accurate for our tests, and
choosing larger values of K does not change the results. Remark that in Theo-
rem m = O(K).

Accordingly, besides the errors due to FE discretization error and numerical
integration in computing the bilinear form Bj(-,-;y) in , we incur a further
error due to replacing a by a’, resulting in the matrix M* (y) := M (a®(y)) with
M (a®) as defined in (TI).

The summability condition is satisfied with B, ~ 0.876 if we plug p, = 1 for all
k € Z into . However, the decay of the series (A)kez is slower than required
to satisfy the assumptions of Theorem for the convergence of the quasi-Monte
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Carlo method. Indeed, it has already been observed in [21I] that the resulting
condition for (pg)kez is not sharp.

We introduce a shape regular triangular mesh of the unit disk Diyer,o by using
Zenisek’s curved triangles, see [30]. The mesh is a-priorily graded towards the origin
as seen in Figure 3] On this triangulation, we define piecewise linear Lagrangian
finite element functions. For our experiments, we use a triangulation with about
20000 triangles which leads to about 10000 finite element basis functions. The
solver we use is based on a conjugate gradient method which is preconditioned
with the BPX preconditioner, compare [5] [6]. Four realizations of the random
domain under consideration and the associated solution of the Poisson problem are
found in Figure[3] where the mesh refinement towards the origin are clearly visible.
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FiGURE 3. Four realizations of the random domain under con-
sideration with the associated solution of the underlying Poisson
equation. Shape parametrization with kK = 0 and . The
triangulation is the mapped version of the triangulation of the unit
disk. The grading towards the origin is clearly visible.

We run our experiments and measure the rate of convergence realized by the
quasi-Monte Carlo method. As we do not know the exact solution, we compute a
numerical reference solution using 2 - 10 sample points which serves as reference
solution. Indeed, as one can see in Figure [4] one observes a convergence rate that is
nearly linear convergence as predicted from the theory in [21]. The computed
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FIGURE 4. Error of the approximation to |E[@]|z1(p,.; ) of the
quasi-Monte Carlo method versus the number N of sampling
points.

expectation of the random solution is shown in Figure [5| Note that all 2 million
domain samples are contained in the disk of radius 2 centered at the origin.

FIGURE 5. The expectation of the random solution on the unit disk.

7. CONCLUSION

In the present article, we studied second order elliptic boundary value problems
on a class of random domains. The domains we considered are homothetic with
respect to a reference domain via a lognormally distributed radial dilation function.
Since the domain variations can be large with small probability we employed the
domain mapping method to transform the problem posed on the random domain
into a problem on the deterministic reference domain. We then have shown the
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well-posedness of the pullback problem and verified the analytic dependency of
the random solution on the random input parameter by means of holomorphy
arguments.

We emphasize that our particular model of the random domain can be straight-
forwardly extended. For example, the radial function can be modified by

a(y)(0) = r(0) + exp ( > yk¢k(9)>
keN
to account for domains whose boundaries are homothetic, lognormal scalings with
respect to the radial coordinate function r(6) of a reference domain Dy, with
Lipschitz boundary 0Dyer ,, such as (—1,1)%\[—1/2,1/2]%.

Although the presently considered Gaussian geometric shape uncertainty model
could be viewed as rather special, it served to elucidate the mathematical and com-
putational issues in numerical approximation. The present findings are expected
to be relevant also in other contexts. E.g., one can also consider the unit square
(0,1)? as reference domain and the random domain

{(z1,22) eR*: 0 <2y <1, 0 <z <a(y)(z1)}
with

a(y)(z1) = exp < Z ylﬂ/}k(fl)),

keN
where {¢;} are (non-periodic) functions defined on the interval (0,1). Similarly,
the trigonometric uncertainty parametrization in Example may be replaced by
a localized one, e.g. of Lévy-Cieselski type. An extension to the three dimensional
setting is also possible.

We also discussed the numerical solution of the random boundary value problem
by using finite elements in space. We have shown that a fixed discretization suffices
for the spatial variable. In the random parameter, we used here a quasi-Monte Carlo
method, but also a sparse grid quadrature or higher order quasi-Monte Carlo meth-
ods are applicable, see [12] [T3] [I8] for example. By some numerical experiments,
we finally validated our theoretical findings.
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